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The irrationality of a thing is no argument against its existence, rather a condition of it.
Friedrich Nietzsche, “Human, All Too Human: A Book for Free Spirits”, 1878.

1 Introduction

In the last 15 years after the Great Financial Crisis, central banks in western economies had
to face the problem of a zero (or effective) lower bound (ZLB) on the nominal interest rate.
This spurred a very large and important literature on the topic. At least from the seminal
contribution by Benhabib et al. (2001), it is well-known that rational expectations (RE)
models with a ZLB on the nominal interest rate generally admit multiple equilibria and also
multiple steady states. However, the stochastic element in the ZLB literature is often very
stylized with one single (often discount factor) shock that occurs only once and has either a
stochastic or a known duration.

Most recently, however, Ascari and Mavroeidis (2022, henceforth AM) highlight an even
more serious concern regarding this type of models when stochastic shocks hit the economy;,
a standard assumption in macroeconomic models. They show that in models featuring a
ZLB constraint, a stochastic environment and RE, equilibrium existence is not generic, i.e.,
the model is incoherent, and when these model do admit an equilibrium, they generally
admit more equilibria than previously acknowledged, i.e., the model is incomplete.! Specifi-
cally, AM derive conditions for existence of a rational expectations equilibrium (REE), and
for existence and uniqueness of a minimum state variable (MSV) equilibrium for dynamic
forward-looking models with occasionally binding constraints. These conditions are difficult
to interpret. Therefore, AM highlight a different and more fundamental problem in models
with occasionally binding constraints and standard stochastic shocks than the ones already
noted in the literature in this class of models, such as the indeterminacy of REE equilibria
in linear models and/or multiplicity of steady states. Section 3 reviews the AM results in
more detail.

Given that a model without an equilibrium could not be of any use, this paper points
to a possible route to tackle the incoherence problem: abandoning the full-information RE
assumption. We show that the problem of incoherence and incompleteness hinges on the
assumption that agents have RE. Non-existence of REE is by itself a compelling and novel
reason to investigate the possibility of non-rational equilibria. Indeed, one of the main
results from this paper is that a standard New Keynesian model with the ZLB constraint
can fail to yield an REE and still admit other types of self-confirming equilibria. To illustrate

this point, we consider two distinct equilibrium concepts which have been associated with

!Following AM we will use the terms incoherence and incompleteness to mean the non-existence of
equilibria and the multiplicity of equilibria, respectively. Hence, a model is coherent if it admits at least one
equilibrium, and complete if the equilibrium is unique.



different types of deviations from full-information RE.

First, we investigate one of the most studied deviations from RE, that is, adaptive learn-
ing as typified by Evans and Honkapohja (2001). Adaptive learning agents have imperfect
knowledge about the economy’s structure, but learn to forecast macroeconomic variables by
recursively estimating the parameters of a subjective forecasting model using simple statis-
tical tools like least squares. A classic question examined in adaptive learning applications
is whether agents eventually learn to forecast rationally, and hence whether the learning
economy converges to an REE. However, given that we are interested in cases where an
REE does not exist, we assume that agents learn by recursively estimating forecasting mod-
els that are mis-specified and under-parameterized relative to the forecasting models that
agents would have in an REE. Under this assumption, we derive analytically conditions for
the economy to settle on a self-confirming equilibrium in which agents make optimal fore-
casts within their class of forecasting rule. This form of self-confirming equilibrium, which is
distinct from REE, is often labelled restricted perceptions equilibrium (RPE) in the learning
literature (e.g. see Evans and Honkapohja (2001)). Importantly, we prove that an RPE can
exist when the RE model is incoherent and hence no REE exists.

Second, we consider bounded rationality as a possible deviation from RE. Boundedly
rational agents are less forward-looking than rational agents, for instance because they are
myopic a la Gabaix (2020), have imperfect common knowledge as in Angeletos and Lian
(2018), or have finite planning horizons similar to Woodford and Xie (2020). In this setting
too, a unique bounded rationality equilibrium (BRE) may exist, even if an REE does not.
Hence, both adaptive learning and bounded rationality might alleviate, under certain con-
ditions, the coherence problem of the standard NK model with a ZLB constraint. Finally,
we also investigate the implications of combining the two deviations from rationality.

The derivation of an adaptive learning RPE and BRE and in an incoherent REE frame-
work is the central contribution of the paper. In this respect, some remarks are noteworthy.

First, adaptive learning can ensure completeness and coherence all by itself. Specifically,
we prove that a unique temporary equilibrium always exists in our model with a ZLB con-
straint and adaptive learning agents, provided that agents do not observe current endogenous
variables before market clearing takes place — a very common assumption in the learning lit-
erature. If learning agents condition their forecasts on current information about endogenous
variables, then a temporary equilibrium only exists under more stringent assumptions.

Second, the learning literature has typically focused on the question of whether an REE
can be learnable, because the underlying model admits an REE solution. Here, instead, we
want to investigate if adaptive learning could generate equilibria even when an REE does
not exist. In the case agents do not observe current endogenous variables, expectations are
predetermined, and a temporary equilibrium always exists, but it is not necessarily self-

confirming. However, we show that an RPE emerges as a self-confirming equilibrium, even if



the underlying model does not admit an REE. To the best of our knowledge, the existence of
a self-confirming adaptive learning equilibria when there is no REE is a novel and intriguing
case in the literature.

Third, and related to the previous point, whenever the NK model does not admit an REE,
it is impossible for agents to form self-confirming beliefs about the dynamics of inflation and
output (i.e., as implied by a standard MSV in our simple model). The economy can easily
diverge into a deflationary spiral if agents attempt to learn these dynamics using simple
statistical techniques. Hence, while it is a curse to be smart, it is a blessing to be simple-
minded, because the non-rationality of agents’ beliefs can save the economy from spiralling
out of control and lead it to a coherent and complete (CC) self-confirming RPE.

Fourth, the source of the problem of rational incoherence can be intuitively explained
in terms of income and substitution effects, following Bilbiie (forth.). A similar intuition
is behind the so-called “forward guidance puzzle” and its proposed solutions that hinge
on weakening agents’ forward-lookingness (e.g., Del Negro et al., 2012; McKay et al., 2016b;
Angeletos and Lian, 2018; Gabaix, 2020; Woodford and Xie, 2020; Eusepi et al., 2021). Hence,
we show that weakening the ‘rationality’ of agents seems to kill a few birds with one stone,
because it simultaneously solves different problems highlighted by the literature (forward-
guidance puzzle, belief-driven liquidity traps, existence of an equilibrium, i.e., coherence)
that share the same mechanism as a common source.

Fifth, a basic takeaway from the existence analysis is that the baseline NK model with
RE is incoherent when negative shocks are sufficiently large in magnitude or sufficiently per-
sistent, but can still admit RPE or BRE. A fundamentals-driven RE liquidity trap, thus,
must be relatively short-lived compared to the duration of actual liquidity trap events ex-
perienced by Japan, the Euro Area and the U.S., because persistent shocks would make the
RE model incoherent. This is not true for the RPE or BRE, where a liquidity trap can be
highly persistent. In this sense, one could argue that an RPE or a BRE could explain why
the economy did not blow up after a large shock as the Great Financial Crisis.

Finally, a second contribution of the paper concerns the stability properties of these equi-
libria under learning, that is, the issue of whether RPE and REE can emerge from a process
of learning. Following the adaptive learning literature, we employ the expectational stability
or “E-stability” criterion to select an equilibrium that may arise through an economy-wide
adaptive learning process in which agents recursively update the parameters of their sub-
jective forecasting models using simple statistical techniques such as least squares. We find
there is a unique E-stable RPE when an RPE exists. Similarly, only one MSV REE can be
E-stable.

After a brief literature review, the paper proceeds as follows. Section 2 introduces a
simple model of the ZLB that nests our different assumptions about expectations formation

as special cases. Section 3 illustrates the problem of rational incoherence and the possibility



of irrational coherence. Section 4 shows how adaptive learning resolves incompleteness issues,
and also discusses the plausibility of the RPE concept. Section 5 suggests an additional route
to irrational coherence: lagged information about economic shocks. Section 6 concludes. The
proofs of all the Propositions can be found in the Appendix.

1.1 Literature review

This paper contributes to an already large literature about deviations from RE and the ZLB.
Earlier work on adaptive learning at the ZLB studied monetary and fiscal policies that can
prevent an economy with learning agents from getting stuck in the liquidity trap (Evans et
al., 2008; Benhabib et al., 2014; Evans et al., forth.),? unconventional policies such as forward
guidance (Cole, 2021; Eusepi et al., 2021), make-up strategies such as price level targeting
(Honkapohja and Mitra, 2020) or average inflation targeting (Honkapohja and McClung,
2021). Christiano et al. (2018) show that the E-stability criterion selects one of multiple
equilibria of a model with a transitory demand shock that can drive the economy into a
liquidity trap. This finding is closely related to our result about E-stability of REE in the case
of incompleteness. However, their model assumes that the economy returns to a steady state
after the shock dissipates, whereas our framework allows for multiple, recurring liquidity trap
episodes, consistent with the recurrence of ZLB events in the U.S. and elsewhere. Thus, we
extend insights from Christiano et al. (2018) to models with recurring demand shocks. More
generally, the above mentioned papers do not consider existence and stability of equilibria
of models with recurring, fundamentals-driven liquidity traps.

A significant strand of the adaptive learning literature focuses on self-confirming “mis-
specification equilibria” that can emerge if agents recursively learn to forecast using a mis-
specified forecasting rule. In a misspecification equilibrium, agents do not understand the
true equilibrium law of motion for economic variables, but observable macroeconomic out-
comes nonetheless confirm their subjective beliefs about specific statistical properties of the
economy. RPE is a special case of misspecification equilibrium involving a “simple” under-
parameterized forecasting model that omits some variables which affect the macroeconomic
dynamics. In an RPE, agents forecast optimally within their class of forecasting rules in the
sense that forecast errors are orthogonal to their forecasting model. The properties of RPE
and misspecification equilibria, as well as their emergence through adaptive learning, has
been explored in Branch (2006), Evans and Honkapohja (2001), Marcet and Sargent (1989),
Evans et al. (1993), Branch and Evans (2006a), Branch and Evans (2006b), Bullard et al.
(2008), Evans and McGough (2020) and Evans et al. (2021), Hommes and Sorger (1997),
Hommes and Zhu (2014), among many others. Empirical support for RPE and related mis-

specification equilibria comes from experiments involving monetary sticky price economies

2See also Evans and McGough (2018b) for a related discussion on interest rate pegs and adaptive learning.



(Adam, 2007) and analysis of survey and macroeconomic data involving estimation of New
Keynesian frameworks (Hommes et al., forth.).?

A number of earlier works, including Angeletos and Lian (2018), Gabaix (2020) and
Woodford and Xie (2020), study bounded rationality equilibrium and issues related to the
ZLB. Among other things, these papers show that deviations from RE that make agents
less forward-looking than rational agents can resolve the so-called NK paradoxes of the ZLB,
such as the prediction that forward guidance announcements can have arbitrarily large effects
on the economy (“forward guidance puzzle”). Importantly, contributions to this literature
typically treat the ZLB regime as arising from a transitory shock, usually with a known
duration, after which time the economy returns to steady state forever. Models employing
shocks with known duration are not susceptible to the issues of equilibrium existence and
multiplicity that we study here. Our contribution, therefore, is to embed bounded rationality
into models with recurring stochastic shocks, and to show that these deviations from RE
resolve the problem of incoherence and incompleteness identified by A M.

Finally, Mertens and Ravn (2014), Nakata and Schmidt (2019a, 2020), and Bilbiie (forth.),
among others, study conditions for the existence of both fundamentals-driven and confidence-
driven liquidity trap equilibria, which are caused by fundamental shocks to the economy and
non-fundamental (sunspot) shocks, respectively. One takeaway from these papers is that
fundamentals-driven liquidity trap equilibrium is unlikely to exist if shocks are too persis-
tent, but sunspot equilibria can feature very persistent liquidity traps. However, to our
knowledge, confidence-driven liquidity trap equilibria have only been derived in coherent
models (i.e. models that admit at least one MSV solution). An incoherent model can fail
to admit confidence-driven liquidity trap equilibria, and tight restrictions on the support of
fundamental shocks are necessary for existence of both MSV and confidence-driven liquidity
trap equilibria.

2 Model and expectations formation mechanisms

We employ a model that nests the simple New Keynesian model as well as reflects the
reduced-form of the alternative bounded rationality models explored by Gabaix (2020), An-
geletos and Lian (2018), Woodford and Xie (2020):

Ty = MEthtH —o(iy — NEﬂTtH) + €, (1)
o= Ar+ Mf@EtWtH, (2)
ir = max{ym, —pu}, (3)

3See also Slobodyan and Wouters (2012), Ormeno and Molnar (2015), Beshears et al. (2013), Assenza et
al. (2021) for additional empirical support for small misspecified forecasting rules.

4Additionally, Bianchi et al. (2021) study implications of fundamentals-driven liquidity traps in a nonlin-
ear New Keynesian model.



where x; is the output gap, i; the nominal interest rate and 7 is the inflation rate. If
M = N = My = 1, the model nests the simple three-equations New Keynesian model of
Woodford (2003) where (1) is the Euler equation, (2) is the NK Phillips Curve and (3) the
monetary policy rule, described by the simplest Taylor rule but with a ZLB constraint. The
model is log-linearized around the zero inflation steady state and 0 < 8 < 1, 0 < o, A, u,
and ¢ > 1 (i.e. the “Taylor principle” holds). Bounded rationality implies, instead, 0 <
M, N, My < 1. Note that E denotes (possibly non-rational) expectations and E = E denotes
model-consistent expectations.

We follow earlier work, including Eggertsson and Woodford (2003), Nakata and Schmidt
(2019a), Christiano et al. (2018), and AM, and assume that the demand shock, ¢, follows a
2-state Markov process with transition matrix:

K:( p 1—p>7
l-q ¢

with 0 < p = Pr(e, = 16,1 = €1) < 1,0 < g = Pr(e, = €61 = €3) < 1. If we assume
g = 1 and € = 0, similar to Eggertsson and Woodford (2003) or Christiano et al. (2018),
then we have a model in which a transitory shock, ¢, = ¢; # 0, displaces the economy from
steady state, but the economy eventually returns to the absorbing steady state of the model
when ¢, = ¢ = 0. In the standard RE version of the model there are two non-stochastic
steady states: one with zero inflation, and one with zero nominal interest rates. However,
equilibrium inflation and output in the temporary state (¢; = €;) depends on whether agents
have full-information RE or whether they are boundedly rational in some way.

We consider three models of expectations formation. First, agents have full-information
RE in the special case of the model with no discounting in the Euler equation and Phillips
curve (1)-(3) and model consistent expectations.

Definition 1 Agents have full-information rational expectations (RE) if and only
if E=E and M = My = N =1 in the NK model given by Equations (1)-(3).

An REE, defined in Section 3, is a solution of the model (1)-(3) obtained under these as-
sumptions. In keeping with the literature, we treat full-information RE as the benchmark
model of expectations formation, against which we compare ZLB dynamics under alterna-
tive expectations formation mechanisms. Particular attention is paid to the possibility that
agents do not have full knowledge about the structure of the economy, and consequently
expectations can be model-inconsistent (i.e., E # FE). The adaptive learning literature in
particular studies agents with imperfect knowledge who learn to forecast the law of motion
for aggregate variables using standard statistical tools like least squares. In this setting, im-
perfect knowledge can imply model-inconsistent expectations, but the focus of a large swath
of this literature is whether agents can form self-confirming beliefs, either by learning an
REE, or some non-rational, self-confirming equilibrium if their subjective forecasting models

7



are mis-specified with respect to the rational forecasting models. Holding fixed the structure
of the model, imperfect knowledge by itself can lead us to new insights about policy and

macroeconomic dynamics.

Definition 2 Agents have imperfect knowledge if E + E; M = My =N =1 1in the NK
model given by Equations (1)-(3)

Of course, we can deviate from RE without breaking the assumption that agents have full
knowledge about the structure of their economic environment. For instance, Gabaix (2020)
derives a model in which households and firms are relatively myopic due to cognitive lim-
itations. In this setting, myopia implies a change in the model structure in the form of
discounting in the aggregate demand curve (1) (i.e., M < 1) and additional discounting
in the Phillips curve (2) (i.e. M; < 1). However, nothing in Gabaix’s (2020) model pre-
vents agents from having full knowledge about the world they inhabit, and therefore noth-
ing prevents these boundedly rational agents from having model-consistent expectations.
Hence, Gabaix’s (2020) behavioral model shows how we can deviate from full-information
RE without sacrificing the assumption that agents have perfect knowledge. Bounded ratio-
nality models by Angeletos and Lian (2018) and Woodford and Xie (2020) may also lead to
reduced-form structural models with additional discounting in the structural equations. If
M, M; or N is less than one, we say that agents are boundedly rational.

Definition 3 Agents are said to be boundedly rational if and only ifE =FE and
min{M,M;, N} < 1.

3 Coherence: existence of an equilibrium

This Section investigates the problem of coherence, that is, of the existence of an equilibrium,
under the three models of expectations formation just described.

To put the whole paper into context, it is worth clarifying the main contributions of
AM. While the stochastic element in the literature on ZLB is often very stylized, featuring
one single (often discount factor) shock that occurs only once and has either a stochastic
or a known duration, AM consider the general problem of the conditions for existence and
uniqueness of equilibria in dynamic forward-looking models with RE when some variables
are subject to occasionally binding constraints, like in the ZLB case, and when recurrent
stochastic shocks hit the economy, a standard assumption in macroeconomic models. AM
propose to use a method based on Gourieroux et al. (1980) that studied this problem in the
context of simultaneous equations models with endogenous regime switching, and derived
conditions for existence and uniqueness of solutions, which Gourieroux et al. (1980) label

as ‘coherency and completeness’ (CC) conditions. The problem of existence of equilibria,



i.e., coherence, in more standard stochastic environments commonly used in macroeconomic
models is obviously fundamental and a first-order concern for this literature.”

There are two main takeaways from AM. First, the question of coherence is a nontrivial
problem in models with a ZLB constraint and AM were able to provide some general re-
sults only for a limited class of models. A typical New Keynesian (NK) model with a ZLB
constraint is not generically coherent both when the Taylor rule is active and when mone-
tary policy is optimal under discretion. The restrictions on the support that are needed to
restore an equilibrium are difficult to interpret because they are asymmetric and because
they depend both on the structural parameters and on the past values of the state variables.
AM show that the assumption of orthogonality of structural shocks is incompatible with
coherence, because if a model admits multiple shocks, their support restrictions cannot be
independent from each other. Second, imposing the (somewhat awkward) support restric-
tions needed to guarantee existence of a solution causes another serious problem: multiplicity
of MSV solutions, i.e., incompleteness.® AM show the existence of many MSV solutions,
possibly up to 2¥ MSV equilibria, where k is the number of (discrete) states that the exoge-
nous variables can take, for example, using a k-state approximation of an AR(1) process.
While the literature on the ZLB recognized the possibility of multiple steady states and/or
multiple equilibria, and of sunspots solutions due either to indeterminacy or to belief-driven
fluctuations between the two steady states, this is a novel source of multiplicity, that concerns
‘fundamental’ solutions, i.e., MSV ones. This is particularly relevant because numerical solu-
tion algorithms usually search for a solution of this type. The multiplicity of MSV solutions
arises from the interaction between RE and the non-linear nature of the problem, as we will
show below. Our paper investigates whether relaxing the full-information RE assumption

could alleviate the problems highlighted by AM by breaking this interaction.

3.1 Rationality without Coherence

We start by assuming full-information RE to illustrate the problem of incoherence. For
simplicity, we focus on MSV REE, but some of the insights from our paper can be extended

Despite there is a large and expanding literature on solution algorithms for such models, (see e.g.,
Fernandez-Villaverde et al., 2015; Guerrieri and Iacoviello, 2015; Gust et al., 2017; Aruoba et al., 2018, 2021;
Eggertsson et al., 2021), there are no general conditions for existence of equilibria for this class of models,
as say, the Blanchard-Kahn conditions for standard linear dynamic RE models. Moreover, NK models with
a ZLB are often presented as (log)linear approximations around an equilibrium of some originally nonlinear
model, whose existence needs to be checked being an obvious precondition of the analysis. A number of
theoretical papers provide sufficient conditions for existence of MSV equilibria in NK models (see Eggertsson,
2011; Boneva et al., 2016; Armenter, 2018; Christiano et al., 2018; Nakata, 2018; Nakata and Schmidt, 2019b),
while AM provide both necessary and sufficient conditions that can be applied more generally.

STherein, an MSV equilibrium is defined as usually intended, that is, as a function of the state variables
of the model. However, an incoherent model could in principle admit other types of equilibria, but, to the
best of our knowledge, no work in the literature, including AM, has found them. We use the terminology
MSV and REE interchangeably in the case of incoherence.



to study non-fundamental “sunspot” equilibria which feature extraneous volatility. Since our
model, (1)-(3), is a purely forward looking model with a 2-state discrete-valued exogenous
shock, the MSV REE law of motion for Y; = (z¢,m) will assume the form Y; = Y, where
Y, =Y, if ¢ = ¢ and Y; = Y,y otherwise.

Definition 4 Rational expectations equilibrium (REE). Y = (Y}, Y,) is a rational
expectations equilibrium if and only if Y; solves (1)-(3) given Ey(Yi|e = €;) = Pr(eq =
e1ler =€) Y1+ Pr(eq1 = ealer = €;) Yo and ¢, = ¢ for j =1, 2.

There are up to four MSV REE of (1)-(3). First, there is a possible solution in which
interest rates are always positive (“PP” solution). Then, there is a potential solution with
binding ZLB if and only if ¢, = €;, which we refer to as the “ZP” solution. Analogously,
there could be a “PZ” solution with binding ZLB if and only if ¢, = €5. Finally, it is possible
that the ZLB is always binding (“ZZ” solution). We add a superscript i to Y to distinguish
between the REE (i.e. Y' where i = PP, ZP,PZ,ZZ). Following AM, if at least one of the
four possible REE exist then the model is coherent.

Proposition 1 Consider (1)-(3) and suppose M = My = N =1, e > 0. An REFE euxists
if and only if €, > €rpr, where Egpr 1s a constant that depends on the model’s parameters,
defined in Equation (A3) in Appendiz A.1.

Proposition 1 generalizes Proposition 5 of AM to the case with ¢ < 1. It establishes that
under the conventional assumption that the Taylor rule (3) satisfies the Taylor Principle
and recurrent demand shocks, we need to restrict the magnitude of the shocks, ¢, to get
an REE. For a solution to exist, ¢; cannot be too negative (i.e. the shock cannot be too
“big”, in absolute value). The lower bound on €, denoted as €rgg, is increasing in p
for standard parameters, which means that a model with more persistent shocks requires
tighter restrictions on the magnitude of the shocks for an equilibrium to exist. This explains
why fundamentals-driven liquidity trap cannot be persistent in an REE. A “big” shock is
needed to take the economy into a liquidity trap, but then, for an REE to exist, it cannot
be persistent. Thus, the model is not generically coherent; solutions only exist for special
calibrations of the shock process and solutions do not exist if the shocks are too persistent
(i.e. pis very high) or if the shock is big (e; is very low).

Intuition from a special case. While Proposition 1 deals with the case with ¢ < 1, the
assumption that the high demand state is absorbing (¢ = 1) and equal to zero (e; = 0) is
helpful for intuition.” Under this assumption, the economy under full-information RE either

"The assumption ¢ = 1 is standard in the literature (e.g., Eggertsson and Woodford, 2003; Christiano et
al., 2018; Bilbiie, forth.). To explain the intuition, we borrow heavily from AM and Bilbiie (forth.).
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returns to the steady state with zero inflation (i.e. m = x, = ¢, = 0) or the steady state
with zero interest rates (i.e. iy = —p, 1 = —pu < 0z, = —p(1 — B)/\ < 0). The “temporary
state” value of output when ¢, = ¢; < 0 (assuming for brevity that we go back to the zero
inflation steady state) is given by:

r; = v(p)Eyri 1 — o max{ N —/\ﬁpmt —u} + €, (4)
A
v(p) = <1+1_2?>>1, (5)

which we obtain by substituting the Phillips curve and Taylor rule into (1). From (4), it is
apparent that for any p, sufficiently low values of €; preclude unconstrained interest rates.
Thus, for a sufficiently large demand shock, output will be given by:

v
1 —pv(p)

if a solution of the model exists at all. However, if the negative demand shock is Sufﬁciently

Ty = (op+e) (6)

persistent, so that pv(p) > 1, then x; and therefore temporary inflation, 7, = ——x; are

1

decreasing in €;. This implies that sufficiently large ¢; will increase x; and 7, prgcludmg
existence of a solution in which the ZLB binds. Therefore, for a solution to exist we need
to do one of two things. First, we can restrict p to be small enough to ensure pr(p) < 1,
which in turn implies a solution for any €;. Or, alternatively, we need to restrict €; to be
small (i.e. close to zero) to rule out a situation where large demand shocks preclude both
unconstrained and constrained equilibrium interest rates — i.e., incoherence. Both options

require restrictions on the support of the demand shock.

Figure 1: Incoherence and Income vs. Substitution
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Figure la graphically illustrates the determination of demand for the case pr(p) < 1. It
can be seen that a solution exists for any ¢;. Figure 1b graphically illustrates equilibrium
determination when pv(p) > 1. It is apparent that two solutions exist if €; is small, but no
solution if €; is large in magnitude. In this case, the model is generally incoherent, while,
if we impose support restrictions, i.e., €, > €rgp, the model is incomplete. The issue of
incompleteness will be tackled in Section 4.%

How should we interpret this restriction on p and €;? Following Bilbiie (forth.), there are
two effects of the demand shock, €;, when interest rates are pegged at the zero level. First,
a larger demand shock (i.e. more negative value of €;) raises real interest rates given a fixed
nominal rate, and this induces households to save more. This intertemporal substitution
effect should put downward pressure on inflation and output. At the same time, v(p) >
1 implies strong income effects at the ZLB; current income, x;, responds by more than
proportionally to an increase in expected future output, Fyz,,1. For high values of p, an
exogenous increase in real interest rates (via lower €) raises demand and inflation through
this second income effect. In the case where pr(p) > 1 the income effect dominates the
substitution effect, and the negative demand shock has the counter-intuitive effect of raising
inflation at the ZLB, while lowering inflation away from the ZLB (see the green and yellow
dots respectively in Figure 1b) . In this scenario, we need to make sure that €; is not too
negative. On the other hand, if pr(p) < 1 then intertemporal substitution effects dominate
and more negative €; leads to more negative inflation and output, which in turn ensures that
a solution with binding ZLB always exists.

In sum, we can discuss the problem of incoherence in our model in terms of income
and substitution effects. RE implies that agents are very forward-looking, which in turn
can imply a scenario where income effects dominate substitution effects. Tight restrictions
on persistence parameter, p, are necessary to avoid this scenario, while restrictions on ¢
are essential to ensure equilibrium when income effects are strong. Much of the rest of
this paper investigates whether deviations from RE ensure that these substitution effects
dominate income effects when pr(p) > 1, thus opening up the possibility that non-rational

solutions exist when rational solutions may not.

3.2 Coherence without Rationality

We now turn to the question of what happens if no REE exists. Specifically, we investigate
the possibility of the existence of non-rational equilibria. First, we look at the case of
imperfect knowledge as in Definition 2. Agents with imperfect knowledge are assumed to

8In fact two or four solutions exist in the two cases, respectively, depending on whether one assumes the
economy returns to the zero inflation steady — as in Figures 1la and 1b — or one assumes the economy goes
to the permanent liquidity trap steady state — not depicted in Figures la and 1b. Moreover, the Figures
visualize that the condition pv(p) § 1 relates to the relative slope of the AS and the AD curve under ZLB.
See AM.

12



recursively estimate simple subjective forecasting models in the spirit of the adaptive learning
literature. We assess existence of temporary equilibria when agents are learning. Then, we
ask if there exists an adaptive learning process that could generate an equilibrium where
agents expectations are confirmed. We show that a self-confirming RPE may emerge as the
outcome of an adaptive learning process where agents use an under-parameterized forecasting
rule and attempt to forecast period-ahead inflation and output using their estimates of the
long-run average of both variables. Second, bounded rationality does not need to imply
imperfect knowledge, and so it is important to consider what happens when agents are
boundedly rational as in Definition 3. It turns out that bounded rationality in the form of
discounting (M, My, N < 1) can imply an even more complete resolution of the problem of
incoherence than RPE, provided that the discount factors are exogenously given and do not
depend on the magnitude of the shock.

3.2.1 Restricted Perceptions

The model (1)-(3) has a single state variable, ¢;, which follows a regime-switching process.
Consequently, the REE law of motion for output and inflation is a regime-switching inter-
cept — see Definition 4. Rational agents are assumed to know the functional form of the
REE solution. However, agents without RE could fail to grasp the structure of the REE,
particularly so in the case of incoherence when no such equilibrium exists and therefore it
would be impossible to learn/converge to something that does not exist. Consequently, they
might try to forecast inflation and output using an under-parameterized forecasting model
which omits the state variable, ¢;. Agents with these restricted perceptions instead try to

forecast the unconditional mean of output and inflation:
EYig = Y7 =Y 7 (Yo = Yi) (")

where Y,° is the agents’ most recent least squares estimate of the unconditional mean of
Y = (z,7) using all data available from ¢t = 0,...,t — k where k = 0 if agents have current
information and k£ = 1 if agents have lagged information and only observe endogenous
variables after markets clear. We assume a decreasing gain parameter equal to t~!, but more
generally the gain parameter could be a small constant, g, € (0, 1] for y = =, 7 (“constant
gain learning”), or a mix of constant-gain and decreasing-gain learning as in Marcet and
Nicolini (2003). If we substitute (7) into the model then we have the following actual law of
motion for Y:

}/;f - At}/;e_{_Bta (8)
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where A, = Az and B; = By, if the ZLB binds at time-¢, and otherwise A; = Ap and
Bt = BP,ta and

AP — )\0”%4—1 iﬁ;g;—qf AZ: (1 o ) (9)
Aop+1  Aoyp+1 A 6+/\0-
€t +O'ILL

Bp, = 1“;’”’) B :( < ) 10

Appendix A.2 contains the proof of the following proposition:

Proposition 2 The model (7)-(8) is coherent and complete if Yy is not observed contempo-
raneously (i.e. k=1).

The preceding proposition makes it clear that learning ensures the existence of a temporary
equilibrium given any p,q, €1, €, provided £ = 1. We consider this to be an inherently
significant finding. From a theoretical perspective, it shows that relying on the lagged
information assumption, commonly employed in the adaptive learning literature, suffices to
solve the coherence problem in a NK model with a ZLB constraint.” Intuitively, learning
implies that expectations are predetermined, and this simplifies the task of computing the
market clearing equilibrium allocation relative to the nontrivial fixed point problem needed
to solve for the REE. From an empirical perspective, inflation has been mostly low but stable
during and after the Great Recession, contrary to the prediction of deflationary spirals in an
RE model. This proposition could provide a possible account of this period, so that inflation
is actually determined by a temporary equilibrium, where agent update their beliefs based
on under-parameterized forecast rule as data becomes available with a lag.

Though a temporary equilibrium for the economy always exists, learning agents do not
have expectations that are necessarily consistent with the data they observe. An equilibrium,
instead, is a self-confirming equilibrium if the learning agents’ subjective inflation and output

forecasts coincide the true unconditional means of inflation and output, that is if:
EYiy =E(Y)=qY,+(1-qY,,

where Y = (z,y), Y; is ¥; when ¢, = ¢; and § = Pr(e, = €) = (1 —p)/(2 — p — q). If the
agents form conditional forecasts using the unconditional mean of inflation and output (i.e.

9If £k = 0 then a temporary equilibrium can fail to exist for small values of ¢ with decreasing gain,
or sufficiently large constant gain parameters. Therefore, under contemporaneous information we need to
restrict the magnitude of the gain parameter to get a solution. Evans and McGough (2018b) documents
that constant gain learning models with contemporaneous information can lead to unreasonable predictions
when interest rates are pegged. Proposition 2 is a complementary result that favors the lagged information
assumption.
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if £,Y;,; = E(Y)) then agents’ beliefs about the long-run averages of inflation and output
are true and self-confirming only if Y; solves (1)-(3) given EAthH =FEY)=q¥4+1-9Y,
and ¢ =¢; for j =1,2.

Definition 5 Restricted perceptions equilibrium (RPE). Y = (Y|, X}) s a re-
stricted perceptions equilibrium if and only if (i) Yj solves (1)-(3) given E,Yiy, = Y :=
Yo+ (1 =Y, and ¢ = ¢; for j =1,2; and (i) E(Y;) = Y."°

There are four possible RPE of (1)-(3) indexed by i = PP, ZP, PZ, ZZ, which are anal-
ogous to the REE discussed earlier. Notice that the actual law of motion for inflation and
output in the RPE is still a regime-switching process. A sufficiently attentive learning agent
might be expected to notice that their forecasting model is misspecified in an RPE and conse-
quently, we might question whether this equilibrium concept is “reasonable.” A later section
discusses issues related to the plausibility of the RPE concept in the context of learning in
detail, but in any case, it is worth stressing now that the simple RPE concept put forth in
this section is the natural RPE concept for this model. In an RPE, agents have “restricted
perceptions” in the sense that they omit key fundamental state variables from their forecast-
ing models, that is, they use an under-parameterized forecast rule. In our simple model, ¢;
is the only state variable. Consequently, the natural under-parameterized forecast rule for
this model omits ¢; as (7) does. This RPE concept also makes the analysis tractable, leading
to the following useful result.

Figure 2: Restricted Perceptions Equilibrium

T 4

larger negative shock: T |e|

ADlTR ADZTR AD3TR AD4TR

= A,xt AS
%xt
—K/b

ADlzLB ADZZLB AD32LB AD4ZLB

Proposition 3 Consider (1)-(3) and suppose M = My =N =1, o > 0. Then:

10Gee Evans and Honkapohja (2001, sec. 3.6 and 13.1) and Branch (2006) for a thorough discussion of the
RPE concept.
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i. An RPF exists if and only if €, > €grpp, where Egpr depends on the model’s parameters,
see Equation (A11) in Appendiz A.3, and satisfies Egpp = —o0 if ¢ = 1.

. €EREE Z €ERPE Zf and only pr+ q Z 1.

Proposition 3 is one of the main results of this paper. It tells us that models with persistent
shocks (i.e. p+ ¢ > 1) admit non-rational equilibria but not rational equilibria if € €
(€rpPE, €REE).11 Thus we can gain traction in an otherwise incoherent model of the ZLB by
assuming restricted perceptions.

As in the case of REE, it is useful to study RPE when ¢ = 1 and e = 0 to develop
intuition, see Figure 2. In this case, we have ¢ = 1 and so the RPE forecast is simply
equal to one of the two non-stochastic steady states of the model. Substituting the forecast
consistent with the economy reverting to the zero inflation steady state into the model — so
By = Eymy =0 in (1)-(3) — and solving for equilibrium output in the temporary state
with ¢, = €; gives: x; = ou + €, assuming the ZLB binds. Thus, effectively the perceived p
is equal zero and the slope of the aggregate demand curve becomes vertical in the temporary
state under a ZLB. It follows that an RPE exists for any p and €;. No support restrictions
for the shock distribution are needed. Restricted perceptions ensures that income effects of
raising real rates do not dominate substitution effects, and thus equilibrium is ensured for
any assumptions about p and €, in accordance with Proposition 3.

3.2.2 Bounded Rationality

Assuming bounded rationality in the form of discounting (M, My, N < 1) yields the following
proposition that illustrates how deviations from RE ameliorate incoherence concerns, as in

Proposition 3.
Proposition 4 Consider (1)-(3) and suppose min{M,M;, N} <1 and ea > 0. Then:

i. A BRE exists if and only if €, > €ggr, for some constant €éggr that depends on the
model’s parameters, see Equation (A14) in Appendiz A.4.

ii. If (M —1)(1 — MyB) + AoN <0 then égr = —oc.

Again, we can understand the coherence result in terms of the income and substitution
effect of shocks that raises real interest rates at the ZLB. Assume ¢ = 1 and e = 0. The
BRE value of output in the temporary state binding ZLB is given by:

YA

Ty = yBR(p)EtxtH—amaX{l—Mxt
-

) _:u} + €1, (11)
Ao

UTf p + g = 1, then there is no distinction between the REE and RPE. Therefore, we assume p + g # 1 in
practice.
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In this bounded rationality model therefore, output at the ZLB is given by

1
1 —pvPi(p)

Clearly, substitution effects dominate income effects if and only if pr?%(p) < 1, similar to

Ty =

(op+€). (12)

the RE case. However, unlike the RE case, we have v5%(p) < 1 if and only if
(M —1)(1—M¢B)+ AoN <0,

which is the condition in Proposition 4. Therefore, myopia can ensure that substitution
effects dominate income effects for any p (i.e. existence of a MSV solution for any p and €).

Not only does (M — 1)(1 — M;B) + Ao N < 0 ensure coherence in the case of bounded
rationality, it also ensures existence of a unique BRE (“completeness”).

Proposition 5 Consider the model given by (1)-(3) and assume ¥ > 1. A unique bounded
rationality equilibrium (BRE) ezists for any p,q,€e and eo > 0 if and only if (M — 1)(1 —
M;8) + Ao N < 0. Further, there exist e"""BE and DB gych that e?PPR > ZPBR gn(

i. The PP solution is the unique BRE if and only e; > e’PBE,
ii. The ZP solution is the unique BRE if and only if e"PBE > ¢ > ZPBRE,

iii. The ZZ solution is the unique BRE if and only if €, < e?PBE,

The condition (M — 1)(1 — M)+ Ao N < 0 completely mitigates concerns about inco-
herence and incompleteness, but the condition requires a rather high degree of discounting in
the Euler and Phillips curve equations. As it turns out, the condition is satisfied by Gabaix’s
preferred calibration: M = 0.85, My =08, N =1, 3 =0.99, A = 0.11, 0 = 0.2. For that

calibration, we have:
(M —1)(1 — MsB)+ AoN = —0.0092 < 0.

On the other hand, it is not satisfied for the calibration in McKay et al. (2016a): M = 0.97,
M;=N=1,=099, A =0.02, 0 = 0.375. That calibration yields:

(M —1)(1 = Msf3) + AoN = 0.0072 > 0.

Thus bounded rationality offers a full solution of the problems of incoherence and incom-
pleteness for some, but not all, calibrations featured in the literature.
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3.2.3 BRE, RPE and Coherence

Bounded rationality and imperfect knowledge constitute two distinct departures from RE
that are widely discussed in the literature, and they both mitigate concerns about coherence.
In this regard, several points are worth considering.

First, bounded rationality might seem to provide a more robust resolution of the problem
with respect to imperfect knowledge, as coherence can be ensured for any assumption about
p, q and ¢ if M, My, N are sufficiently small. However, this need not be the case if prices are
relatively flexible or if agents choose their discount factors optimally as in Moberly (2022).

To illustrate the importance of price rigidity, Figure 3 depicts different combinations of
values of the negative shock, €1, and of the bounded rationality discount factor, M, that yield
coherence in the REE, RPE and BRE cases. The blue line and red line depict €gpr and €égrpg,
respectively, and the black line depicts €grp for different values of €; and M = M;. Panels
(a), (b) and (c) shows that the difference between €rpp, €rpr, and égg can be substantial.
Panel (a) shows that larger values of M can rule out existence of BRE in cases where an
RPE exists. Panel (b) shows that the same result holds even if the expected low demand
state duration is calibrated to match the duration of the 2008-2015 U.S. ZLB episode (i.e.
p = 0.965 implies an expected low state duration of 28 quarters). However, if M < 0.86 in
the calibrated model then (M —1)(1 — M;B)+ Ao N < 0 and égrp = —oo. Panel (c) reveals
that in addition to small M, a high degree of price stickiness (small \) is necessary for the
BRE approach to provide a fuller solution of the incoherence problem than the RPE concept.
For high values of A even heavy cognitive discounting in the Euler equation and Phillips curve
will not resolve the problem of incoherence.'? The so-called “curse of flexibility” is therefore
a much more pronounced problem for both REE and BRE than for RPE. This has an
important implication because both the theoretical contributions on state-dependent models
and empirical evidence on the time-variation of the frequency of price setting convincingly
illustrate that the degree of price stickiness might be changing with the economic conditions.
Hence, one might expect that in deep recessions where the ZLB is binding persistently, prices
should be more flexible and thus A should be high, making less robust the solution provided
by BRE.

BRE also may not exist if agents are assumed to choose their discount factors optimally.
So far, as in most applications in the literature of the bounded rationality approach by Gabaix
(2020), we kept fixed the cognitive parameters M, My, N. However, the degree of attention
of agents should be endogenous, and agents might pay more attention when the economy
is subject to large shocks, as in deep recessions where the ZLB is binding persistently.
Appendix A.6 employs the approach developed by Moberly (2022) to endogenize the degree

2For any M, M f, N, there is always a large enough value of the product Ao to ensure that (M — 1)(1 —
M;B)+ AoN > 0. Thus, price rigidity and the intertemporal elasticity of substitution play a key role in the
existence of BRE.
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of attention in the Gabaix (2020) model. In Moberly (2022), firms and households face a
cost of paying attention, as in Gabaix (2020), and they choose discount factors, My, M., in
order to balance the loss of not paying attention with the cost of paying attention. Appendix
A.6 shows that in this case the shock must be bounded for a solution to exist. Intuitively, it
is optimal to pay full attention (M., = M., = 1) when the shock ¢; is sufficiently large in
magnitude. However, a solution does not exist when the shock is large and discount factors
are high (see Proposition 4). Appendix A.6 details this important caveat, showing that
whether bounded rationality solves the problem of incoherence or not hinges on whether

discount factors are predetermined or fixed.

Figure 3: Region of Coherence of the REE, RPE, and of the BRE
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Note: The area above the blue (red) curve depicts values of €; for which at least one REE (RPE) exists.
The area above the black curve depicts values of €; and M = M for which at least one BRE exists. Other
parameter values: f=0.99, c =1, A =0.02, ¢ = 0.98, p =0.85, N =1, e = 0.01.

Second, the above results cast doubt on the fact that BRE could provide a robust solution
to the coherence problem and strengthen the case to consider also the alternative deviation
from rationality, that is, imperfect knowledge/adaptive learning. However, it is important
to note that the two deviations are not mutually exclusive, and some recent papers have
combined imperfect knowledge with myopia or versions of bounded rationality. For example,
Hajdini (2022) studies the expectations of myopic agents who have misspecified forecasting
models; Meggiorini and Milani (2021) estimates a model that combines adaptive learning
and myopia; and Audzei and Slobodyan (2022) derives restricted perceptions equilibrium in
an environment that combines adaptive learning and Gabaix’s sparse rationality.'® Similarly,

it is possible to combine the two deviations from RE in our model.

13Hajdini (2022) shows that a model with myopic agents with misspecified forecasts accounts for some
important empirical facts about inflation forecasts.
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Definition 6 Agents have bounded rationality and imperfect knowledge if E + E:
max{M, My, N} <1 in the NK model given by Equations (1)-(3).

The analysis in Appendix A.7.1 shows that an environment with boundedly rational
agents who have imperfect knowledge could admit a bounded rationality RPE.

Definition 7 Bounded rationality restricted perceptions equilibrium (BR-RPE).
Y = (Y}, Y}) is a restricted perceptions equilibrium if and only if (i) Y; solves (1)-(3) given
M, M;,N, EYyy =Y :=qYs+ (1 — Y1 and ¢ = ¢; for j =1,2; and (i) BE(Y;) =Y.

There are four possible BR-RPE of (1)-(3) indexed by i = PP, ZP, PZ, 77, which are
analogous to the BRE and RPE discussed earlier. Suitable restrictions on the model ensure
existence of BR-RPE.

Proposition 6 Consider (1)-(3) and suppose min{M, My, N} < 1 and e; > 0. Then:

i. A BR-RPEFE exists if and only if €, > €pr rpE, for some constant €gr rpr that depends
on the model’s parameters, see Equation (A19) in Appendix A.7.1.

. ]f (M — 1)(1 — Mfﬁ) + Ao N < 0, then gBR,RPE = —0Q.

dii. If (M —1)(1 — MyB) +XoN >0 andp+q > 1 orif (M —1)(1 — M;B) + \oN <0,

then €gr > €BRRPE-

The proposition suggests that an environment populated by agents with imperfect knowl-
edge and bounded rationality is especially likely to admit a self-confirming equilibrium. More
precisely, the condition for BR-RPE existence is weaker than the condition for BRE exis-
tence when the shocks are persistent (p + ¢ > 1). Thus, the two deviations from RE are
not redundant, and combining them leads to a greater resolution of the incoherence problem
than the assumption of bounded rationality by itself, or imperfect knowledge by itself.

Finally, it is well known that bounded rationality can attenuate the so-called “forward
guidance puzzle” which is the counter-intuitive prediction that the macroeconomic effects
of a promise to cut the interest rate in some future period, T, are strictly increasing in 7.
Theorem 1 in Appendix A.8 demonstrates that the exactly same condition in Proposition
4.ii, that ensures coherence/completeness in the occasionally-binding constraint framework,
also rules out the forward guidance puzzle. Moreover, Propositions 12 and 13 in Appendix
A.8 show that the forward guidance puzzle is also absent under imperfect knowledge with
adaptive learning. Note that the forward guidance problem is a very different problem from
the coherence problem highlighted in this section. First, forward-guidance is generated by
a peg of the interest rate, while a peg would not be an issue for coherence, i.e., for the
existence of an equilibrium. Second, forward guidance is often modelled as a fixed interest
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rate for a known duration (and a known duration of the negative deflationary shock) and
then the policy would revert to a standard Taylor rule. Again, if the duration of the shock
and of the peg is known, there is no issue of incoherence. Indeed, the model of forward
guidance used in Gabaix (2020) and in Appendix A.8 are not susceptible to the problem of
incoherence.'* Thus, both deviations from RE help resolve various puzzles and paradoxes of
the New Keynesian ZLB, in addition to resolving the problem of incoherence.

4 Learning to solve incompleteness: multiplicity of (MSV)
solutions

We just saw that a BRE can ensure coherence and completeness with sufficient discounting,
without any restrictions on the support of the shock. What about completeness in the REE
and RPE cases? The coherence condition guarantees existence, but generally that implies
a multiplicity of admissible MSV solutions in the case of RE (e.g., Ascari and Mavroeidis,
2022). Incompleteness is by itself a problem which can only be solved using some criterion
for selecting an equilibrium. Here we investigate whether learning can provide any guidance,
that is, whether the “E-stability” criterion can select an equilibrium of the model as the

outcome of an adaptive learning process.

4.1 Learning the REE

In order to define when an REE is E-stable, we first need to be precise about what it means
for agents to be learning an REE. As in Section 2, adaptive learning agents have imperfect
knowledge and cannot compute an equilibrium analytically. However, these agents make
use of a subjective forecasting model or “perceived law of motion” (PLM) when making
consumption, labor, savings and pricing decisions consistent with (1)-(2).'> If the learning
agents choose a PLM that is also consistent with how expectations are formed in an REE,
then it is possible for learning agents to “learn” an REE if their beliefs about the PLM
converge to RE, as beliefs are updated recursively using some statistical scheme for estimating
the coefficients of the PLM and observable macro data.

1See also Eusepi et al. (2021), Cole (2021), and Gibbs and McClung (forth.) for more on forward guidance
and adaptive learning considerations.

B Throughout this paper we restrict our attention to the “Euler equation” approach in which adaptive
learning agents are assumed to treat the RE decision rules, (1)-(2), as the decision rules given subjective
forecasts. However, under this assumption, agents are not making optimal decision given non-rational
expectations, as demonstrated by Preston (2005). An alternative approach which accounts for the true
optimal consumption and pricing decisions under non-rational expectations is the “infinite horizon learning”
approach advanced by Preston (2005) and others. Preliminary results included in Appendix A.12 show that
identical RPE existence results can obtain under Euler equation and infinite horizon learning. We leave the
full topic of RPE existence and E-stability under infinite horizon learning for future research.
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Recall from Section 3.1 that our model admits four possible REE in which output and
inflation follow a 2-state process, which are indexed by superscript i to Y, i.e. Y* where
1 = PP, ZP,PZ,Z7Z. Agents could conceivably learn one of these REE if their PLM for
output and inflation is a 2-state process which is estimated recursively using least squares.
Consider the following model of learning, in which agents’ PLM is a 2-state process for
inflation and output, like the REE, and beliefs about the state-contingent means are updated

recursively using least squares:

th = th—l + tilzj,tflyji,tl—l (Y;ffl - Y}f,}tq) 5 (13)
vie = Viga+t " (T — Vig1), (14)
EYir = Pres = ele)Ys, + (1= Prieg = ale))Ys, (15)

where j = 1,2, kvjj, is the number of periods that ¢, = ¢; up until time k, and Z;; = 1
if ¢ = ¢; and Z;; = 0 otherwise (i.e. Z;; = 1 is the indicator function for state j). Y,
is the agents’ most recent estimate of the state-contingent average of Y; when ¢ = ¢;.
According to equation (13), agents revise their beliefs about the state-contingent average of
Y in state j (i.e. Yj;) in the direction of their time-t — 1 forecast error only if €1 = ¢;
(otherwise, Y, = Y, ;). Equation (15) then gives agents’ time-t forecast of period-ahead
inflation and forecast. It is assumed that agents observe ¢, when forecasting at time-t and
also that Pr(e;11]€;) coincides with the actual transition probabilities — e.g. agents know
Pr(e1 = elee = e1) = p and Pr(ey = el = €) = ¢ After agents form time-t
expectations, we obtain the time-t market-clearing equilibrium, Y; by substituting equation
(15) into the model (1)-(3). The process repeats itself at time ¢ + 1 and so on.'®

We are interested in knowing if (Y%, Vs,) — (Y1, Y}%) for some REE i as time goes
on (t — oo0) and agents’ expectations evolve according to (13)-(15). We say that REE i is
“stable under learning” if (Y%, Yy,) — (Y%, Y%) almost surely. When might this convergence
of subjective beliefs to RE occur? To make this question tractable, assume that Y,* = (Yf;,
Yf;)’ is sufficiently near REE 4, such that the ZLB binds under adaptive learning if and only

if the ZLB would bind in REE ¢. This implies the following actual law of motion for Y:

Yo = A (Pr(en = ale)Yy, + (1= Pr(asw = ala))Ys,) + B, (16)

for i € {PP,PZ,ZP,ZZ}, where Afp = Ap and BtPP = Bp, for all ¢; AtZZ = Az and
Bf? = By, for all t; A?" = Ap and B?" = Bp, if ¢, = €3 and A?" = Ay and B?" = By,

16Closely related learning algorithms are used by Woodford (1990), Evans and Honkapohja (1994) and
(Evans and Honkapohja, 2001, p.305-308) to study the E-stability of sunspot equilibria involving discrete-
valued shocks, and by Evans and Honkapohja (1998) to study learnability of fundamental equilibria with
exogenous shocks following a finite state Markov chain. We arrive at identical E-stability results if we
alternatively assume least squares estimation of a PLM of the form: Y, = a + Z;It where 7, = 1 if ¢ = €9
and 0 otherwise.
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otherwise; A’? = Ap and B/'” = Bp, if ¢, = ¢; and Al'? = Ay and B/'? = By, otherwise,
where the matrices Ap, Az and the vectors Bp;, By are defined in (9) and (10), respectively.

Given beliefs that are local to RE beliefs, we assess the learnability of equilibrium using
the E-stability principle. An REE ¢ is said to be E-stable if it is a locally fixed point of the
ordinary differential equation (ODE):

ove s ey _ (IO YE) (Ve
5 = H'(Y*°), where H(Y®) = (Y;(Yf,Y;) vy (17)

and Y/ (Y, Y5) is the value of Y when €, = ¢; as a function of expectations, Ye= (v, Y.
The relevant Jacobian for assessing the E-stability of REE ¢ is: DTy = 8%&;6) Te_vyi-
An REE 17 is E-stable if the eigenvalues of DTy have negative real parts, see Evans and
Honkapohja (2001).

There is an intuition for the link between the E-stability condition and stability of beliefs.
The ODE (17) is an approximation of the dynamics of Y,* near the REE for large ¢, and it tells

us that agents’ expectations are revised in the direction of the forecast error, Yi(Y¢) —Ye. If

the roots of DTy have negative real parts, then agents’ expectation about the unconditional
mean of inflation and output are also revised in the direction of their REE values.

We note the E-stability conditions applied to the REE of the occasionally binding con-
straint model are identical to the E-stability conditions applied to a model that features
exogenous Markov-switching in the monetary policy stance driven entirely by €, (e.g., see
Branch et al., 2013; McClung, 2020).'" For example, the E-stability condition associated
to the ZP equilibrium of (1)-(3) is the same condition associated to the MSV solution of a
model that assumes 7; = Y7y if ¢, = €5 and 7, = —p if ¢, = €1 regardless of whether the ZLB
binds.

Applying the E-stability to the model at hand leads us to the conclusion that only one
REE has the property of being E-stable (see Appendix A.9 for the proof).

Proposition 7 Consider (1)-(3) and suppose M = My =N =1, eo > 0. Then:
i. If €1 > €grgp, at most one E-stable REE exists.
1. The E-stable REFE is either the PP REE or the ZP REE.

Proposition 7 somewhat extends insights from Christiano et al. (2018) to models with
recurring low demand states (i.e. ¢ < 1). Thus Proposition 7 can be applied to study an
economy such as the U.S. economy, which has visited the ZLB twice since 2007, following
two distinct negative shocks to the economy. The result in Proposition 7 makes it clear that
while multiple solutions exist, only one of them can be understood as the outcome of an
adaptive learning process. Hence, incompleteness is resolved by E-stability.

1"Mertens and Ravn (2014) also derive E-stability conditions for an equilibrium of a simple New Keynesian
model with ZLB constraint, assuming a 2-state discrete sunspot shock with an absorbing regime.
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Pinning down the forecasting model. Proposition 7 assumes that agents believe that
output and inflation follow a 2-state process, consistent with REE. However, the REE law of
motion can be represented in a variety of different ways. For instance, consider the following
perceived laws of motion for inflation and output:

& —
}/t - aﬁpk’

e
Y = a_, +be,

18
19
20
21
22
23

e
Y = a+b, €k,

e
Y;‘, = Q¢ T bﬁtkat_k”
Y = a+bey,

i = ay+bz

(18)
(19)
(20)
(21)
(22)
(23)

where z € {m,z}, k =0,1and a,_,, b
Again, Y,? denotes the subjective forecast of Y; implied by the forecasting model.

e, may assume different values depending on €,_y.

If learning agents instead had one of the PLMs (18)-(23) and estimated the parameters of
those models recursively, e.g. using least squares, would they eventually have self-confirming
views about inflation and output? In other words, would the data confirm their belief that
Y; follows one of the processes (18)-(23)7 If agents observe ¢ and Y; when forecasting at time
t, then beliefs formed under PLMs of the form (18)-(23) can only become self-confirming if
an REE exists. Hence, we refer to (18)-(23) as “REE-consistent beliefs”.

Proposition 8 Suppose agents condition time-t forecasts on current (time-t) variables. Then
REE-consistent beliefs (18)-(23) can only be self-confirming if an REE ezists.

Proposition 8 (proof in Appendix A.10) makes it apparent that agents including the
demand shock, €;, in their (piecewise) linear forecasting model (or Y; in the case of (23))
cannot develop self-confirming views about the economy if an REE does not exist (incoher-
ence). This result has implications for how we should think about learning and equilibrium
in the case of incoherence. Since none of the above “REE-consistent beliefs”, i.e., PLMs
consistent with an REE following a 2-state process, could converge to a self-confirming equi-
librium whenever the REE does not exist, it means that we should look at different PLMs
in case of incoherence, such as an RPE, to which we turn next.

4.2 Learning the RPE

We now turn to the question of learnability of RPE. Propositions 7 and 8 tell us that agents
with imperfect knowledge using any of the subjective forecasting models discussed in the
previous section will not learn any self-confirming equilibrium whenever an REE does not

exist. However, Proposition 3 shows that an RPE can exist even if an REE does not. It
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turns out multiple RPE may exist when the restrictions in Proposition 3 hold. Can one or
more of these RPE emerge as the outcome an econometric learning process, similar to what
we considered in the case of REE? The answer is yes. Here we show that the model may
still admit one unique learnable, self-confirming RPE.

First, we must assume agents have a subjective PLM for output and inflation that is
consistent with how expectations are formed in an RPE, which is given by equation (7). If
we substitute (7) into the model and assume Y,¢ is sufficiently near RPE i then we have the

following actual law of motion for Y:
Y = Athe + Bzu (24)

where AP = Ap and B'¥ = Bp, for all t; A?? = Az and B#? = By, for all t; A?" = Ap
and B?" = Bp; if ¢ = € and A" = Az and B?T = By, otherwise; A’? = Ap and
BF? = Bp, if ¢, = ¢; and AP’? = Az and Bl'? = By, otherwise.

We say that RPE i is stable under learning if Y,* — Y’ almost surely, where Y’ denotes
the unconditional mean of Y. Analogous to the discussion of E-stability of REE above,
we say that RPE i is said to be E-stable if it is a locally stable fixed point of the ODE,
oY ¢ /0t = hi(Y®), where hi(Y¢) = Yi(Y®) — Y, where Y¢(Y*) is the unconditional mean of
Y as a function of expectations, Y. Formally, E-stability obtains if the eigenvalues of the
Jacobian, DTy = a/g}(}e@) ve
learning if agents estimate Y,° using least squares, as in (7), or related estimation routines."®

¢ have negative real parts. An E-stable RPE is stable under

Proposition 9 Consider (1)-(3) and suppose M = My = N =1, e > 0. If €, > €rpp,
then:

1. There 1s a unique FE-stable RPE.

1. The E-stable RPFE is either the PP RPE or the ZP RPE.

4.3 Is the RPE reasonable?

In an RPE, agents have badly misspecified beliefs. Agents forecast the mean of inflation
and output as if they believe those variables are constant or mean-plus-noise, despite the
fact that these variables would obviously follow a persistent 2-state Markov chain in an
RPE. Why would we consider RPE reasonable? Should agents be expected to detect their
mis-specification over time simply by looking at time series data? Few comments are in
order.

First, if an REE exists, then we could argue these RPE are implausible. In this case,
agents could learn to do better, because there would likely be a learnable REE. But inco-

herence precludes REE, and as shown in Proposition 8, it implies that agents fail to form

18Tn Appendix A.7.2, Proposition 11 shows that a unique E-stable BR-RPE exists in the case where agents
both are boundedly rational and have imperfect knowledge.
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Figure 4: Region of Coherence of the REE and of the RPE
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exists. Other parameter values: 8 =0.99, c =1, A =0.02, ¢ = 0.98, exc = 0.

self-confirming expectations using a variety of different forecasting models that condition on
the demand shock or even a lag of the endogenous variables. In the case of incoherence of
REE, the RPE is thus a potentially reasonable alternative, because it relaxes the condition
for the existence of self-confirming equilibria. Figure 4 visualizes the difference between the
combination of values of the negative shock, €;, and of its persistence, i.e., p, that yields
coherence in the REE and in the RPE cases. The area above the blue line and the red line
defines the set of pairs (e, p) so that at least one REE and RPE exist, respectively. Panel
(a) shows that the difference between the region of the parameter space for which there is
coherence in the two cases is substantial. In particular, unless the persistence, p, of the
negative demand shock falls below 0.87, RE admits an equilibrium only for very small neg-
ative shocks. Panel (b) shows that both regions are quite sensitive — they shrink by around
a quarter — to the value of the persistence of the other state where e = 0. Finally, panel
(c) shows that the region of coherence of REE shrinks quite substantially as prices becomes
more flexible, while this is not the case for the RPE. The curse of flexibility is therefore a
much more pronounced problem for REE than for RPE, just as Figure 3 (c¢) shows, which
is very intuitive because the curse hinges on the rationality and forward-lookingness of the
agents.

The Figure 4 results suggest that a fundamentals-driven RE liquidity trap must be rel-
atively short-lived in the case of an REE compared to the duration of actual liquidity trap
events experienced by Japan, the Euro Area and the U.S. In contrast, a fundamentals-driven
RPE liquidity trap can be more persistent. Figure 5 depicts the maximum expected dura-
tion of the liquidity trap (equal to (1 —p)~!) that we can generate in a ZP REE or ZP RPE
for different combinations of demand shock, €;. It can be seen that liquidity traps cannot

be very persistent in an REE, whereas the RPE liquidity traps can be highly persistent,
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particularly if ¢ is relatively large as in panel (a).'” Panel (c) again shows that the curse of
flexibility is a more pronounced problem for the REE. The BRE results are not depicted in
Figure 5, but Proposition 5 implies that we can generate permanent ZLB events in a BRE

for very negative shocks.

Figure 5: Maximum Expected ZLB Duration in a ZP Solution
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Note: The blue (red) curve depicts the maximum expected duration ZLB ((1 — p)~!) we can generate for
given €1 in an REE (RPE) ZP solution. The figure only depicts values of €1 for which an REE ZP or RPE
ZP solution exists. Other parameter values: 5 =0.99, 0 =1, A = 0.02, ¢ = 0.98, 5 = 0.01.

Second, suppose the model is incoherent under RE, but an E-stable RPE exists and
the economy is in it. One could argue that agents inhabiting the RPE would notice that
RPE inflation and output follow a 2-state process. Hence, agents would then stop setting
one-period ahead inflation and output expectations equal to the long run average of those
variables, and start to estimate a 2-state forecasting model in their attempt to learn these
dynamics. Our previous propositions already suggest this might be a bad idea. Indeed,
Propositions 7 and 8 establish that such beliefs cannot be self-confirming. Can they reach
another — not self-confirming — equilibrium? Figure 6 (a) depicts the results from simulating
the learning dynamics for the case of MSV-consistent beliefs and also for the case of RPE-
consistent beliefs, assuming a small constant gain.? It clearly shows that MSV-consistent
beliefs are explosive even with very small gain parameter, while, on the contrary, the RPE-
consistent beliefs are not. Panel (b) in Figure 6 displays the dynamics of expected inflation
(and its cumulative average in red) from which it is evident that RPE expectations remain

9Note that p = 0.965 produces an expected liquidity trap duration of around 28 quarters, which is the

length of the 2008-2015 ZLB episode in the U.S.

*For MSV learning simulation, we initialize the forecast, Y}, to match the state-contingent mean of
inflation/output in the RPE when €, = ¢;. In other words, we assume that agents observe actual endogenous
variables in the RPE switching with ¢; during periods t < 1 and then they decide to make their forecasts

consistent with the switching at ¢ = 1. We use the same initialization for RPE beliefs.
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Figure 6: Simulations when REE doe not exist and an RPE exists
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in some neighborhood around their RPE values.?! Numerical simulation therefore suggests
another reason why the RPE might be a good alternative. If an RPE exists — and an REE
does not — and if agents try to learn using the REE PLM, then the economy will derail
into deflationary spirals. On the contrary, if agents try to learn the RPE, then expectations
remain stable and “centered” on the correct RPE values — provided that the gain parameter
is small and initial inflation and output expectations are not too far away from the average
inflation and output rate in the RPE.

Third, it is important to recall from Poposition 2 that the assumption of learning by
itself ensures coherence and completeness, provided that agents have lagged information.
Thus, while tight model restrictions are needed to characterize self-confirming equilibrium,
the economy can always be in a market-clearing temporary equilibrium.

Of course there could be other non-rational equilibria such as the consistent expectations
equilibrium considered by Jorgensen and Lansing (2021), the stochastic consistent expec-
tations equilibria (SCEE) of Hommes and Zhu (2014) or Airaudo and Hajdini (2021). In
particular, an SCEE arises if agents use a forecasting model akin to (23) with lagged informa-
tion about endogenous variables and the agents’ beliefs about the mean and autocorrelation
of inflation and output implied by the forecasting model is confirmed by the observable
economic data. In a SCEE, agents’ forecasts introduce a lag of inflation and output into

21Moreover, simulations — not reported — also show that RPE-consistent beliefs tend to revert to RPE
values even with decreasing gain and when initial beliefs are a small distance from RPE values. Intuitively,
the RPE-consistent beliefs could also be explosive (into deflationary spirals) whenever the gain parameter is
too large or initial beliefs are very far from the RPE value.
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the model, which prevents us from analyzing the existence of SCEE in our model with an

occasionally binding constraint.?? Our numerical analysis indicates that these more sophis-

ticated non-rational equilibria may not exist for some plausible calibrations of the model.?*
Thus, the RPE may even be the best alternative among non-rational equilibria of our model
with M = M; = N = 1, but CEE or SCEE existence remains an open question. However,
whether or not these alternative non-rational equilibria exist is not relevant for the main
result of this paper: rationally incoherent models are non-rationally coherent, i.e., admit

non-rational equilibria.

4.4 RPE and Continuous Shocks

To get closed-form solutions for both REE and RPE, we must assume that ¢; follows a
discrete-valued Markov chain. To the best of our knowledge, no paper provides conditions
for existence and uniqueness of RE equilibrium which can be applied to a model similar to
our model under the assumption that €, is both persistent and continuously distributed.?*
However, while it is hard to characterize REE in a model with continuous shocks and an
occasionally binding constraint, it is relatively easy to derive RPE.

To illustrate, consider the model (1)-(3) and suppose instead that €, = pe;—1 + v, where
p € [0,1) and v; ~ N(0, 02). In an RPE of this economy, agents’ forecasts are given by

Eth = p, Biry = %aﬂ consistent with the RPE studied in the previous sections.
Substituting these expectations into the model gives the following RPE law of motion for
inflation:
(1+ Ao)ax + Aop+ e, if s, =0,
Ty = 1+\o A f o (25>
oo & T Thaos bt it s, = 1.
Let h(a,) denote FE(m;) as a function of a,., and let o, = ,/%. Then:
h(az) = Pr(s; = 0) E(mls; = 0) + (1 = Pr(s; = 0)) E (mls; = 1), (26)

where s; = 0 indicates that the ZLB is binding. To compute RPE, we need to compute
Pr(s; = 0), E(m|s; = 0) and E(m|s; = 1) as functions of a,. Let ® and ¢ denote the
standard normal probability distribution function and standard normal probability density

function, respectively. Further, define:

L(az) = (00" (=t — (1 + Ao)ay — Aop) (27)

22Gee, e.g., AM for a discussion on the difficulty of studying models with occasionally binding constraints
and lagged endogenous variables

23Results are available on request.

24Gee Mendes (2011) for analytical existence results under the assumption that ¢; is a mean-zero, i.i.d
process.
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It follows that:

Pr(s; =0) = ®(L(a,)),

Aocp(L(ax))
®(L(ar))

1+ " Aoed(L(ax))

Sl Aoy T (14 o) (1 — @(L(ay)))

E(m|s; =0) = (1 + Ao)ar + Aop —

E(?Tt|8t = 1)

Therefore, we have :

(14 Ao)Aoyp
14 Ao

O(L(ar)) Voot

14 Ao (28)

= 100" + ®(L(ay)) ( ar + /\Uu) -

There is an RPE if and only if there exists a, € R such that h(a,) = @,. One can show
there exists a unique maximum of h(a,)—a,, denoted a’, and consequently there is either no
RPE solution or there are exactly two RPE solutions.?> A necessary and sufficient condition
for existence of the RPE is h(aX) — aX > 0. We summarize the result as a proposition.

Proposition 10 Consider (1)-(3) and suppose that €, = pe;_y + v; where vy ~ N(0, 02).
Then:

i. Two RPE ezist if and only if h(ak) > at where a’ is given by

)]

it. An RPE does not exist if and only if h(a) < ak.

By inspecting (28), one can see that increasing the variance and persistence of the shocks
(i.e. increasing o, and p) or decreasing price rigidity (i.e. increasing A) reduces h(a,) — ar,
that needs to be positive for an (actually two) RPE to exist. Consequently, sufficiently high
values of o,, p or A preclude existence of RPE in the model with continuous, persistent
shocks. Figure 7 plots h(a,) — a, for three different values of o,, assuming p = 0.8. It is
evident that larger values of o, shifts h(a,) — a, down.”® Notice in the figure that the RPE
levels of inflation are always less than the zero inflation steady state level, and hence the
numerical RPE we consider display a deflationary bias akin to the deflationary bias studied
under RE in Nakata and Schmidt (2019a) or Bianchi et al. (2021). Figure 8 plots h(a’) — a*

™

25To see this, note that ® is strictly decreasing in ar and ® and L are injective functions and that
Waz)—1= Af_&;f + é(L(a“l)i/\A‘;t(l+A”). Then under the Taylor Principle (1) > 1), there exists a unique
maximum, ak, such that A'(aX) —1 =0 and h'(az) —1> 0 (W' (ar) — 1 < 0) for all ar < a’ (ar > al). For
brevity, we abstract from the special case in which h(ak) = aX.

26Figures 7 and 8 plot h(al) — a® for different calibrations of key parameters. In both figures we use the

following benchmark calibration unless otherwise noted: 5 =0.99, c =1, ¥ =2, A =0.02, p = 0.8, 0 = 0.1.
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for different values of other key parameters in calibrated models. To interpret the panels in
the Figure recall that h(a) — a’ > 0 for the RPE to exist. The figure shows that the RPE
is less likely to exist if the shock variance or persistence is high, or if prices are more flexible.
Hence, the same insights from the simple 2-state process example carry over to the case of
continuous shocks (see Figure 4).

Figure 7: Existence and Multiplicity of RPE with Continuous Shocks

5 Variation on a theme: REE with lagged expectations

This section briefly looks at the possibility of the existence of other equilibria, in which agents
have imperfect information in the sense that they do not observe the contemporaneous shock.
Throughout this paper we stuck to the standard assumption that “rational” agents observe
the demand shock contemporaneously (i.e. ¢ is included in agents’ time-¢ information set).
This would be a natural assumption if for example ¢; is a shock to the households’ preferences
as in Eggertsson and Woodford (2003). However, the assumption that agents observe ¢, with
a lag (so that €;_1, but not €, is included in agents’ time-t information set) permits the study
of some additional non-rational equilibria which may exist in rationally incoherent models.

To illustrate existence of these additional “lagged expectations equilibria” (LEE), con-
sider the model (1)-(3) and suppose ¢ = 1, e = 0. Further suppose that agents believe
inflation and output follows the same persistent 2-state Markov chain as the shock (just like
rational agents) but instead agents do not know ¢; and hence agents attach p? probability
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Figure 8: RPE Existence
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to the prospect that €,,1 = €; when forecasting at time ¢ in the temporary state, instead
of attaching p probability to this event as agents with full-information RE would do. Un-
der this assumption about agents’ time-t information set, the economy either returns to the
steady state with zero inflation or the steady state with zero interest rates after ¢, = €5. The
“temporary state” value of output when ¢; = ¢; (assuming for simplicity that we go back to
the zero inflation steady state) is given by:

~ A
v = v(p?)Exi, — amax{lib—BpQ:Et, —u}+ e (29)
where v(p®) = (1 + 15\—(;172) > 1,

which we obtain by substituting the Phillips curve and Taylor rule into (1). From this
equation, it is apparent that for any p, sufficiently low values of €¢; preclude unconstrained
interest rates, just as in the case of full information RE. Thus, for a sufficiently large demand
shock, output will be given by;

1
1 —p*v(p?)

if a solution of the model exists at all. We call this solution a lagged expectation equilibrium

(op+ €), (30)

Ty =

(LEE). It is a self-confirming equilibrium because agents correctly forecast the conditional
mean of output and inflation (e.g. E(x¢|e; = €1) = W(Uu—kel) and E(z|e; = €3) = 0).*"
Note that pv(p?) < pr(p), and therefore if p>v(p*) < 1 < pr(p) we will have a LEE given any
€1, but only an REE if ¢; is sufficiently close to zero. REE existence always implies existence
of LEE, but the opposite is not true. This simple exercise reveals that there can be additional
deviations from RE, beyond the scope of this paper, which are useful for understanding an

incoherent model.

6 Concluding remarks

Standard RE models with an occasionally binding zero lower bound (ZLB) constraint either
admit no solutions (incoherence) or multiple solutions (incompleteness). This paper shows
that the problem of incompleteness and incoherence hinges on the assumption of RE.
Models with no rational equilibria may admit self-confirming equilibria involving the use
of simple mis-specified forecasting models. The main message of the paper from the existence
analysis is that when negative shocks are sufficiently large in magnitude or sufficiently per-
sistent, the baseline NK model is incoherent, but can admit RPE or BRE. Completeness and

2"In the first period such that €; = ez, we have x; # 0. However, E(z¢|e; = €3) = E(mi|er = €2) = 0
because state 2 is an absorbing state. Thus, the LEE is a non-rational equilibrium in which agents have
self-confirming beliefs about the state-contingent conditional means of endogenous variables.
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coherence can be restored if expectations are adaptive or if agents are less forward-looking
due to some information or behavioral friction.

In the case of multiple solutions, the E-stability criterion selects an equilibrium. An RPE
can exist as a self-confirming equilibrium, even if the underlying model does not admit an
REE. Thus, non-rationality of agents’ beliefs can save the economy from blowing up into
infinite deflationary spirals, while it yields persistent liquidity traps. These results highlight
how deviations from RE help us understand persistent liquidity traps in theoretical models
and interpret the recent episodes of liquidity traps in Japan, the Euro Area, and the U.S.

We leave room for future work. In particular, we used the RPE and BRE concepts to
make our point simple and clear, and consequently we abstracted from other self-confirming
equilibria that could emerge under adaptive learning, such as CEE or SCEE. Similarly, we
excluded other popular forms of non-rationality from our analysis, such as level-k reasoning,
or social memory frictions as in Angeletos and Lian (forth.).

Finally, we put a premium on analytical results and therefore we focused on a simple
theoretical model. Future work could examine related issues in larger, empirically-relevant
DSGE models. In that regard, the findings of this paper complement the conclusions of AM
about the potential implications of incoherency for estimating models with occasionally bind-
ing constraints. In particular, AM discuss the potential identification and misspecification
issues arising from using estimation methods that neglect incoherent or incomplete regions of
the parameter space under RE. Convergence issues due to incoherence may lead researchers
to impose overly restrictive prior distributions, further exacerbating these concerns. Estimat-
ing models under deviations from RE may alleviate incoherence and incompleteness issues,
thus providing an argument for their use in applied work. It is, therefore, worth studying

this issue further in empirical applications including the ZLB, such as Aruoba et al. (2018).
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Appendix

A.1 Proof of Proposition 1

Consider Proposition 1 and define a = Ao, Q@ = I, — (1+ 8+ Xo) K + SK? and 7" = (7}, m5)’,
and let e; denote the j-th column of the 2 by 2 identity matrix, I,. We first consider the
case q < 1.

Case ¢ < 1. Because det(Q+Ao1y) = a(—1)(a(+1—p—q)+(2—p—q)(1—-B(p+q—1))) >
0, the PP solution is given by:

P = (Q + Noyly) ™! GZ) .

The PP solution exists if and only if @ZMTJPP > —p for j = 1,2. From 77" we see that nl”
and 73" are linear in ¢; and
on” M=) ta=(prg-Df)+aw-1)
ey al@ =D(a(@+1-p-—q)+2-p—q)(1-Blp+q-1)))
omy" Al—g)a—Blp+q—1)+1) -
Oey a(p =(a(@+1-p—q)+2-p—9(1-Bpp+q¢—1))
Thus, PP exists if and only if ¢, > €77 = max{el'? e£’7’} where eI'¥ and €}’ solve Y7ft = —pu
and Y7lt = —pu, respectively. We have
pp_pp _ - Dlap -1+ Aep)(a(-p—g+y+ 1)+ (-p—q¢+2)A-Bp+g-1))
o A1 =q)la=Blp+q-1)+ (@ —q) + (1 -1 =Bp+q-1)))
and hence eI’ > el’P. Therefore, the PP solution exists if and only if ¢; > ¢/'7 = eI’ where
PP a’u® - 1p+qg—2y 1)

T N(—(at g+ ab+B—Bp+Bap+a—2)+1)

N aMe(p =Y+ p( =) (—p—q+2)(Blp+q—1)—1)) = dea(p — Y(Bp+q—1) — 1)
Mp(—=(a+1)g+ap+p—pp+Beglp+q—2)+1)

(A1)
and Mp(—=(a+1)g+ap+B8—-PFp+Belp+q—2)+1)#0if0<p <1

From above, (Q + Ao/ 1s) ™" (e, Aep)') is a ZP solution if e; = eFF. If det(Q+Aotpesel,) #
0, then the ZP solution is given by

7P = (Q + Aotpegel) <)\€1 ;A0M> .
2

The Z P solution exists if and only if 727 > —p > ¢aZf. From 7%F we see that 777 and
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P are linear in € and

omf" “AMA=g)a=Bp+g—D+1) +a® —1))
dey a(—a(p+q—1)+app—(Bp+q—-1)-1pH —1) —q¢—v +2))
omy” Mg—D(a—Bp+q—1)+1)
Oer a(—alp+q—1)+app—(Blp+q—1) =W —1) g9 +2)
From the last equations it is clear that 2 >0 and 22— > 0 if and only if den?? > 0
where den”” = —(—a(p + q — 1) + apip — (ﬁ(p +q - 1) SN - 1) —g - +2) =
a~tdet(Q + Aoesesy). Solving for €ZP and eZ' such that Y7n?? = —p and Y7ét = —p,

respectively, we have

zp _ zp _ alap(y — 1) + Aepyp)den””
& — & =

EAZP,den
eazpden = (I1=@M(a+B1-p—q)+1)(1—-q)la-=Bp+qg—1)+1)+a(y—1))>0

Therefore, if den?? > 0 then 2 < €; < ¢ is necessary and sufficient for existence of ZP;
if den?? <0, 7P < ¢; < €47 is necessary and sufficient for existence of ZP. Further, we can
show:

(7P ap—1)p+qg—10—1)
! Mp(—(a+1)g+av+ B—Bp+ Balp+q—2)+1)
aMea(p— DY +pu@ —1)(—p—q+2)(Blp+q—1) —1)) = dex(p— (Blp+q—1) — 1)

M(=(a+1)g+ap+ B8 —Pp+Belp+q—2)+1)

— 6PP

and

zp _ Cp=1Dp+q=1) - rep-DP@p+e-1) 1)
Mg—1Dp(—a+Blp+qg—1)—1)
a(Aeopp + p( —1)(2 —p—q)(Blp+q—1) —1))
Mg —DyY(=a+Bp+q—1)—1)

Finally, if det(Q + Aoesel) = 0 (den?? = 0) then 7 = ¢ZF and a continuum of ZP
solutions exist if ¢, = €F and a ZP solution does not exist if det(Q + Aotpesel) = 0
(den?” = 0) and €, # €"'F.

One can show that the PZ solution does not exist if det(Q + Aopeie}) = 0. If det(Q +
Aoerey) # 0, the PZ solution is given by

+

(A2)

_ r\—1 A€
= (Q + Aobere)) ()\62 n )\a,u> )

The PZ solution exists if and only if Y7f'% > —pu > 2%, One can show
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oy Ml—(a+1)g+Bq—1)(p+q—1))

dey al@ap—q+q-—1)—Bp+e-1)-Hp-q+q+¢—2))
_ Anumi?
~ denP?

omy? AMl=g)la=Blp+q—1)+1)

e alalp—qv+q-1)—Bp+q-1)—1)(p—q+q+1¢ —2))
~ Anumi?
~ denPZ

Clearly num%? > 0. Furthermore, it is straightforward to show that num!? # 0 and
den®? # 0 is necessary for existence of PZ solution (since den’? = det(Q + Aoeie})). We
now impose numt? # 0 and den®? # 0 to identify conditions for PZ existence. Now
% = anuml?, so dent? is increasing in 1 if and only if num?? > 0. Since den?? is
PZ — .

linear in v there exists a unique 1*'Z such that den

(I+a+(1—-p—q)p)(L—-p)

numi?

¢PZ:1+

Therefore, if num?? < 0, 7% < 1 and den’? is decreasing in ¢, which implies den”? < 0
for ¢p > 1. Otherwise, dent? < 0 if numf? > 0 and 1 < ¢ < ¢ and dent? > 0 if
numt? > 0 and ¢ > pFZ.

Solving for €/'4 and €% such that 7% = —p and ¢l = —p, respectively, we have
PZ_PZ (ap(p = 1) + Negyp)den®™”
1 2 =

M1 —=q)(a—Bp+q—1)+1)Ynumi?

There are three cases to consider. First, if den”? > 0 (which implies num?? > 0), then
orf?/0e; > 0, 057 /0e; > 0 and €7 > b7 s0 €; > el'Z > el'? > € is necessary for PZ
existence, but not possible. Second, if den? < 0 and num?? > 0, then d7F%/0e; < 0,
orl?/0e; < 0 and €P'Z < b, s0 ¢ < €f'? < £'Z < ¢; is necessary for PZ existence, but
not possible. In the third case, dent? < 0 and num?? < 0, which implies O7F%/0e; > 0,
ord?/0e; < 0, and €}'? < €7 so that €57 < el'? < € is necessary and sufficient for PZ
existence in this case.

One can show:

7 _ (PP _ alp — D(ap( = 1) + dep)(a = Blp+¢—1) +1)

= PN - ta—(1ip+B) ta@_1) ="

if PZ exists (since this requires num{? < 0). Therefore, if PZ exists then ¢, > €’¥ and
hence the PP or ZP solution also exists.
From above, (Q + Aotbese) ™" (Aep + Aop, Ae2)') is a ZZ solution if e; = eZF and det(Q +
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Aopeqel) # 0. If det(Q) # 0, the ZZ solution is given by

~Z7 -1 )\€1+)\O'[L
" =Q) ()\62+)\0u'

The ZZ solution exists if and only if Q,DWJZZ < —u for 5 = 1,2. One can show

or{? AL = (a+1g+B(g—1)(p+q—1))
ey ala(p+q—1)—(p+q-2)Bp+q¢-1)—1))
B Anum#%
~ aden??
ory” Al=—g)a—Bp+q-1)+1)
ey ala(p+q—1)—(p+q—2)(Bp+q—1)—1))
B Anum#?
~ aden?Z
where det(Q) = aden??. Clearly, num%? > 0. We can further show that —pum?? =
den?? + (1 —p)(1 +a— (p+ q—1)3) > den??. Hence den?? > 0 implies num?? < 0.
Solving for €4 and €ZZ such that ¢Y7wZ% = —p and ¢Y7Z% = —p, respectively, we have
77 _ 27 _ aden?? (ap(h — 1) + Aegr))

Aum{?Pp(1 —q)(a— B(p+q—1)+1)

if num?? # 0. There are the following cases to consider. First, if den?? > 0 (which implies
num?? < 0) then Ornf?/0e; < 0, OnZ7 /ey > 0, €57 > €77 so that ZZ existence requires
€27 > ¢ > /7. Second, if den?? < 0 and num?? > 0 then dr7%/0e; < 0, 0727 [0e; < 0,
€27 > eZZ 5o that ZZ existence requires ¢; > €57 > ¢ZZ. In the third case, den?? < 0 and
num?? < 0 which implies OnZ% /0e; > 0, OnZ% [0e; < 0, €27 > €57 so that ZZ existence
requires €% > ¢, > £Z. If num?? = 0 and det(Q) # 0 then a ZZ exists if and only if
€1 > €57, Finally, if det(Q) = 0 (den?? = 0) and ¢; = €Z” then a continuum of ZZ solutions
exist, and if det(Q) = 0 (den?? = 0) and ¢, # €Z” then a ZZ solution does not exist.
Now it can be shown that €% = ¢ZF and

(27 _ PP _ alp—1(ap(y —1) + Aex)(a — Blp+g—1) +1) >0
! AnumZ?((1—q)(1+a—(=1+p+q)B) +alyp —1)) —

if num?? < 0. Since 5% = €& and existence of ZZ only hinges on €; > €77 if num?? < 0

and therefore eZZ > eP’F it follows that a PP or ZP solution exists if a ZZ solution exists
and €; > min{e"? €27},

From the analysis above, a REE exists only if €¢; > min{e""”, ¢Z”}. Further, if ¢, > e'F
then a PP or ZP exists because det(Q + Aoply) > 0. If €7 > €27 then det(Q + aesel) =
aden?? # 0 and therefore a PP, ZP or ZZ solution exists if, in addition, ¢ > ¢ZF. We
conclude that an REE exists if and only if

€1 > eppp = min{e’ ' &7 (A3)
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where e”’" and €57 are defined in (A1) and (A2), respectively.

Case ¢ = 1. Here we show that Proposition 1 nests Proposition 5 of AM as a special
case. Specifically, we compute the condition from lim, ,; €Eggr and show that this recovers
the result in Proposition 5 of AM. Alternatively, we could repeat the preceding analysis in
the model with ¢ = 1, but this gives the same result.?

Define § = U= ;(;p—p B — U=p)A=pB)  Fyom the preceding analysis, an REE exists if and

ap
only if €; > éppr = min{e’'" Z} where €57 can be expressed as €27 = y(1 — ¢)~!. In the
limit ¢ — 1 we have:

PP _ M(“(P—¢) pa9)+)\62(p—1)(a—5p+1)

YR a\(y — 1)
\ (p(L+a+B)—p°B —1)(ap(p — 1) + Aext))
(1+a—pB)A '

Now, p(1 +a+ B) — 1 —p?8 < 0 if and only if § > 1. Therefore, egpp = 5 — —c0 as
qg — 1if 8 > 1. We conclude that any value of €; ensures existence of a solution when 6 > 1
and ¢ =1. If < 1, then x — +o00 and égpp = €77, and e > P = ezpp if 6 = 1.7
Now we show that our conditions recover Proposition 5 in AM. First, we have pu =
log(rm,) > 0 which implies r~! < 7, where r and 7, are the steady state gross real interest
rate and inflation rate, respectively. Further, we set e = 0 and €; = —UMHM = oprr. The

critical threshold, e’” becomes
0 _

(G Y
Thus, a solution exists if and only if either § > 1 or § <1 and —r;, < p (% + %) as in
AM.
A.2 Proof of Proposition 2
Consider (1)-(3) and suppose that expectations evolve according to
E, (Yi41) = B, (Vi) + gy <yt—k ~ B, (%)) (A4)

with £ = 0,1, g, € [0,1], given some initial condition Eq (y1) = ay. To demonstrate
coherence and completeness, we begin by showing that there is a unique solution for g, o,
i given initial expectations and exogenous shocks. Substituting (1), (3), Eoyr = a0 into (2)
we have

mo = — Ao max{yYmy, —pu} + A (azo0 + 0aq + €0) + Baro + wo (A5)
28Mathematica routine available on request.
29The 6 = 1 case arises if a = (1_p)(1+£(1_p_q)) and ¢ = 1. To compute eZ%, set a = (1_p)(1+§(1_p_q»

and compute limg_,1 eQZ P
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Given a,g, arg, o, € there is a unique solution for 7y obtained from (A5) if ¢» > 0. The
unique solution for iy, zo is obtained from the Phillips curve (2) and interest rate rule (3).
Therefore, for ¢ > 0, we have:

Et—lﬁt = 5_1 (7Tt—1 — AT — Ut—1) (A6)
Ey gz = (14 oA Ny — 0B oy + oy — €1 + 0B upy (A7)

Substituting (A6)-(A7) into (A4), and then (A4) into (1)-(3), the model can be written in
the form

A Yie + ApYor + ALLYS = BioXot + BuiYio1 + By Yo, + €1t (A8)
Ao Y1y + AgoYor + A3Y5, = BooXor + Bo1Yi 1 + By Yo, | + € (A9)
Yy = max{Vs, —u} (A10)

for t > 0, where Yy, = (2, ), Y5, = if = ¢y, Vi = (Y}, Yar)', and Xy are exogenous shocks.

Case k = 0. Under contemporaneous information, we have

1 — Yz —09x *
All = ( — 1 — ng> A12 = (U O)/ A12 = (O O)/

Ay = (0 —v) Ay =0 Asy =1

Following Proposition 1 of Mavroeidis (2021), we have coherence and completeness if and
only if

o\
(1= gor)(1 — Bgrt) — A\TGrs

It is easy to see that we only have coherence and completeness under the Taylor principle
(¢ > 1) if o4, grs, Or A are not too large. For instance, as A\ — oo we have the coherence and
completeness condition: g¢,; > 1, which only holds if we violate the Taylor Principle. Fur-
ther, if agents have “naive” expectations (i.e. if g,+ = ¢gr+ = 1) then we have the coherence
condition: ¥ < 1. We need to restrict gain parameters and the slope of the Phillips curve
to have coherence under the Taylor principle, adaptive expectations and contemporanous
information (k = 0).

1+ >0

Case k = 1. Under lagged information, we have

1 / !/
All = <_>\ (1]) A12 = (O' 0) ATQ = (0 0)

Ay = (0 —v) Ay =0 As, =1
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Following Proposition 1 of Mavroeidis (2021), we have coherence and completeness if and
only if

1+oXp >0

which holds for all ¢» > 0.

A.3 Proof of Proposition 3

The proof of Proposition 3 is a straightforward extension of the proof of Proposition 1.
Define ¢ = Pr(s; =2) = (1 —p)/(2 — p — q). The regime-specific levels of inflation in RPE
i, 7t = (wi, m%)’, are given by fixed point restrictions that have the same basic form as the
REE fixed point restrictions except we replace ¢ with ¢ and p with 1 — ¢q. Therefore, RPE
will exist if and only if

€1 2 €ERPE = miH{GPP’RPE, €2ZP’RPE}, (All)

where ePPRPE ZPRPE 1) ave the same form as €PF| e given in (A1),(A2) except we replace
q and p with ¢ and 1 — @, respectively. In the special case ¢ = 1 (which implies § = 1), we
have égpr = —00, as the PP solution exists if and only if ¢, > —u(1 + Aop) (M)t + (1 +
M) Ao (1 — 1)) tey = PPRPE and the ZP exists if and only if ¢; < PRPE,

For ¢ < 1, one can show:

PP _ _PPRPE _ =
€ —€ = Zpp(l=p—9q)
¢ZP _ ZPRPE

€ = Ezp(1-p—9q)

= a(l+a—B(p+9—2))(1—p)(Y—1)(ap(p—1)+Aearh) <0
—PP = Xp(a(1—¢)(2—p=a)+(a+1)(g—1))(1-q) (1+a—B(p+g—1))+a(p—1)) =

and =Z,p = “(g’(ﬁﬁl_)l();’;f;fi5::_“;5:’_’;_’11_)?)) < 0. Hence, €égpr > €gpg if and only if p+ ¢ > 1.

A.4 Proof of Proposition 4

Consider Proposition 4 and define a = Ao, § = (M — 1)(1 — MsB3) + AoN, Q = I, — (M +
M;B + AoN)K + SMM;K? and 7* = (7}, 75)’, and let e; denote the j-th column of the 2
by 2 identity matrix, I,. We consider the case ¢ < 1 first.

Case ¢ < 1. Since det (Q + X oply) = (1—-M(p+q—1)1—MBp+q—1)) +aly+
N1-p—q))((1—=M)(1—MiB)+a(yp —N)) >0, the PP solution is given by:

7c[_PP,BR — (Q + )\le2)fl <>\€1) )
)\62
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PP,BR

The PP solution exists if and only if ¢; > —p for j = 1,2. From #7PBE

we see that

PP,BR PP,BR . :
™ and T, are linear in €; and
PP,BR PP,BR
om num, 0
Oeq ~ denPPBR -
PP,BR PP,BR
om, num,
= >0
Oe; dent P BR ’
where

numfP’BR = MNay +MMi(p(g—1)+q(¢g—1)+1) — Mqg—q(BMs+aN)+1)>0
numy PP = Ng = 1)(BMy(M(p+q) — 1) = M —aN) >0
den™ PR = (a( — N) + (1 = M)(1 = BMy))deny %5 > 0
den{ """ = ap+ M(p+q—1)(BM;(p+q—1) - 1)
+ BM;— (p+q)(BM;+aN)+aN +1>0

Thus, PP exists if and only if ; > "R = max{el 7P% PR where el 7P and e 7P"
solve wﬂf PBR _ _ i and wwf PBR _ _ i, respectively. We have

PPBR _ _PP,BR _

€1 — € =

den”"P(pla(y = N) + (1 = M)(1 = BMy)) + deatp)

Mpnumt PP Epum PR N
Therefore, the PP solution exists if and only if ¢ > e?PBF = PP where
(PPBR  _ 7717721171333 (A12)
Ynumy

m = a( = N)+(1-M)(1—-MB)>0
= (=(+q(aN+BMs)+a(N+¢)+Mp+q—1)(BMi(p+q—1)—1)+ My +1)

el =p)(=aN + BMy(M(p+q) —1) = M)
N3 = denPP.BR

From above, (Q + Aowly) 1 ((Aer, Aeo)’) is a ZP solution if €, = "PBE.If det(Q +
Aopesel) # 0, then the ZP solution is given by

#ZPBE — (Q + Aowpegeh) ™" ()\61 ;;\JN) .

The ZP solution exists if and only if Y7Z"P% > —p > ¢r?PPE From #7PBR we see that
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ZP,BR ZP,BR : :
™ and 75 are linear in €; and

omy PPN Aa(y) — Nq) + BMp(M(p(qg — 1) + q(g — 1) + 1) — q) — Mq+1)

Oey den?PBR
Omy P A1 —q)(aN + BM(1 = M(p + q)) + M)
Oey den?PBR

P . . onfP onZ¥ . : ZP,BR
rom the last equations it is clear that 5 >0 and 50— >0 if and only if den >0
where den?PPR = —M(aN (p+q—1)(BMs(p+q) —2) + a(BMs(—p(p+q—1)+q—1)+p) +
(BMy=1)(p+a)(BMs(p+q—1)—1)) —ap(aNp+ SMyp—1) + (aN + My — 1)(aN(p+q -
1) +B8Mp(p+q—1)—1) = M*(BM;—1)(=(p+q—1))(BMs(p+q—1) — 1) = det(Q+ Aoezes).
Solving for elzP’BR and eQZ PBE quch that wﬂlz PBR _ _ ) and wWZZ PBRE _ _ || respectively, we
have

(ZPBR _ ZPBR _ (u((1 = M)(1 = MyB) + a(ih = N)) + Aegyp)den” "
! 2 )\EAZP,BR

eazppr = (1— @)ynum{ P (M + aN + M;B(1—M(p+q))) >0
num{"P" = Yla(y — Nq) + BM(M(p(g— 1) +q(g— 1) +1) —q) — Mg+1) > 0

. ZP,BR ZP,BR . . .
Therefore, if den??BE > 0 then e; """ < €; < €77 is necessary and sufficient for existence
L ZP,BR ZP,BR ZP,BR . . .
of ZP; it den”"""" < 0, €] <€ <6 is necessary and sufficient for existence of ZP.
Further, we can show:

61ZP,BR — 6PP,BR
and
zpBr _ fm(=(p+q)(aN + BMy) +aN + M(p+q—1)(BMi(p+q—1) — 1)+ SM; +1)
’ Mg = Dp(aN = BMMy(p + q) + M + SMy)

_ YeMaNp+ BMy(M(—plp+q—1)+q—1)+p)+ Mp—1) (A13)
Mg =1)(aN = BMMg(p +q) + M + 5My)

Finally, if det(Q+\otesel) = 0 (den?PBR = 0) then ePPBR = ZPPE and a continuum of
ZP solutions exist if e; = e"’PBR = ZPPR and no ZP solution exists if det(Q + Aobesel) = 0
(den?PBE = () and €, # PPBE,

It is straightforward to show that the PZ solution does not exist if det(Q + A\oe e}) = 0.
If det(Q + Aopere))) # 0, the PZ solution is given by

~PZ BR __ -1 ey
T = (Q + Aorpese]) ()\62 N )\Uﬂ) :

PZ,BR
1

The PZ solution exists if and only if ¥ > —p > w7r§ ZBE One can show
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or 4B A1 — (M +aN)q+ M(M + Mp(—=1+q) — q+ M(—1+ q)q)B3))

ey dent% BR
\ PZ,BR
_dnum;
o denPZ.BR
PZ.BR
Oy _ M —q)(M +aN+ My(1—M(p+q))B)
ey n dent% BR
)\numPZ BR
= T denPZBR -

where den” PR = det(Q+ \overe)) = =M (aN (p+q—1)(BM;(p+q)—2)+ap(BM;(p—1)—
BMrq(p+q—1)+q)+(BMy=1)(p+q)(BM¢(p+q—1)—=1))+(aN+BM;—1)(aN(p+q—1)+
BMy(p+q—1)—1)—a(aNq+BMq—1)+M*(BM;—1)(p+q—1)(BM;(p+q—1)—1). Clearly

numg ZBR ~ 0. Furthermore, it is straightforward to show that numfz’B # 0 is necessary
for existence of PZ solution. Solving for ePZ BE and ePZ BE such that wﬂpz BE — ) and
¢7TPZ BR —u, respectively, we have
([PZBR _ PZBR _ (mp + Y Aez)dent%BR
1 i ML = )(M +aN + MB(1 — M(p + q)))num; *P"
if numP?BR £ 0. There are four cases to consider. First, if den?ZBE > 0 and num?! ?"" > 0,

then oml ZP% /19e; > 0, 0rL2PR 196y > 0 and el 28R > FPPR g0 ¢ > PR QZBR > €

is necessary for PZ existence, but not possible. Second, if den?%B% < () and numfz BR 0

then drf 2P"/9e, < 0, (37TPZBR/861 < 0 and ] PR < LAPR 50 ¢ < PP < LA <
€1 is necessary for PZ existence, but not possible. In the third case, den”?5% < 0 and
num?i 2P < 0, which implies dn] 7% /9e; > 0, Ony?P" /0e; < 0, and ) ?PF < 7P 50
that ) 7PF < ef ZBR ¢ is necessary and suﬂiaent for PZ existence in this case. In the
fourth case, den%BE > 0 and num!??" < 0. One can show:

den”?PR = §(p —1)(M + aN + MsB(1 — M(p+q)))

PZ,BR
+ numy m

Hence, if den??P% > 0 and num| ?"" < 0 then § < 0, since M +aN+M;5(1—M (p+q)) > 0.
Now, for PZ to exist it must be the case that

PZBR _ _PZBR _ —érer — hmi(Nex + ap) <0
U Ty = denPZ.BR
m(Nex + ap)
—— >0
— € > N >

where the last three inequalities hold if § < 0 and den?%P% > 0. Also, if dent%P% > () then
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PZ,BR .

€1 < € is necessary for existence of PZ solution. If § < 0, we have:

PZBR AeaY(aNp —ap + M(BMs(—p(p+q—1) +q—1)+p) + SMsp — 1)
M1 —q)(aN + BMy(1 — M(p +q)) + M)
pm(—=(p+q)(aN + BMs) +a(N +¢) + M(p+q—1)(BMs(p+q—1) = 1) + BM; + 1)
M1 = @)p(aN + BM(1 — M(p+q)) + M)

<0

PZB
RS PZBR -

Since ¢; > 0 > ¢
and numPZ BE - O

Hence, a PZ solution can only exist if den”?5% < 0 and num;
One can show:

PZBR _ _PP.BR _ Ya(l —p)(aN + M + MB(1 — M(p+ q)))(Mbez + pm)

€1 ZP.BR PZ.BR
—Anumsj num;

does not hold, the PZ solution does not exist if den

PZ,BR PZ,BR

<0and € > ¢

>0

if PZ exists (since this requires num| “?# < 0). Therefore, if the PZ exists then ¢; > ePPBR
and hence the PP or ZP solution also exists.

From above, (Q + Aotpeseh) ™ (Ney + Aop, Aex)') is a ZZ solution if ¢ = 7P and
det(Q + Noeseh) # 0 (den?PBE £ 0). If det(Q) # 0 then the ZZ solution is given by

. 1 (e + Ao
ZZBR _ 1 1 1
T = (@) ()\62 + )\U,U) '

Z7Z,BR

The ZZ solution exists if and only if ¢ < —u for j = 1,2. One can show

or 2P N(1 = (M +aN)q+ Mp(M + Mp(—1+q) — g+ M(—1+q)q)B))

dey den?%4.BR
)\numZZ .BR
= T denZZ.BR
§rnZZBR A(1 B
T A =M +aN+ MiB(1—M(p+q)))
dey n den?4BR
)\numZZ BR
= " denZZBR -

where den?%B% = —§(1+aN+M;B—(p+q)(aN+M;B)+M(p+q—1)(MB(p+q—1)—1)) =

det(Q) and clearly numZ?"% > 0. Solving for ¢/%"" and e/”"" such that Yx7?"" = —p
and WTQZ ZBR _ _ 1, respectively, we have
ZZ,BR  ZZBR _ den?ZBR (1 4+ Mpe,)
€] — € = 7Z,BR
AL = )M + aN + M(1 = M(p + q)))num;
if num??P" £ 0. There are the following cases to consider. First, if den??PE > 0 and

numlzZ’BR < 0 then On7?P%/9e;, < 0, On7?P/0e, > 0, 7% > Z7PF 5o that 77
existence requires €57P% > ¢ > 61ZZ’B R Second, if den?2.BR < 0 and num?%P% > 0
then dn??P%/9e; < 0, On} = BR/@ e < 0, PP 5 Z7PR g that ZZ existence requires
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77,8 Z7,B : 27,B o
e > €2 5 Z7PE 1y the third case, den??PR < 0 and num??"" < 0 which implies
77,8 77,B Z7,B 77.B : . 7ZZB
art? PR 1) > 0, onl7PF J0ey < 0, 27PR > Z7PR 5o that ZZ existence requires €7 7% >

BR

77,
€1 > €
Now it can be shown that €2 77" = 7P and
zz8r  _pper _  —a(l=p)(M +aN + M;B(1 — M(p+ q)))(¢Aea + mp) >0
€ —€ = 7ZZ,BR =
Anumj N4
if num??"" < 0, where

= (L=q)(aN+BM;(1 = M(p+q))+ M)+
a(tp = N)+ (1 = M)(1 = M) > 0
Since €5 2P = ZPPR and existence of ZZ in the first three cases only hinges on ¢, > 7?5
if num??P" < 0 it follows that the ZP or PP solution will exist if the ZZ solution exists in

. ZP,BR
the first three cases if €; > max{e" PR ¢ :
72,BR

In the fourth case, den?%B% > (0 and numj > 0. One can show that:
den”®P = —6(=6+ (2 —p—q)(M +aN + M;B(1 - (p + ) M)))
num?%BR — _§-lenZ4BR |y

—6+ (L= q)(M +aN + MB(1 — (p+ q)M))
ns = (p—=1)(M+aN+MB(1—(p+q)M)) <0

Therefore, § < 0 if and only if the fourth case (numlzZ’BR > 0 and den?%PE > () applies.
In the fourth case, dnZ?P%/9e; > 0, On)?PR)9e; > 0, fPPF > FPPR = JPPR o
that Z7Z existence requires 62Z PBR > €. It is furthermore straightforward to show that if
num??PR = 0 and det(Q) # 0 then a ZZ exists if and only if e, > ¢57PF = ZPPR Finally,
if det(Q) = 0 (den??BE = 0) and ¢, = 57" then a continuum of ZZ solutions exist and if
det(Q) = 0 (den?%BR = 0) and ¢ # 7P then a ZZ solution does not exist.

From the analysis above, if a BRE exists then ¢ > 0 and e; > min{e?PBR ZPPRY or
§ < 0. Further, if ¢, > ePPBE then a PP or ZP exists because det(Q + Aowly) > 0. If
ePPBR ~ (ZPBE then den?PBR = det(Q + Aoesel) # 0 and therefore a PP, ZP or ZZ
solution exists if, in addition, ¢; > EQZP’BR. If 9 <0, then a ZZ exists for ¢; < EQZP’BR. We
conclude that a BRE exists if and only if

. PP,BR _ZP,BR . >
612631%12{mm{45 , €5 }, ifd>0 (Al14)

—00, if 0 <0,

where €75 and €J"" are defined in (A12) and (A13), respectively.

Case ¢ = 1. We begin by noting that EQZP’BR from (A13) can be expressed as

€2ZP’BR =(¢—1)""xpr
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where, if ¢ =1, and x' = =6 + (1 — p)(aN + M(1 — M;Sp) + M;B(1 — M)) # 0:

X (W& + p((1 = M)(1 — MyB) +a(v — N)))
XBR = "73N0(aN + MyB(1— M) + M(1 — M;B))

where Y(aN +M¢S(1—M)+M(1—M¢f5)) > 0, YpAea+p((1—M)(1—MsB)+a(p—N)) > 0.

For the PP solution, we have 7T§P’BR = (1—M)(1—1\>/}j2/3)+a(¢—N) > (0 and therefore wﬂgp’BR >
—u.>° Further:

§rPPBR \
1
= >0
der (1 = Mp)(1 = M;fp) +a(y — Np)
and Yl PP = — 1 if and only if ¢, = ¢PPBR where ¢”PBR is defined in (A12) with ¢ = 1.

PP,BR PP

Therefore, PP exists if and only if €; > ¢ , and a ZP solution always exists if e, = """
For the ZP solution, we have 77 "P% = 7PPPR and therefore ¢nZ"P% > —p. If ' # 0,
then:

ZPB
orfPPRE -\

0eq X

and Yr?PPR = —;if and only if ¢ = €PPBR where ¢”PPR is defined in (A12) with ¢ = 1.
Therefore if x' > 0 then P8R > ¢ > ZPPR — _o is necessary and sufficient for existence
of the ZP solution. Otherwise, if y* < 0 then 62ZP’BR = +o0 and ¢, > e’PBE is necessary and
sufficient for existence of the ZP solution. Note that § < 0 implies x! > 0. Finally, x! =0

implies:*!
ZPBR _ PPBR _ (1 —p)(1 — MM;pBp)

E Apt
(1 —p)(1 — MM;¢Bp)Nppe;

o+

pY (1= M)(L = MiB)p+ (1= N)(1—p)(1—MMBp)+ (1 — Mp)(1 — MpB) (¢ — 1))

(PP.BR

and that a continuum of ZP solutions exist if ¢; = , and no ZP solution exists if

e, # PPBR.
For the PZ solution, we have 7T§Z’BR = —’\eﬂ#. If § <0, then 7T§Z’BR >0, and if 6 > 0,
then wﬂfz’BR = —z/f‘@%’i < —Yu < —p, since 6 < a and €5 > 0. If 6 = 0 then a PZ solution

does not exist. Therefore, s 2" 4+ ;i < 0 if and only if § > 0. Further,

onPZBR A\
L = >0
Oey (1= Mp)(1— MyBp) + a(y — Np)

30Tt can be shown that (Q + Aowly) ! exists if ¢ = 1.
(A-Mp)A+M;B(1—p—g)+M;(g—1)(1-M)S

Np
. ZP,BR
and compute lim,_,; €5 .

and ¢ = 1. To compute e2ZP’BR

31The x! = 0 case arises if a =

(A-Mp)(A+M;B(1—p—g))+M;(g—1)(1-M)B
Np

, set

a =

o1



PZ,B : : PZ,B
and ¢ ZPF = — i if and only if €, = el P

([ZBR _  PPBR | a(l —p)(M(1 — MyBp) +aN + M;B(1 — M))(Mpez + pm)
! - Ao(at — b)

where

> (PPBR

and e’PBE ig defined in (A12) with ¢ = 1. It follows that PZ exists if and only if § > 0 and
PZBR:>€PPBR

ZZ,BR

ZZBR _ , PZBR
o , and therefore ¥,

For the ZZ solution, we have
only if 6 > 0. Furthermore, if x!' # 0 then

+ u < 0 if and

77.B
or7PPR )

1

Oey X

and r??PR = —1 if and only if 61 = Z7BR — ([PABR 5 (PPBR and PPBR ig defined
in (A12) Wlth q = 1. Therefore if x! > 0 and 6 > 0 then €/7P% > ¢ > eZPBR = —00
is necessary and sufficient for existence of the ZZ solution. Otherwise, if x! < 0 then
eJPP = +oo and e, > 7P > PPBR g pecessary and sufficient for existence of the ZZ
solutlon If x! =0 and 6 > 0 then eZP BR _ (PPBR > (0 as shown above and a continuum of

77 solutions exist if and only if

1—Mp)(1—M
EPP7BR+€2+( P))ENp 1B
€2(1 —p)N(1 - MfMpﬁ) > (PP.BR

(1=p) (A = MM;pp)(¢ — N) + (1 = M)p(1 — M¢S)yp —

We conclude that a BRE exists if and only if

€1 =

+

(A15)

_ min{PPBR QZPBR}, if 6 >0
€1 2 €BR ‘=
—00, if 0 <0,

ZP,BR

PP.BR apd €

where € are defined in (A12) and (A13), respectively, with ¢ = 1.

A.5 Proof of Proposition 5

Suppose § = (M —1)(1— M) +aN < 0, which implies det(Q) = den?#BE = 5( I+ (2—
q—p) (M +aN+MiB(1—(p+q)M))) > 0 and det(Q + A\ogipesely) = denZPBR d(ay) +
2—=p—q@)(M+aN+MB(1—-M(p+q))))+ (1 —play(M +aN + MyB(1 - (p+q))) > 0.
First, § < 0 implies num; >"" = (1 — q)(M + aN + M;B(1 — M(p + q))) — §) > 0 and
hence no PZ solution exists since numPZ BE <0 is necessary for existence of PZ solution, as
demonstrated in the proof of Proposition 4.

Also from the proof of Proposition 4, den?ZP% > (0 and num; > ( if and only if
0 < 0, and therefore a unique ZZ solution exists if and only if ¢ < 1 and €; < € ZPBR Brom

ZZ,BR
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the proof of Proposition 4, we have

pepr_ zesr _ (L= M)A = MgB) + a(y = N)) + Aegy))den” PR
: /\EAZP,BR

eazpr = (1-— q)numlzP’BR(M +aN+ M;B(1—M(p+q))) >0
numy P = Yla( — Ng) + BMp(M(p(g — 1)+ qlg — 1)+ 1) —q) = Mq+1) >0

if ¢ < 1 where the first inequality follows from den?"BE > 0 if § < 0. If ¢ = 1 then
ZPBR — _oo < PPBR_ Therefore, ¢PPBR > (ZPBR which implies that a unique ZP
solution exists if and only if e#PBR > ¢ > 62ZP’BR since den?PBR > ( from above. Define
?PBR = ZBBE \We conclude that the PP solution is the unique BRE when ¢ > e"PBE,
the ZP solution is the unique BRE when 7B > ¢, > ¢ZPBR QOtherwise, the ZZ solution
is the unique solution if ¢ < 1 and ¢; < BB If § > 0 then by Proposition 4 there exist
p,q, €1 and €5 > 0 for which there are no solutions or multiple solutions.

Alternatively, one can show that (M —1)(1— M)+ AoN < 0 ensures completeness and

coherence using techniques developed by AM.*

A.6 Endogenous Bounded Rationality

Following Moberly (2022), this section models bounded rationality as an optimal choice by
agents who face a cost of paying attention in the spirit of Gabaix (2020). To that end,
consider the modified version of (1)-(3)

Ty = MetEtxt+1 — U(it — Et7rt+1) + € (A16)
Ty = /\l’t + MﬁetﬁEﬂTH_l (A]_?)
iv = max{ym, —u} (A18)

where ¢, p, q, etc., are defined in the main text, and p < 1,¢=1,€6; =e <0 and e = 0. In
line with section 3.1 of Moberly (2022) we assume that 0 < M, <land 0 <M, <1 can
switch values when ¢, changes: (My.,, M) = (My;, M;) if and only if ¢, = ¢;, for i =1, 2.
In a moment, we describe how M;y,,, M, arise endogenously following the approach
of Moberly (2022). First, we establish the set of MSV solutions. For given Mjy,,, M,,,
there are four possible types of MSV solutions: PP, ZP, PZ and ZZ solutions. Let [ €
{PP,ZP,PZ,ZZ} denote a MSV solution. Then in the ZP and PP equilibria, the “high

state” (e, = €3) equilibrium outcomes are given by:
[ T R S
Ty =Ty =1y =Ty =mcCy =0

where 1}, = i}, — 7l is the ex ante real interest rate and mc! = (¢ + o)y} is marginal cost.®®

32Results available on request.
33See Moberly (2022) for the microfoundations.
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For the PZ and ZZ solutions, the “high state” outcomes are given by:

! oA -
Ty = (1_M2_—1—5Mf’2) o
1 A !
Ty = 1= G6Ms BM; Ya
mcy = (¢+0)y;
ry =

The low state PP equilibrium is characterized by:

-1
PP = <1—pM1+(¢_p)U>\) €1

1- pﬁMf,l
A
PP PP
ﬂ-l - 1 . p/BMfJ yQ
mey” = (p+a)y”
L

Similarly, the low state ZP equilibrium is characterized by:

-1
PO
Qllzp = (1 —pM1 — Tmﬂ) (UM + €1>
A
ZP ZP

7'('1 - 1 —pﬁMnyl
mei” = (¢+ o))"

i = —p—prf”

The low state PZ equilibrium is given by:

oP7 = (1 —pM, + M) B ((1 —p) <M1y§Z + <<p — VoMb | 0) 7r§Z> + el)

1 —pBM;y, 1 —pBM;y,
sz _ )\yfz + Mf,lﬁ(l - p)ﬂgz
1L —pBMy,
mey? = (¢p+a)y”
rn? = yn? —pr? = (1= p)m?

o4



Finally, low state ZZ equilibrium is given by:

2?7 = (1 — pM; — T80 —Z%Lm) 1 ((1 —p) <M1y§Z + (1p_0245fj\1£_71 + U) wfz) +e + au)
7T1ZZ _ )\y1ZZ + My18(1 _p)ﬂgz
1 —pBM;y,
met? = (6 +o)yi”
r?? = —p—prl? — (1—pnd?

Following Moberly (2022) we model the choice of attention of each household and firm.
In our framework, households and firms need to balance the loss of not paying attention
with the cost of paying attention. First, consider the household problem. The household
consumption function in the high state is given by.**

¢ = > (Bmy)"((1— B)ah — prh)
h>0
Xs

1—67712

where My = my in equilibrium. Following, Moberly (2022) we can show that the attention
decision in the high state when X5 # 0 (i.e. the optimal my) depends chiefly on the following

quantity:
E ( dcy )2 _ (BXe)
my) | (1= Pma2)t

where the derivative is evaluated at some default level of attention mgs € [0, 1]. The house-
holds’ optimal attention parameter in the high state of solution I, m, for given My, M,
MQ, M f.2 is

&
| ()]
oy

where the parameter £, is the scale-free cost of attention. Having pinned down M, = ms,
we can characterize optimal m;. In the low state, consumption is given by:

mb = max | mgo, 1 —

Cfs = E {Z BhHZ:1mt+k((1 = B)wein — B(reen — €t+h))}

h>0

= Lk {Z BhHZ1mt+kXt+h}

h>0

34For convenience we set o = 1.
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where my . = my and X = X if €, = €1, otherwise my . = ms and X, = X5. For
h > 1 we have

ESMI_ymun X = B" ((map)" X1+ ((map)* 'ma + (map)*2(ma2)* + ...+ mb) (1 — p)X,)
htl

= (s 1 - p e )
Mg —mp

Substituting the last equation into the equation for ¢; and rearranging yields:

1 (1—p)m2( Bmy  Bmyp )X2

!
d = —— X+
! 1 — Bmyp ' mg —map \1—Bmy 1 — Bmp

Note that

(1 —p)ms ( pmy  Pmap ) _ (1 —p)Bmy
mo —map \1— pmy 1 — Bmyp (1 — Bms)(1 — ppmy)

Hence, the equation for ¢; can be expressed as

l 1 (]‘ _p)ﬁmQ

S T Bt T Bm)(1— pBmy)

b (e )

X5

1 — Bmip 1 — Bmy

In equilibrium, M; = m; and My = my. Moberly (2022) shows that the attention decision
in the low state (i.e. the optimal m;) depends chiefly on the following quantity:

| (ph)] - G o)

omy (1 = Bpmga)*(1 — mh3)?

where the derivative is evaluated at some default level of attention mg; € [0,1] and my = m}
is assumed. The households’ optimal attention parameter in solution I, m/}, for given M,

M2 is

&

ack 2
E [(ama) }
where again the parameter &, is the scale-free cost of attention.

Now consider the firm problem.?” The firm pricing function in the high state of solution
[ is given by

mY = max | mgq, 1 —

35We assume that firms have their own cognitive discount factor (see Gabaix (2020), footnote 13). We
arrive at qualitatively similar results if we assume that households and firms have the same congitive discount
factor.
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g = (1-PO)E, {Z(ﬁemm)h (T4 + o Tegn + mct+h)}

h>0

= (1—30)> (B0my2)"mcy+ (1— 80) > (B0myy)"hr

h>0 h>1
(1—-p0) ,  (1—p0)B0m;ss ,
T B0mys 2 (1= Bom,2

where ¢ is the relative price (see Gabaix (2020) and Mo = myo (9 +(1-10) 1_16_6‘;3’ 2) in

2
equilibrium. The relevant quantity for attention choice is £ {( afff2) ] where

Ogq; _ BO(1 — BO)(mcy(1 — Bmys) + mh(1 + my230))
Omys (1= BOmy)?

and the derivative is evaluated at some default level of attention mg o € [0,1]. The firm’s
optimal attention parameter in solution [, mlﬁl, for given My is

&
E [ <araan,2 > 2}

where the parameter &; is the scale-free cost of attention. Now consider the low state pricing
function:

—1
Mo = Max | Mq,f2, 1-—

g = (1-0B0)E {Z(ﬁe)hH21mﬁt+k (Tes1 + - Togn + mcwh)}

h>0

= (1-pBO)E, {Z(BQ)hH21mf,t+kmct+h} +

h>0

(1—BO)E; {Z(BQ)hHZ:lmf,tJrk (Mg 4+ ...+ 7Tt+h)}

h>1
(1—p0) (1—380)(1—p)BOmys
T pB0m, T (L= B0mya)(1— pBomy,) 2

+ (1 - BO)E, {Z(BQ)hHZ1mf,t+k (Mg + ...+ 7Tt+h)}

h>1
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where

1 (1 - p)ﬁ@mf 2
E NI m MCpyy, — ——————MmcC1 + : me
t %;(/3 )y St kMCith = 7 T 1 = 5‘9mf,2)(1 — pﬁme,l) 9

can be derived by following steps used to derive the consumption function. Now focus on
the term involving expected future inflation.

2 {2(59)hﬂﬁzlmﬁt+k (41 + oo+ 7Tt+h)}

h>1

= (L—p)> (BOmyy)"hmy

h>1

+ p(1—p) (59mf,17ﬁ + B0my Z(ﬁemm)h (m1 + h7T2)>

h>1

+ p*(1-p) (wmf,m + (B0myg1) 2my + (BOms1)> > (B0mya)" (2m + hm))

h>1

= 1-p> p (Z(ﬁ@mm)kkm + (BOmysa)' > (BOmya)" (im + h@))

i>0 k=1 h>1

First, consider the term -, p’ S (BOmy )k

Zp Z (BOms1)km = pBOms (1+p+p*+..)m

>0 k=1

+ (pBOms1)*(L+p+p*+...)2m
+ (pBOms ) (L+p+p°+...)3m
+

pBOm .
(1 —p)(1 —pBOmy,)?

where the last equality uses the fact that >, a"h = a/(1 — a)? if |a| < 1. Now consider
the term: ;

™

; . ﬁemfg »
(pBOmMs1)" Y (BOmypo)tim = ——22=— % (pfmy.1)'im
e B 2
BOm o ; . p(ﬁg)sz 2y
— Omyq)im = = ™
L= pbmys ;W ) T B0m g (1 — Boma)
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Finally, consider the term:

Bme’g 5‘9mf72

Omyq) Om o) hiy = Om,q ) — =
;(Pﬁ £1) hZZl(ﬁ 12) b izzo(pﬁ 51) A= oo™~ (= piomy ) (1 = Fomya) ™
Therefore:

E, {Z(BQHZ:lmf,t+k)h <7Tt+1 + ...+ 7Tt+h)}

h>1
B _ pBOm p(BO)*msimya )
= (-7 ((1—p><1—p/aemf,1>2 T pBmya 2 (1= mya)) ™
(1 —p)plmy,

T = pBOmy) (1= BOmy)e

Putting things together:

(1-0) (1—B0)(1 —p)BOmy
T T BOmpap T U= B0mye) (1 — pBomyy)
(s 000 g
(1 —pBlmy,)? (1 —pBOmy1)*(1 — BOmy2)
(1 B6)(1 )P
(1—pBOmys1)(1 — BOmy,)?

C2

_|_

dql
8mf71

2
The relevant quantity for attention choice is E [( > } where the derivative is evaluated

l 2
at some default level of attention mq 1 € [0, 1]. For brevity, the expression for £ {(82‘1; 1> }

is omitted from these notes. The firm’s optimal attention parameter in solution [, mic’l, given
mlm is

&
2| ()|

mﬂu =max | mq 1,1l —

We define an endogenous BRE as follows.

Definition 8 An endogenous BRE is a tuple, m* = (mi,m?l, mg,m?z), and a vector of
endogenous variables, x* = (y1, Y2, M1, T2, 1, 12), such that

x oo * - * o * — A N S * — * S
1. mi =my, my; = mMmg1, M5 = Ma, and Myo =My taking My = m7, My =m35, My, =

mj (0 + (1 — 9)%), Myo =mj, (6 +(1— 0)%), and X* as given.

2. x* solves (A16)-(A18) given My = m3, My = mj, My, = mj}, <9 + (1 — 9)%)
: o
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and Mgy =mj, (9 +(1-0) 1—15_(5%72)'

An endogenous BRE is a BRE in which the agents’ discount factors are optimally chosen
taking the economy-wide discount factors as given.

We solve for endogenous BRE numerically using the calibration: 8 =0.99, 0 =1, ¢ = 2,
A=002p=09 ¢g=1,& =& = 001 and mg; = mga = mgs1 = maqyr2 = 0.7. The
scale-free attention cost parameters are set to 0.01 which means that households/firms pay
attention to variables that make a 1% difference for decisions on average. The relatively low
value of the default discount factor means that agents initially discount the future heavily.
For each calibration of €; we solve for endogenous BRE.

For the ZP and PP cases, we note that since 2, = 7}, = rl = mch, = 0 for | = ZP, PP,
the optimal discount factors, m, and mlm are undetermined in the ZP and PP solutions. We
therefore assume that agents set my = m} and my, = mlﬁl in the ZP and PP equilibria. In
other words, agents are assumed to choose the same discount factor in both states to solve
the low state optimization problem. Characterizing the endogenous BRE in these cases boils
down to solving for m} and mlf’l. We find that neither the ZP nor the PP solution exists if
€1 < —0.014. Intuitively, a large (negative) shock necessitates greater endogenous attention,
which in turn implies high endogenous BRE values of the discount parameters and hence
no solution. For this calibration, no REE exists for sufficiently negative values of €, but an
RPE exists for any value of ;.

In general, a sufficiently negative value of ¢; implies no solution; support restrictions on
the shock are needed to generate endogenous BRE.

Remark: For any standard calibration of the model, the ZP or PP solution only exists if
€1 > €EBRE fOT‘ some €gprr < 0.

Intuitively, €, = —oo implies F {( aif}l)z} = oo for | = ZP, PP and for any m;. Therefore
M, = m] =1 is the only candidate endogenous BRE value of m]. However, if M; =1 then
the model is incoherent for high values of |e;].

For the PZ and ZZ cases, we find: m}, = mj} = 0.8977 and mlf’Q = mj}, = 0.9808 which
implies Mo = 0.9677 for | = PZ,ZZ. We then solve for the remaining low state discount
factors for different values of ¢;. As in the ZP and PP cases, we find that the PZ and
77 solutions may not exist for ¢, < —0.14. Therefore, the support of the shock must be

restricted for an endogenous BRE to exist.

A.7 Proof of Proposition 6 and E-stability of BR-RPE
A.7.1 Proof of Proposition 6

The proof of Proposition 6 is a straightforward extension of the proof of Proposition 4. Define
g=Pr(s;=2)=(1—-p)/(2—p—q). The regime-specific levels of inflation in BR-RPE 1,

7t = (7}, wh)’, are given by fixed point restrictions that have the same basic form as the BRE
fixed point restrictions except we replace ¢ with ¢ and p with 1 —g. Therefore, BR-RPE will
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exist if and only if

min {e ifo >0
—00, if 0 <0,

PP,BR,RPE eZ P,BR,RPE
) =2

€1 2> €BR,RPE ‘= { ’ (A19)

where § = (M — 1)(1 — M) + Ao N, and ePBBREPE and JPPREPE are defined in (A12)
and (A13), respectively, assuming p = 1 — g, and ¢ = ¢. In the special case ¢ = 1 (which
implies ¢ = 1), we have égg rpr = —oo for any 0, as the PP solution exists if and only if
1 > —p(1 A7) (A) "+ (M (1= My )+ My B+ Ao N) (M—1) (1= My )+ Ao (N—1) e, =
ePPBREPE and the ZP exists if and only if ¢, < e/PBRAEPE

For ¢ < 1, one can show:

(PP.BR _ PPBRRPE _ Egp(l —p—g)
(ZPBR _ ZPBR.RPE _ Egp(l —p—gq)
where
=B _ (p — 1) (06 + M M)z (Aeatp + pnr)
rr Y+ (1= q)ne) (1 —p)(Ao —=6) + (L + Ao)(1 —¢q) + Ao (2 =g —p)(¢ — 1))
—B d(ne + MMy [3)(Aearp + pny)

2P T (=DM + AN + MB(1 — M)t

where g = M(1 — MyfSp) + Ao N + M;5(1 —gM) > 0, and 77 = (a(p — N) + (1 — M)(1 —
M;f3)) > 0. Since 6 < Ao, it is straightforward to show that Z8, < 0. Further, if § > 0 then
=5, <0. It follows that égr > égpppr if d >0and p+qg—1>0o0r d <O0.

A.7.2 E-stability of BR-RPE

Analogous to the RPE case, there is a unique E-stable BR-RPE.

Proposition 11 Consider (1)-(3) and assume €3 > 0. If €, > €gp rpE, then:
. There 1s a unique F-stable BR-RPE.

ii. The E-stable BR-RPE is either the PP BR-RPFE or the ZP BR-RPE if (M — 1)(1 —
Mfﬁ) —|- )\UN Z 0.

iii. The E-stable BR-RPE is the unique BR-RPE if (M — 1)(1 — M¢8) + AoN < 0.

Proof. To assess E-stability of each BR-RPE, we express the BR-RPE unconditional mean
of inflation and output as a function of agents’ expectations, Y¢:

}_/PP(YG) _ Apye + FPP,
YZP(ye) = <qAP +(1— q)AZ> Ye 447,
YP4(ye) = <(1—q)AP+qAZ) Ye+TH,
YZ2(Yye) = Ay +T%%
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where I'? collect terms that do not depend on beliefs, Y, and

M No—M;Boy

Ap = DY 1+ o A, = M No

M)A MpB+NAo M)\ M3+ NXo
1+ Aoy 1+Xoyp

It immediately follows that

DTyrr = Ap—1,
DTyzr = GAp+(1—qAs—1,
DTyrz = (1—qAp+qA,; —1I,
DTyzz = Ay—1.

Case = (M —1)(1 — M)+ NoX < 0. It is straightforward to show that the real parts
of the eigenvalues of DTy pp and DTy zz are negative if § < 0. Therefore, the PP BR-RPE
and ZZ BR-RPE are E-stable if they exist. The ZP RPE is E-stable if and only if

M+ M3+ N
r(DTyar) = 64 MMys—1— +1 +fo; Y g
o =51+ Aad) | Aog(s + 1)
det(DTyZP)) = 1+ oo + 1+ Ao >0

where tr(B) denotes the trace of matrix B. Because —1 < §, the ZP BR-RPE is E-stable
in the case 6 < 0. Further, this holds for any ¢, and therefore the PZ BR-RPE is E-stable
if it exists, as tr(DTyrz), det(DTyrz) have the same form as tr(DTyzr), det(D1yzr) with ¢
replaced by 1 — q.

By the proof of Proposition 5 (setting ¢ = ¢ and p = 1 — @) there is a unique BR-RPE if
0 < 0. Therefore, there is a unique E-stable BR-RPE if § < 0.

Case 0 > 0. [t is straightforward to show that the real parts of the eigenvalues of DTy rp
are negative and the real part of an eigenvalue of DTy 2z is non-negative if § > 0. Therefore,
the PP BR-RPE is E-stable and the ZZ BR-RPE is not E-stable in the case ¢ > 0.

The ZP RPE is E-stable if and only if tr(DTy2r) < 0 < det(DTyzr), which holds if and
only if nzp = gAo(M+MB(1—M)+NXo)p)—(M—=1+M;B(1—M)+NAo)(1+Aoyp) > 0.
From the proofs of Propositions 4 and 6:

PP,BR,RPE ZP,BR,RPE __
€ — €9 = UpNizp

(Mot (Ao—dp—1))us
Q) (VM BA=MD N )b ((1= My B (1= M)+ (b= NG F (=9 (M B+ M=, Ay~ O Lhere-

fore, if the ZP RPE is E-stable then ePPBRREPE  JPBREPE 4 the condition for PP ex-
istence becomes €, > e’PBRRPE and the condition for ZP existence becomes e/’PBREPE >

€ > EQZ PBREPE 53 demonstrated in the proofs of Propositions 4 and 6. Hence, if the ZP

where v, = Q

36If § = 1, the PP exists and is E-stable if and only if ¢; > e/ P"BE-EPE and the ZP exists and is E-stable
if and only if ¢, < PHBREEPE  The 77 and PZ solutions cannot be E-stable if § > 0.
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RPE exists and is E-stable then the PP solution does not exist.
Next consider the PZ solution. The PZ solution is E-stable if and only if

—2+ M+ MyB+ NXo —2Xa¢p  Ao(M + MB+ NAo)y)

tr(DTyrz) = T o0 q 1+ Aow) <0
det(DTyrs)) = B+ (1iﬁAg¢)+<¢ YA g ?ﬁ()\;ﬂ -0

which holds if and only if 0 < den?%BREPE where dent?BREPE g equal to dent %P1 defined
in the Proposition 4 proof when ¢ = ¢ and p = 1 — q. From the proof of Proposition 6, the
PZ RPE only exists in the case § > 0 if den"?BREPE < (. Hence the PZ BR-RPE is never
E-stable if § > 0.

Therefore, the PP BR-RPE is the only E-stable BR-RPE solution when ¢; > ¢’»BREPE
and the ZP BR-RPE is the only E-stable BR-RPE solution when e/PBEEPE > ¢ >

EQZ PBREPE 1t follows that a unique E-stable BR-RPE solution exists when €, > €gr rpe.

A.8 Forward Guidance Puzzle

Central banks have relied heavily on forward guidance (FG) in recent decades. A large
literature established that promises to keep interest rates lower for longer at the ZLB can have
implausibly large effects on inflation and output in standard New Keynesian environments.
Moreover, a promise to cut a future interest rate has larger effects on today’s inflation than
the same cut in the current rate, and the effects become unbounded as the timing of the
rate cut is pushed into the infinite future. These counterintuitive predictions are sometimes
referred to as the “forward guidance puzzle” (see Gibbs and McClung (forth.)). In order
to focus squarely on the implausible effects of anticipated future rate cuts, we consider the
following canonical thought experiment: suppose at time ¢ = 0, the central bank promises
to (a) peg the interest rate at steady state until t = T'—1 > 0, then (b) peg the interest rate
below steady state at ¢ = T, and finally (c) set interest rates according to a policy rule (e.g.
an active Taylor rule) for ¢ > T'. Formally we have:

xy = MEwxy, —o(iy — NEymq) (A20)

T = v+ BMiEm (A21)
0fort=0,...,7T—1

iv = i<Ofort=T (A22)
Yy for t > T

To fix things, we define the forward guidance puzzle following Diba and Loisel (2021).
Definition (Forward Guidance Puzzle). When the policy rate is pegged (iy = 0) for t =
0,..., T — 1, the time-0 response to inflation and output to an expected policy rate cut at

time-T (ip =i < 0) goes to infinity with T (i.e. limyp_,0c0mo/dir = limp_00x0/dir = —00).

Intuitively, the forward guidance puzzle emerges if the time-0 response of inflation /output
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to a promise to cut interest rates at time T' > 0 is strictly increasing in T'. Using terminology
from Farhi and Werning (2019), this “anti-horizon” effect of monetary policy implies that
a 100-basis point cut in the current policy rate causes a smaller rise inflation today than a
promise to cut by 100-basis points 10 years from now, which has a smaller effect today than
a promise to cut 1000 years from now, and so on.

The model can be solved recursively through the method of undetermined coefficients
combined with backward induction given agents’ expectations about the economy after for-
ward guidance ends. First, ¢» > 1 implies the unique equilibrium, Y; = 0 for t > T'. This
determines E7Y7ry, = 0, which implies Y7 = I'" where I'*" is a function of 7 and the other
model parameters. Therefore:

Yro1 = Abr,zrbr
YT—Q — A2 Fb’r

br,z
_ T br
YO - 141)7",2F

where

A M oN rbr _ —0i
re =\ MA M3+ \oN —\ =)oi
Alternatively, we can represent the solution as a VAR(1) process. Define j = T — t and
Y; = ar—;. Then a; is given by
ag = Fbr
aj = Ap.a;_1forj>0
The roots of Ay, . are inside the unit circle if and only if (M —1)(1—M;3)+ o N < 0. Hence,
if (M —1)(1 —M;B)+ AoN <0 then lim;_,o a; = 0 and therefore limy_,o, Omg/Qip = 0. If
(M —1)(1 — M¢B)+ AoN > 0 then the roots of A, . are outside the unit circle and one can

show that limp_, Omy/0ir = —0o. We summarize this result, which is nearly a restatement
of Proposition 4 of Gabaix (2020), as a theorem.

Theorem 1 Consider the forward guidance model (A20)-(A22).
1. The model does not exhibit the forward guidance puzzle if (M —1)(1—MB)+AoN < 0.
2. The model exhibits the forward guidance puzzle under RE (M = My = N =1).

The theorem demonstrates that the same condition ensuring coherence/completeness in the
occasionally-binding constraint framework rules out the forward guidance puzzle. The model
with full information RE is susceptible to the puzzle.

A.8.1 Adaptive Learning and Forward Guidance Puzzle

Now we consider the effects of forward guidance when agents adaptively forecast inflation
and output. We study two models of adaptive learning. The first model is given by the
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following system of equations:

v = B —o(iy— Emg) (A23)

T = AT+ BEAﬂTH_l (A24)

Et$t+1 = YeuTi—1 + (1 - %,t)Et—ﬂt (A25)

EAtﬂ'tJrl = YoM+ (1 — 7w,t)Et—1Wt (A26)
Ofort=0,....T—1

1 = 1<0fort=T (A27)

Ym for t > T

It is trivial to show that Om;/Jir = 0zy/0ir = 0 for all t < T in this framework with learning.
Expectations are backward-looking and predetermined in each period ¢ < T and hence the
“anticipated” interest rate cut has no effect on inflation and output until the shock hits the
economy at t =1T.

Proposition 12 The adaptive learning model (A23)-(A27) does not exhibit the forward
guidance puzzle and forward guidance announcements have no contemporaneous impact on
the economy (Om/0ir = Oxo/dir =0 for all T').

The last proposition is not entirely robust to the type of decision rules that learning
agents are assumed to have. To see this, consider a second model that features infinite
horizon decision rules and adaptive learning:

1 = —oi,+ E, Z B (1 = B) gyt + OTpg1 — 0Bigs1) (A28)
k>t
mo= A+ B (68) T (€8Mmk + (1 — €)Bmii) (A29)
k>t
Et$k+1 = Et$t+1 = YpuZi—1 + (1 — %,t)Et—ll"t (A30)
Eimi1r = B = Yoo + (1 — pn) Bromy (A31)
Ofort=0,.. . T—1
iv = Ri<Ofort=T (A32)
Yy for t > T

where A = (1 — £8)(1 — £)/¢. Under infinite horizon learning, agents need to forecast the
path of the nominal interest rate in addition to the paths of inflation and output. The fol-
lowing assumption about interest rate forecasts encodes the belief that the forward guidance
announcement is credible:

0fork=0,...,T—2
Egiryn = Sifork=T-1 (A33)
Vz',t@.t—l + (1 - 'Yi,t)E—liO for k Z T

In other words, (A33) shows how learning agents might form expectations if the forward
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guidance announcement (A32) is perceived as credible. On the other hand, interest rate
expectations at ¢ = 0 are given by

Egips1 = Yigl—1 + (1 — %‘,t)E—lio (A34)
when the announcement is not credible. In either case, the forward guidance puzzle is absent.

Proposition 13 Consider the infinite-horizon adaptive learning model (A28)-(A32).

i. If the announcement is credible (interest rate expectations are given by (A33)) then
there is no forward guidance puzzle and dxq/0ir = —o BT and Ony/dip = —Ao BT,

ii. If the announcement is not credible (interest rate expectations are given by (A34)) then
there is no forward guidance puzzle and Oxy/dir = Omy/0iz = 0 for any T.

We refer interested readers to Eusepi et al. (2021) and Cole (2021) for more on forward
guidance under infinite-horizon learning.

A.9 Proof of Proposition 7

Consider Proposition 7. To assess E-stability of an REE, we express Y* = Vi, Y) as a
function of agents’ expectations, Y¢ = (Y, Y5 )

PP(yrey _ pAp (1=p)ApY e PP
YPH(Ye) = ((1—q)Ap GAn Ye+1TT,

¥ A (1-p)Az\ 5
YZP ye — pAz ye FZP
) = (02, i),

: Ap (1= p)Ap) <
YPZ ye — bpAp ye FPZ
) ((1 —qQAz  qAz M

PP/xrey pAz (1—19)142 Cre zZ7
Y (Y) = ((1—q)Az Ay Y¢+T

where T collect terms that do not depend on beliefs, Y¢. It immediately follows that

Dlyrr = K® Ap —1,

_ pAz (1-p)Az _
DTyZP = ((1 —C])AP QAP I,

pAp  (1-— P)AP>
DT = — 71
v ((1 —q)Az qAz ’
DTyZZ = K® AZ — 1.

REE i is E-stable if the real parts of the eigenvalues of DTy are negative for i =
PP, ZP PZ ZZ. 1t is straightforward to show that the real parts of the eigenvalues of
DTy rr are negative and the real part of an eigenvalue of DTy zz is positive. Therefore, the
PP solution is always E-stable and the ZZ solution is always E-unstable. We now proceed
to show that only one REE can be E-stable in two steps.
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First, we show that the PP solution does not exist if the ZP solution is E-stable. Because
DTy zr is a 4 by 4 matrix the following condition is necessary for E-stability of the ZP
solution:

a

den?t >0
T av en

D@t(DTsz) =

where den?! is defined in the proof of Proposition 1. Therefore, E-stability of the ZP
solution implies den?? > 0. Furthermore, since den?” > 0 implies e'* > ¢Z7 (see proof of
Proposition 1), E-stability of the ZP solution implies e > €Z¥ where e/'", ¢ZF are defined
in the proof of Proposition 1. Also from the Proposition 1 proof, if e/7 > ¢ZF then ¢; > '*
is necessary for existence of PP and €; < €”’? is necessary for existence of ZP. It follows that
the E-stability and existence of the ZP solution precludes existence of the PP solution.

Second, we show that the PZ solution is never E-stable. The following condition is
necessary for E-stability of the PZ solution:

1
Det(D1yrz) = T wdenPZ>0
a

where den®? is defined in the proof of Proposition 1. Therefore, den”? > 0 is necessary for
the PZ solution to be E-stable. From the proof of Proposition 1, den? < 0 is necessary for
existence of the PZ solution. We conclude that the PZ solution can never be E-stable.

In sum, if the PP solution exists it is E-stable. If the ZP solution exists and is E-stable
then the PP solution does not exist. The ZZ and PZ solutions are never E-stable.

A.10 Proof of Proposition 8

Consider (18)-(23), let Y, denote the subjective forecast of Y; implied by a given forecasting
model, and assume that agents observe ¢, and Y; when forecasting at time ¢. Furthermore, to
deal with possible multiplicity of time-¢ temporary equilibria, i.e. a time-t solution of (1)-(3)
given forecasts and €; with binding ZLB (s; = 0) and a solution with slack ZLB constraint
(st = 1), we simply assume that €; determines s;. E.g. if ¢, = ¢;, s; = 0 and s; = 1 are both
possible in temporary equilibrium, and s; = 0 for some k£ < t such that €, = ¢;, then we
select the temporary equilibrium characterized by s, = 0.
(i) First consider (18)-(22).

Case k= 0. If k=0 and expectations are formed under PLMs (18)-(22) then Y,¢ follows
a 2-state process: Y,° = Y[ if ¢, = ¢;. Further, EY = Prieg = el|e)YE+ (1 — Preg, =
e1le;))Ys is a 2-state process. Therefore, if k = 0 then Y = Y} is necessary and sufficient for
the agents to have self-confirming beliefs under the PLMs (18)-(22). These self-confirming
beliefs imply: E,Y; 1 = Pr(e;1 = e1le)Yr + (1 — Pr(e1 = €1]e))Ya. Substituting EthH
into the model and solving for Y; and Y5 straightforwardly implies that Y7, Y5 is an REE.
Hence, beliefs formed under (18)-(22) with k£ = 0 are only self-confirming if an REE exists.

Case k = 1. Beliefs are only self-confirming under the PLMs (18)-(22) with & = 1 if
Yf = E(Yile-1 = ¢;) for j = 1,2 where E denotes the true mathematical expectation
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operator. Further, E,Y;,; formed under (18)-(22) follows a 2-state process and therefore
temporary equilibrium Y; follows a 2-state process: Y;, where Y; is the actual equilibrium
value of V' given Y and ¢ = ¢; for j = 1,2. It follows that beliefs are self-confirming
if and only if E(Yi|e,—1 = €1) = pY1 + (1 — p)Y2 and E(Yi|e—1 = €2) = (1 — ¢)Y1 + ¢Ya.
Therefore, if agents have self-confirming beliefs under PLMs (18)-(22) with & = 1 then
EYipn =Y =pYi+ (1 —pYoif ¢ = ¢ and E Yy = Y5, = (1 — ¢)Y1 + ¢Ys otherwise.
Substituting EAthH into the model reveals that Y7, Y5 is an REE.

(ii) Now consider (23). If agents observe time—t information when forming time—t ex-
pectations then

Etzt+1 = dQay ‘I— bZZt (A35)

where z € {7, 2}. We say that (23) yields self-confirming beliefs if agents correctly under-
stand the mean and serial correlation of z and , i.e., a, = (1 — b,)E(2), b, = (E(z21-1) —
a.E(z))/E(zf,). Given fixed a,, b, and expectations (A35), V; is a 2-state process: Y;
where Y; is the actual value of Y; given expectations and €, = ¢;. This implies F(z2,_1) =

972+ ((1=q)q+(1=p)(1=q) 2122 +p(1-)21, E(}) = 425+ (1-0)21, E(z) = g+ (1=
Solving for a, and b, and substituting these values into (A35) yields:

Et(zt+1|€t =€) = pxn+(1—p)zx
Ezip1lee =€) = g+ (1 —q¢xn

Substituting expectations into the model and solving for z1, 25 straightforwardly reveals that
z1 and 2z must be an REE. Therefore, (23) is not consistent with a non-rational equilibrium
of an incoherent model if agents have current information.®’

We conclude that if beliefs formed under PLMs (18)-(22) are self-confirming then an REE
exists. Consequently, (18)-(22) are not consistent with any non-rational equilibrium of an
incoherent model.

A.11 Proof of Proposition 9

To assess E-stability of each RPE, we express the RPE unconditional mean of inflation and
output as a function of agents’ expectations, Y*:

YPP(ye) — Apye_i_f\PP’
YZP(Y®) = (qgAp+ (1 —q)A,)Y® + %7,
YP4(ve) = (1 —qAp+qAy)Ye+T"2
YZZ(Y@) — A2Y€+fzz,

3TNote that our result is related to Evans and McGough (2018a), who study E-stability of REE in linear
models when agents cannot observe exogenous shocks.
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where I'? collect terms that do not depend on beliefs, Y¢. It immediately follows that

DTyrr = Ap—1,
DTyzr = qAp+ (1 —q)Az — 1,
Dlyrz = (1-qAp+qAz—1,
DTyzz = Ay, —1.

It is straightforward to show that the real parts of the eigenvalues of DTy rr are negative
and the real part of an eigenvalue of DTy 2z is positive. Therefore, the PP RPE is always
E-stable and the ZZ RPE is never E-stable.

The ZP RPE is E-stable if and only if

tT(DTYZP) = f+a—
Det(DTysr)) = W H)

where tr(B) denotes the trace of matrix B. We have tr(D1yzr) < 0 < Det(DTyzr) if and
only if g(1 + a)iy — 1 — ayp > 0. From the proofs of Propositions 1 and 3:

(PP.RPE _ EZZP,RPE = v(@l+a)y—1—ay))
a(Xex) + ap(y — 1))

S VI PR A T W g

Therefore, if the ZP RPE is E-stable then ¢?PRFPE > ZPRPE and the condition for PP
existence becomes ¢, > e’PRPE and the condition for ZP existence becomes e/ PRPE > ¢ >
€2Z PRPE 35 demonstrated in the proofs of Propositions 1 and 3.® Hence, if the ZP RPE
exists and is E-stable then the PP solution does not exist.

Next consider the PZ solution. The PZ solution is E-stable if and only if

B—=2ap+a—1 q(Bay+ a* + a))

ZfT(DTf/PZ) = a+ 1 + ab+ 1 <0
Det(DTyrz)) —GCSD:L? - aq%’:lw) >0

which holds if and only if 0 < 1 — 1 — @ (1 + a) = dent?EPEq=! wwhere den?%FPF is equal
to dent? defined in the Proposition 1 proof when ¢ = ¢ and p = 1 — ¢. From the proof
of Proposition 3, the PZ RPE only exists if den”4%F® < 0. Hence the PZ RPE is never
E-stable.

Therefore, the PP RPE is the only E-stable RPE solution when ¢ > e”?fPF and the
ZP RPE is the only E-stable RPE solution when e’?#PE > ¢ > eZZ PRPE 1t follows that a
unique E-stable RPE solution exists when €; > €gpg.

38If § = 1, the PP exists and is E-stable if and only if ¢; > ¢I’PRPE and the ZP exists and is E-stable if
and only if ¢ < ePPRPE  The 77 and PZ solutions cannot be E-stable.
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A.12 RPE under Infinite Horizon Learning

Consider the following infinite horizon New Keynesian model:*

v, = —ci;+ E, Z BT (1 — B)wpyr + omp — 0Birgy + ) (A36)
T>t
Moo= Aret By (60)T (€A + (1 €)Bmri) (A37)
T>t
iy = max{ym, —u} (A38)

where A = (1-£0)(1—¢) /€. Under infinite horizon learning, agents need to forecast the paths
of the nominal interest rate and the shock, in addition to the paths of inflation and output.
Consistent with the RPE studied in section 3.2, we assume that agents set endogenous and
exogenous variable forecasts at all horizons equal to the unconditional means of each variable
(i.e. Eor = E(zr) for all T > t and z = 7, z,14,€). We have:

E(r) = E(Axt+EtZ(éﬁ>T—t <§5AxT+1+<1—5>6wT+1>>

— FE(z) = #E(?T)

and

mo= Aw o+ Y (68)" T (EAE(x) + (1 — €)BE(T))

T>t
= )\Qlt + BE(?T)
— 1z, = N Ym —BE(n))

Substituting for z; and also for expectations in (A36) gives an expression for RPE inflation:
Ty = )\_1(7Tt — 5E(7T))
= —oiv+e+ Y B((1—B)E() + 0E(r) — 0BE(i) + BE(er))

T>t
A A A
T B(R) — ) + B

Let 2 = (21,22)" denote the vector of state-contingent RPE values of z for any variable,
z. Note that F(z) = gza + (1 — §)z1. Then the infinite horizon RPE solution for inflation

= m = —Aoii+ A+ (1+

39See Eusepi et al. (2021) for a recent derivation of the model (A36)-(A38). Note that this model collapses
to the standard 3-equation model in our paper if we impose RE. Consequently, a stochastic process for

inflation, output and the interest rate is an REE of (A36)-(A38) if and only if said stochastic process is an
REE of (1)-(3).
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satisfies:

i (1+ Ag )f(ﬁ—Aa(z—ﬁf()_liﬂ(l—ﬁff)_le

1-p
where [ is the identity matrix and
R-(3200)
1-q ¢
Premultiplying both sides of the last equation by (] - BK ) and rearranging yields
(1 1+ Aa)f() = —Aoi+ N (A39)

From the proof of Proposition 1 and 3, it can be seen that any solution of (A39) is also an
RPE of (1)-(3). Hence, the infinite horizon model (A36)-(A38) admits the same RPE as
(1)-(3), and therefore an incoherent model can admit RPE under infinite horizon learning
under some conditions. The result is summarized in the following proposition.

Proposition 14 Consider (A36)-(A38) and suppose ea > 0. Then:

i. An RPEFE exists if and only if e, > €grpp, where Egpr depends on the model’s parameters,
see Equation (A1l) in the Appendiz A.3, and satisfies Egpp = —o0 if ¢ = 1.

ii. €gpp > €rpp if and only if p+q > 1.
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