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1. Introduction
The quest for second-order optimality conditions for unconstrained optimization prob-

lems started a long time ago, together with the basic tools of Calculus and Mathematical
Analysis. For “classical” constrained optimization problems, i. e. mathematical program-
ming problems with equality constraints only, one of the first basic reference work is the book
of Hancock (1960), originally published in 1917. Other standard works on this subject are
Caratheodory (1989), Frisch (1966) and Burger (1955). For “modern”constrained optimiza-
tion problems, i. e. mathematical programming problems with inequality or both inequality
and equality constraints, one of the first treatments of second-order optimality conditions is
contained in the Master Thesis of W. Karush (1939). Other “historical”papers on these topics
are Pennisi (1953), Pallu de la Barrière (1963) and McCormick (1967).

The literature on second-order optimality conditions (necessary and suffi cient) for nonlinear
programming problems is indeed abundant. Quite recently several papers dealing with “sophis-
ticated”tools have appeared, some of them taking into considerations second-order tangent sets
and second-order tangent cones, in order to express second-order optimality conditions also for
nonsmooth optimization problems. See, e. g., Cambini, Martein and Vlach (1999), Cam-
bini and Martein (2003), Bonnans, Cominetti and Shapiro (1999), Kawasaki (1988), Cominetti
(1990), Penot (1998, 2000), Jiménez and Novo (2004) and the survey paper of Giorgi, Jiménez
and Novo (2010).
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Here we treat only the case of “smooth” functions, i. e. the case of twice continuously
differentiable functions, being this property more easy to check than the weaker “twice differ-
entiability”. We remark however that several results of the present paper hold under twice
differentiability. There are various definitions of this concept (see, e. g., Rockafellar and Wets
(2009)); we accept the following one. See, e. g., Pagani and Salsa (1990), Roux (1984), Hiriart-
Urruty (2008).

Let f : X ⊂ Rn −→ R be differentiable (in the Fréchet sense) on the open set X. We say
that f is twice differentiable at x̄ ∈ X when ∇f : X −→ Rn is differentiable at x̄. The Jacobian
matrix of ∇f is called Hessian matrix of f at x̄ and denoted Hf(x̄) or ∇2f(x̄). This matrix is
symmetric, of order n, and we have the Taylor-Peano-Young formula

f(x̄+ h) = f(x̄) +∇f(x̄)h+
1

2
h>∇2f(x̄)h+ o(‖h‖2),

for h −→ 0.

Rockafellar and Wets (2009) give various definitions of twice differentiability and one of
them coincides with the above definition. They speak of “twice differentiability in the classical
sense”. Curiously, on the same page these authors add the following sentence: “of course, even
for Hessian matrices in the classical sense symmetry can’t be taken for granted”, which is a
flaw. See, e. g., Pagani and Salsa (1990), Roux (1984).

In spite of numerous books and papers where second-order optimality conditions are
developed, there are still some questions worthy to be remarked; moreover, in some textbooks
there are errors which may generate in the readers some false convinctions.

Aim of the present paper is to give an overview of the basic facts concerning second-order
optimality conditions for a nonlinear programming problem, under twice continuous differen-
tiability assumptions, together with some remarks and some new propositions.

The paper is organized as follows. In the Introduction the basic definitions, tools and
properties concerning optimality conditions for a mathematical programming problem are sur-
veyed. Section 2 is concerned with second-order necessary optimality conditions. Section
3 takes into consideration some other approaches to second-order necessary conditions under
various constraint qualifications and assumptions. Section 4 is concerned with suffi cient second-
order optimality conditions. Section 5 considers some other approaches in obtaining suffi cient
second-order optimality conditions. The final Section 6, based on results of Fiacco (1976, 1980,
1983) and Fiacco and Kyparisis (1985), points out some applications of second-order optimality
conditions to sensitivity analysis for a parametric nonlinear programming problem.

Second-order optimality conditions for vector optimization problems are treated, e. g., in
Aghezzaf (1999), Aghezzaf and Hachimi (1999), Bigi (2006), Bigi and Castellani (2000, 2004),
Bolintineanu and El Maghri (1998), R. Cambini (1998), Cambini and Martein (2003), Giorgi,
Jiménez and Novo (2010), Gutierrez, Jiménez and Novo (2009, 2010), Jiménez and Novo (2002,
2003, 2004), Hachimi and Aghezzaf (2007), Kim and Tuyen (2018), Maeda (2004), Maciel,
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Santos and Sottosanto (2011, 2012), Ning, Song and Zhang (2012), Ritzvi and Nasser (2006),
Wang (1991).

Definition 1. A sequence
{
xk
}
⊂ Rn� {x0} , with xk −→ x0 is called tangentially convergent

in the direction y ∈ Rn to the point x0 if

lim
k−→+∞

xk − x0

‖xk − x0‖ = y

and we write xk
y−→ x0.

Obviously any convergent sequence xk −→ x0 (with xk 6= x0 for all k) contains at least a
tangentially convergent subsequence. The set of all directions y for which there exists a feasible
sequence

{
xk
}
⊂ S, with S ⊂ Rn, tangentially convergent to x0 ∈ S, form a cone which is a

local cone approximation at x0 of the set S ⊂ Rn.
Definition 2. Let S ⊂ Rn and x0 ∈ S; the cone

T (S;x0) =
{
λy ∈ Rn : ∃

{
xk
}
⊂ S, xk

y−→ x0, λ = 0
}

is called Bouligand tangent cone or contingent cone to the set S at the point x0. If x0 is an
isolated point of S, we set T (S;x0) = {0} .

Other equivalent characterizations of T (S;x0) are the following ones (see, e. g., Aubin and
Frankowska (1990), Bazaraa and Shetty (1976), Bazaraa, Goode and Nashed (1974), Giorgi
and Guerraggio (1992, 2002)):

T (S;x0) =

{
y ∈ Rn : ∃

{
xk
}
⊂ S, lim

k−→+∞
xk = x0, ∃ {λk} ⊂ R+ such that

y = lim
k−→+∞

λk(x
k − x0);

}

T (S;x0) =
{
y ∈ Rn : ∃

{
yk
}
−→ y, ∃ {tk} −→ 0, such that x0 + tky

k ∈ S
}

;

T (S;x0) =
{
y ∈ Rn : ∀N(y), ∀λ > 0, ∃t ∈ (0, λ), ∃ȳ ∈ N(y) such that x0 + tȳ ∈ S

}
.

Note that T (S;x0) is indeed a cone, with 0 ∈ T (S;x0). We note also that:

i) T (S;x0) depends only from the structure of S in a neighborhood of x0, that is

T (S;x0) = T (S ∩ U(x0);x0),

where U(x0) is any neighborhood of x0 (the notion of “Bouligand tangent cone”is therefore an
“infinitesimal notion”).

ii) If x0 ∈ int(S), then T (S;x0) = Rn.
iii) T (S;x0) = T (S̄;x0), where S̄ = cl(S).

iv) T (S1;x0) ⊂ T (S2;x0), if x0 ∈ S1 ⊂ S2.
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v) T
(
∪ki=1Si;x

0
)

= ∪ki=1T (Si;x
0). (There are no similar relations for the intersection

operation).

vi) T (S;x0) is always a closed cone, but not necessarily convex.

Theorem 1. Let x0 ∈ S ⊂ Rn and let S be a convex set; then it holds

T (S;x0) = cl(cone(S − x0)).

Here cone(S) is the convex cone generated by S, i. e.

cone(S) =

{
k∑
i=1

λix
i : xi ∈ S, λi = 0,

k∑
i=1

λi > 0, k ∈ N
}
.

This cone is the intersection of all convex cones that contain S.
If S ⊂ Rn is a nonempty set, we denote by S∗ the (negative) polar cone of S, given by

S∗ = {y ∈ Rn : yx 5 0, ∀x ∈ S} .

If S is empty, then S∗ is interpreted as the whole space Rn. Note that S∗ is a closed convex
cone; moreover, it holds

S∗ = (cl(S))∗.

One may also define the bipolar cone S∗∗ of S by the relation

S∗∗ = (S∗)∗.

It results S ⊂ S∗∗, but if S is a nonempty convex cone in Rn, it holds

S∗∗ = cl(S)

and if the convex cone S is also closed, then obviously it holds

S = S∗∗.

If S ⊂ Rn is a nonempty set, we denote by conv(S) the convex hull of S.

We consider the following nonlinear programming problem, with both equality and in-
equality constraints.

(P ) :


min f(x)
subject to: gi(x) 5 0, i ∈M ;

hj(x) = 0, j ∈ P,
where M = {1, ...,m} , P = {1, ..., p < n} , f : X ⊂ Rn −→ R, gi : X ⊂ Rn −→ R, i = 1, ...,m;
hj : X ⊂ Rn −→ R, j = 1, ..., p < n.
Every function f, gi, hj is assumed to be twice continuously differentiable on the open set X.
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With reference to (P ) we denote by K its feasible set:

K = {x ∈ Rn : gi(x) 5 0, ∀i ∈M ; hj(x) = 0, ∀j ∈ P} .

We assume K 6= ∅.
Let x0 ∈ K; the index set of active inequality constraints at x0 for (P ) is denoted by I(x0),

i. e.
I(x0) =

{
i ∈M : gi(x

0) = 0
}
.

We recall some basic definitions regarding a solution point x0 for (P ) (see, e. g., Giorgi
and Zuccotti (2008), Still and Streng (1996)).

Definition 3. Let x0 ∈ K; then the point x0 is:

a) A local minimum point for (P ) if there is a neighborhood U(x0) of x0 such that

f(x) = f(x0), ∀x ∈ K ∩ U(x0).

b) A strict local minimum point for (P ) if there is a neighborhood U(x0) of x0 such that

f(x) > f(x0), ∀x 6= x0, x ∈ K ∩ U(x0).

c) A strict local minimum point of order p for (P ), if there are a neighborhood U(x0)
and a constant k > 0 such that, for p ∈ N,

f(x) = f(x0) + k
∥∥x− x0

∥∥p , ∀x ∈ K ∩ U(x0).

If p = 1, the point x0 is more commonly called a strong local minimum point for (P ) or
also a sharp local minimum point (see, e. g., Shapiro and Al-Khayyal (1993); see also Ferris and
Mangasarian (1992), Burke and Ferris (1993), Ward (1994) who give a more general definition
than the one reported in the present paper). If p = 2, some authors speak of “quadratic growth
condition”.

d) An isolated local minimum point for (P ), if there is a neighborhood U(x0) such that
x0 is the unique local minimizer in U(x0) ∩K.

We observe that if x0 is a strict local minimum point of order p, then it is also a strict
local minimum point of order r for all r > p.

Moreover, it is clear that any strict local minimizer of order p is a strict local minimizer.
However, not every strict local minimizer is a strict local minimizer of order p for some p. For
example (see Ward (1994)), define f : [0,+∞) −→ R by

f(x) = x
1
x , for x > 0

f(0) = 0

and let K = [0,+∞) . Then x0 = 0 is a strict local minimizer that is not a strict local minimizer
of order p for any p.
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The concept of strict local minimum point of order p was studied by Cromme (1978) in
relation to iterative numerical methods, but was previously introduced by Hestenes (1966).

While strict local minimizers are not always isolated, it is true that all isolated local
minimizers are strict. For example, if we consider f(x) = 1, if x 6= 0 and f(0) = 0, we have
that 0 is a strict minimizer, but not an isolated local minimizer. A more elaborate function is
considered by Fletcher (1987):

f(x) = x2(1 + x2 + sin(
1

x
)), x 6= 0, f(0) = 0.

Here x0 = 0 is a strict local minimizer, but not isolated. For unconstrained minimization
problems, the usual second-order suffi cient conditions:

∇f(x0) = 0, y>∇2f(x0)y > 0, ∀y ∈ Rn, y 6= 0,

are suffi cient for x0 to be a strict and isolated local minimizer (see, e. g., Fletcher (1987)). This
is not the case for constrained minimization problems, for example for (P ). See further in the
present paper.

With reference to (P ) we now recall the well-known (first-order) Karush-Kuhn-Tucker
conditions.

Theorem 2. Suppose that x0 ∈ K is a local minimum point of (P ) and that an appropriate
constraint qualification holds at x0. Define the Kuhn-Tucker-Lagrange function associated with
(P ) as follows:

L(x, u, w) = f(x) +
m∑
i=1

uigi(x) +

p∑
j=1

wjhj(x).

Then the Karush-Kuhn-Tucker conditions (KKT) hold at x0, i. e. there exist multiplier
vectors u and w such that

(KKT ) :


∇xL(x0, u, w) = 0,
uigi(x

0) = 0, i = 1, ...,m,
ui = 0, i = 1, ...,m.

There are many constraint qualifications which suffi ce for Theorem 2 to hold; for a quite
recent up-to-date survey, under differentiability assumptions, see Giorgi (2018). Here we re-
call some constraint qualifications that will be used in the present paper. Other constraint
qualifications will be introduced subsequently.

Let x0 ∈ K.
(a) The Mangasarian-Fromovitz Constraint Qualification (MFCQ) holds at x0 if

(i) The vectors ∇hj(x0), j = 1, ..., p, are linearly independent;

(ii) There is z ∈ Rn such that
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∇gi(x0)z < 0, i ∈ I(x0),

∇hj(x0)z = 0, j = 1, ..., p.

Applying a theorem of the alternative (see, e. g., Mangasarian (1969)), the equivalent
dual form of (MFCQ) states that

• zero is the unique solution of the relation

∑
i∈I(x0)

ui∇gi(x0) +

p∑
j=1

wj∇hj(x0) = 0,

ui = 0, ∀i ∈ I(x0).

(b) The Linear Independence Constraint Qualification (LICQ) holds at x0 if the vectors

∇gi(x0), i ∈ I(x0); ∇hj(x0), j = 1, ..., p,

are linearly independent.

(c) The Strict Mangasarian-Fromovitz Constraint Qualification (SMFCQ) holds at x0

if, denoting by I+(x0, u) the set of strictly active inequality constraints at x0, i. e.

I+(x0, u) =
{
i ∈ I(x0) and there is (u,w) satisfying (KKT) with ui > 0

}
,

i) The gradients ∇gi(x0), i ∈ I+(x0, w); ∇hj(x0), j = 1, ..., p, are linearly independent.

ii) The system

∇gi(x0)z < 0, i ∈ I(x0)�I+(x0, u)

∇gi(x0)z = 0, i ∈ I+(x0, u)

∇hj(x0)z = 0, j = 1, ..., p,

has a solution z ∈ Rn.
(in Giorgi and Zuccotti (2008) there is a misprint: it is required the linear independence of

the vectors ∇gi(x0), i ∈ I(x0); ∇hj(x0), j = 1, ..., p, instead of ∇gi(x0), i ∈ I+(x0, w); ∇hj(x0),
j = 1, ..., p).

(d) The Constant Rank Condition (CRC) holds at x0 if for any subset L ⊂ I(x0) of
active constraints and N ⊂ P of equality constraints, the family

{∇gi(x), i ∈ L, ∇hj(x), j ∈ N}

remains of constant rank near the point x0.

Conditions (a)-(d) are well-known on the literature. In particular, condition (c) was intro-
duced by Kyparisis (1985) who has shown that this condition is both necessary and suffi cient
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to have uniqueness of multiplier vectors in (KKT) conditions. In other words, we have the
following implications:

(LICQ) =⇒ (SMFCQ) ⇐⇒ {uniqueness of (KKT) multipliers} =⇒ (MFCQ).

Note that, however, the (SMFCQ) condition is not properly a constraint qualification,
as it involves the multiplier vectors in its definition. Usually, these multiplier vectors depend
also from the objective function f ; see, e. g., Wacksmuth (2013). Perhaps it is better to call
(SMFCQ) a “regularity condition”.

The (CRC) condition was introduced by Janin (1984) and was used by Andreani, Echagüe
and Schuverdt (2010) in obtaining second-order optimality conditions. Clearly, (LICQ) implies
(CRC). Linearity of the constraints also implies (CRC). The (CRC) condition is neither weaker
nor stronger than (MFCQ). (CRC) is indeed a first-order constraint qualification, in the sense
that if x0 ∈ K is a local minimizer of (P ) and (CRC) holds, then (KKT) conditions hold.
Note also that unlike (MFCQ), if (CRC) holds at x0 ∈ K, it will continue to hold if any of
the equality constraints hj(x) = 0 were to be replaced by the two inequalities hj(x) 5 0 and
−hj(x) 5 0. (MFCQ) and (CRC) conditions are related, however, in the following sense: it
can be shown that under (CRC) there exists an alternative representation of the feasible set
for which (MFCQ) holds; see Lu (2011, 2012), Giorgi (2018).

Another well-known (first-order) necessary optimality condition for (P ) is expressed by
the following result, originally due to Fritz John (1948).

Theorem 3. Suppose that x0 ∈ K is a local minimum of (P ) and define the Fritz John-
Lagrange function associated to (P ) as follows:

L1(x, u0, u, w) = u0f(x) +
n∑
i=1

uigi(x) +

p∑
j=1

wjhj(x).

Then the Fritz John conditions (FJ) hold at x0, i. e. there exist multiplier vectors (u0, u)
and w, not simultaneously zero, such that

(FJ) :


∇xL1(x0, u0, u, w) = 0,
uigi(x

0) = 0, i = 1, ...,m,
u0 = 0, ui = 0, i = 1, ...,m.

Remark 1. If we assume that the gradients ∇hj(x0), j = 1, ..., p, are linearly independent,
it is possible to reformulate the (FJ) conditions in a more stringent form (see Still and Streng
(1996)): there exist multiplier vectors (u0, u) = 0, not identically zero, and w, such that the
(FJ) conditions hold.

The set of multipliers (u0, u, w) satisfying at x0 ∈ K the (FJ) conditions (set of Fritz John
multipliers or generalized Lagrange multipliers) is denoted by Λ0(x0). The set of multipliers
(u,w) satisfying at x0 ∈ K the (KKT) conditions (set of Karush-Kuhn-Tucker multipliers) is

8



denoted by Λ(x0). In other words Λ(x0) =
{

(u,w) ∈ Rm+ × Rp : (1, u, w) ∈ Λ0(x0)
}
. We have

the following propositions (see Bonnans and Shapiro (2000), Gauvin (1977), Kyparisis (1985)).

Theorem 4. Let x0 ∈ K be a local solution of (P ). Then Λ0(x0) is nonempty and the
following conditions are equivalent:

1) The (MFCQ) condition holds at x0.

2) The set Λ0(x0), where u0 = 0, is empty.

3) The set Λ0(x0) = Λ(x0) is convex and compact.

Theorem 5. Let x0 ∈ K be a local solution of (P ). Then the following conditions are
equivalent:

i) The (SMFCQ) condition holds at x0.

ii) The set Λ(x0) is a singleton.

2. Second-Order Necessary Optimality Conditions
With reference to problem (P ) let us define the so-called critical cone or cone of critical

directions Z(x0), where x0 ∈ K :

Z(x0) =


z ∈ Rn : ∇gi(x0)z = 0, i ∈ I+(x0u),
∇gi(x0)z 5 0, i ∈ I(x0)�I+(x0, u),
∇hj(x0)z = 0, j = 1, ..., p.


The next theorem states the classical second-order necessary conditions (SONC) for local

optimality of problem (P ). These conditions are essentially due to McCormick (1967, 1976,
1983). See also Fiacco and McCormick (1968a).

Theorem 6. Suppose tnat x0 ∈ K is a local solution of (P ) and that the (LICQ) condition
holds at x0. Then, the (KKT) conditions hold at x0 with associated unique multiplier vectors
u and w, and the additional Second-Order Necessary Conditions (SONC) hold at x0 :

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z(x0).

In the literature another description of the cone Z(x0) often appears; it is the cone (again
called “critical cone”):

C(x0) =


z ∈ Rn : ∇f(x0)z = 0,
∇gi(x0)z 5 0, i ∈ I(x0),
∇hj(x0)z = 0, j = 1, ..., p.


It can be proved that, under the validity of the (KKT) conditions at x0 ∈ K, the two cones

C(x0) and Z(x0) coincide (in Han and Mangasarian (1979) there are some minor inaccuracies).

Theorem 7. Let x0 ∈ K verify the (KKT) conditions. Then

C(x0) = Z(x0).
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Proof. We first show that C(x0) ⊂ Z(x0). Let z ∈ C(x0); clearly we only need to show that
for i ∈ I+(x0, u) we have ∇gi(x0)z = 0. By (KKT) we have that

∇f(x0)z +
∑
i∈I(x0)

ui∇gi(x0)z +

p∑
j=1

wj∇hj(x0)z = 0.

Because ∇hj(x0)z = 0, j = 1, ..., p and ui = 0 for i ∈ I(x0)�I+(x0u), we have

∇f(x0)z +
∑

i∈I+(x0,u)

ui∇gi(x0)z = 0.

Because ∇f(x0)z = 0, and every ui > 0 for all i ∈ I+(x0, u), we have

∇gi(x0)z = 0, i ∈ I+(x0, u).

Now we prove that Z(x0) ⊂ C(x0). Let z be any point in Z(x0). It suffi ces to show that
∇f(x0)z = 0. As before we have

∇f(x0)z +
∑
i∈I(x0)

ui∇gi(x0)z +

p∑
j=1

wj∇hj(x0)z = 0.

Clearly ∇f(x0)z = 0 because all the other terms are zero. �
The (SONC) expressed in Theorem 6 are called by some authors “strong second-order

necessary optimality conditions”for (P ). Note (see Kyparisis (1985)) that the (LICQ) can be
substituted by the weaker (SMFCQ), but not by the (MFCQ): in other words, (MFCQ) is not
a second-order constraint qualification, which assures the validity of Theorem 6. This has been
remarked by Arutyunov (1991), Anitescu (2000), Baccari (2004).

Remark 2. For an algorithmic point of view, another set taken into consideration to formu-
late (SONC) is the following one.

Z1(x0) =
{
z ∈ Rn : ∇gi(x0)z = 0, i ∈ I(x0); ∇hj(x0)z = 0, j = 1, ..., p,

}
called critical subspace or also weak critical cone at x0 ∈ K. See, e. g., McCormick (1967, 1976,
1983), Fiacco and McCormick (1968a). Being Z1(x0) ⊂ Z(x0), the following result is obvious.

Corollary 1. Assume as in Theorem 6. Then, an additional (SONC) for x0 is:

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z1(x0).

The (SONC) of Corollary 1 are sometimes called weak second-order necessary optimality
conditions for (P ). However, we prefer to use this denomination for the second-order con-
ditions with non-fixed multipliers (u0, u, w), introduced by Hettich and Jongen (1977) and

10



Ben-Tal (1980). See further in the present Section. We propose for the condition of Corollary
1 the denomination “classical strong second-order necessary optimality condition”or (follow-
ing Ruszczynski (2006)) “semi-strong second-order necessary optimality condition”. We call
the reader’s attention to the fact that there is not uniformity of denominations in the litera-
ture about second-order optimality conditions. See, e. g., Guo, Lin and Ye (2013) for other
classifications.

It must be noted that the (less sharp) conditions of Corollary 1 can be tested by matrix
techniques: indeed we have to test the sign of a quadratic form subject to a system of homo-
geneous linear equations. It is well-known that there are necessary and suffi cient algorithms to
check the sign of this type of constrained quadratic forms. See, e. g., Chabrillac and Crouzeix
(1984), Debreu (1952), Giorgi (2017). See also McCormick (1983, page 222) for other consider-
ations. If in the (KKT) conditions we have ui > 0, ∀i ∈ I(x0), i. e. the Strict Complementarity
Slackness Conditions hold at x0, then obviously Z(x0) = Z1(x0).

Remark 3. With reference to problem (P ) it is not true the conjecture that if x0 ∈ K is a
local minimizer, then the Hessian matrix ∇2f(x0) is positive semidefinite. Consider, e. g., the
following example, where x ∈ R2.

min {−(x1 + 1)2 − (x2)2}
subject to: (x1)2 + (x2)2 5 1.

The optimal point is x0 = (1, 0), but ∇2f(x0) is not positive semidefinite.
Another false conjecture is the following one: if x0 ∈ K is a local minimizer for (P ), then

the Hessian matrix of the Lagrangian ∇xL(x0u,w) is positive semidefinite. Consider, e. g., the
following example, where x ∈ R2.

min {−(x1)2 + (x2)2}

subject to:
{

x1 5 1
−x2 5 0.

The optimal point is x0 = (1, 0) but ∇xL(x0u,w) is not positive semidefinite.

We have remarked that (MFCQ) does not assure the validity of Theorem 6. How is it
possible, under (MFCQ) or any first-order constraint qualification, to obtain some second-order
necessary optimality conditions for (P )? In order to give a first answer to this question we need
a preliminary result.

Let us consider a minimization problem with an abstract constraint (or set constraint):

(P1) : min f(x)
x∈S

where f : Rn −→ R is twice continuously differentiable on an open set containing the set
S ⊂ Rn, on which no particular topological property is a priori made (it may be closed, neither
closed nor open, etc). We recall (see, e. g., Bazaraa and Shetty (1976), Giorgi, Guerraggio
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and Thierfelder (2004), Gould and Tolle (1971)) that a basic first-order necessary optimality
criterion for (P1) is the following one.

Theorem 8. Let x0 ∈ S be a local minimum point for (P1); then we have

∇f(x0)y = 0, ∀y ∈ T (S;x0).

A second-order necessary optimality condition for (P1) is given by the following result.

Theorem 9. Let x0 ∈ S be a local solution of (P1). Let ∇f(x0) = 0. Then it holds

y>∇2f(x0)y = 0, ∀y ∈ T (S;x0).

Proof. Let y 6= 0 be any vector of T (S;x0). Without loss of generality let ‖y‖ = 1; then it
exists a feasible sequence

{
xk
}
⊂ S, with xk

y−→ x0. Being x0 a local minimum point of (P1),
the quotients

f(xk)− f(x0)

‖xk − x0‖2 =
1
2
(xk − x0)>∇2f(x0)(xk − x0) + o(

∥∥xk − x0
∥∥2

)

‖xk − x0‖2

for k ∈ N large enough, are nonnegative and convergent to 1
2
y>∇2f(x0)y. The thesis is therefore

proved. �
Remark 4. If x0 ∈ int(S), surely it holds ∇f(x0) = 0 and being in this case T (S;x0) = Rn,
Theorem 9 recovers the classical second-order necessary optimality conditions for an uncon-
strained optimization problem. It is possible to prove a weaker version of Theorem 9:

y ∈ T (S;x0), ∇f(x0)y = 0 =⇒ y>∇2f(x0)y = 0,

if S is a convex polyhedral set.
Let us now consider the problem with both inequality and equality constraints, i. e.

problem (P ). Let x0 be a local minimum point for (P ) and let some constraint qualification be
satisfied at x0 (for example the (MFCQ) or the Guignard-Gould-Tolle CQ, which is the most
general CQ; see Gould and Tolle (1971), Giorgi (2018)). Then, at x0 the (KKT) conditions
hold. Let be

K1 =
{
x ∈ K : gi(x) = 0, ∀i ∈ I+(x0, u)

}
,

where
I+(x0, u) =

{
i ∈ I(x0) : ui > 0

}
⊂ I(x0).

We recall that L(x, u, w) is the usual Lagrangian function for (P ) :

L(x, u, w) = f(x) + ug(x) + wh(x), u = 0.

Thanks to the complementarity slackness conditions we have

L(x, u, w) = f(x), ∀x ∈ K1.
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As x0 is a local solution of (P ), the same point is also a local solution of the problem

min
x∈K1

L(x, u, w) = f(x).

But, thanks to the Karush-Kuhn-Tucker conditions, it holds ∇xL(x0, u, w) = 0. Applying
Theorem 9, we have the following result.

Theorem 10. Let x0 ∈ K be a local solution of (P ) and let (x0, u, w) be a triplet satisfying
the related Karush-Kuhn-Tucker conditions. Then we have

y>∇2
xL(x0, u, w)y = 0, ∀y ∈ T (K1;x0).

Theorem 10 may be viewed as a relaxed version of Theorem 6, as it holds under any
first-order constraint qualification. On the other hand, it is not diffi cult to prove that it holds

T (K1;x0) ⊂ Z(x0).

Obviously, if it holds
T (K1;x0) = Z(x0) (1)

we get just the thesis of Theorem 6. A suffi cient condition to have (1) is (LICQ), as shown by
Theorem 6, but a more general suffi cient condition is (SMFCQ). We recall that (SMFCQ) is
also a first-order constraint qualification and that it holds

(LICQ) =⇒ (SMFCQ) =⇒ (MFCQ).

Hence, similarly to the (LICQ) condition, the (SMFCQ) condition is both a first-order
and a second-order constraint qualification for the strong second-order necessary optimality
conditions. This was observed also by Kyparisis (1985). We have already recalled that (MFCQ)
has not the said properties. Theorem 10 appears also in the book of Forst and Hoffmann (2010)
and in the book of Güler (2010).

Theorem 11. Let x0 be a local minimum for (P ) and let the (SMFCQ) condition be satisfied
at x0. Then, in addition to the (KKT) conditions, it holds

T (K1;x0) = Z(x0).

Proof. We give only a suggestion of the proof and leave the details to the willing reader.
First we note that the “linearizing cone”of K1 is just the cone Z(x0). Then there is only to fit
to the present case the proof of the implication

(MFCQ) =⇒ (Abadie CQ).

See, e. g., Bazaraa and Shetty (1976), Bomze (2016), Giorgi (2018). �
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Other conditions assuring that the strong second-order necessary optimality conditions
hold for (P ) are:

• All constraints functions g and h are affi ne.

• The objective function f and the constraints gi, i ∈ M, are convex, the constraints hj,
j ∈ P, are affi ne and x̄ ∈ K satisfies the Slater constraint qualification. See, e. g., Bazaraa,
Sherali and Shetty (2006), Bonnans and Shapiro (2000).

Another way to obtain strong second-order necessary optimality conditions for (P ), with
the use of any first-order constraint qualification (and hence also of (MFCQ)) is presented by
McCormick (1967) in his pioneering paper on second-order optimality conditions for a math-
ematical programming problem. This author makes use of an appropriate “second-order con-
straint qualification”. This approach is presented also by Fiacco and McCormick (1968a) and
by Luenberger and Ye (2008). All these authors make reference to the cone Z1(x0), whereas
McCormick (1976) makes reference to the larger cone Z(x0). We recall that the two cones co-
incide when the Strict Complementarity Slackness Condition holds at x0, i. e. it holds ui > 0
for every i ∈ I(x0), in the (KKT) conditions.

• The McCormick Second-Order Constraint Qualification holds at x0 ∈ K if for all z ∈
Z(x0), z is the tangent of a twice differentiable arc α(θ) where for some θ1 > 0,

gi(α(θ)) = 0, for θ ∈ [0, θ1] , ∀i ∈ I+(x0, u);

gi(α(θ)) 5 0, for θ ∈ [0, θ1] , ∀i ∈ I(x0)�I+(x0, u);

hj(α(θ)) = 0, for θ ∈ [0, θ1] , ∀j = 1, ..., p.

We have the following result.

Theorem 12 (McCormick). Let x0 ∈ K be a local solution of (P ) and suppose that there
exist vectors u ∈ Rm and w ∈ Rp such that the Karush-Kuhn-Tucker conditions are satisfied
at x0. Further, suppose that the McCormick Second-Order CQ holds at x0. Then we have

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z(x0).

It can be proved that the (LICQ) condition implies the McCormick CQ (the same is true
for (SMFCQ)). So, also for this approach, the (LICQ) and the (SMFCQ) conditions are both
a first-order CQ and a second-order CQ. However, the (MFCQ) condition does not imply the
McCormick Second-Order CQ. Fiacco and McCormick (1968a) remark that the Kuhn-Tucker
(first-order) constraint qualification does not imply the McCormick Second-Order CQ.. Also
the viceversa does not hold: see Giorgi (2018). Finally, we remark that if g and h are linear
affi ne functions, the McCormick Second-Order CQ is automatically satisfied.

Another approach to obtain second-order necessary conditions in terms of Fritz John
conditions (therefore without any constraint qualification) and in terms of the contingent cone
is presented (as a generalization of a result of Hestenes (1966)) in an unpublished paper by
Fiacco and McCormick (1968b). This result has been subsequently considered by McCormick
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(1976, 1983) and by Bector, Chandra and Dutta (2005), who, however, make some unnecessary
assumptions. See also Giorgi and Zuccotti (2008). We recall that the cone K1 has been defined
as:

K1 =
{
x ∈ K : gi(x) = 0, ∀i ∈ I+(x0, u)

}
where I+(x0, u) = {i ∈ I(x0) : ui > 0} .

Theorem 13. Let x0 ∈ K be a local minimum point for (P ). Then, in addition to the Fritz
John conditions for (P ), i. e. there exist multipliers u0, ui, i = 1, ...,m; wj, j = 1, ..., p, not all
zero, such that

∇xL1(x0, u0, u, w) = 0;

uigi(x
0) = 0, i = 1, ...,m;

u0 = 0, ui = 0, i = 1, ...,m,

where

L1(x, u0, u, w) = u0f(x) +
m∑
i=1

uigi(x) +

p∑
j=1

wjhj(x),

one has
z>∇2

xL1(x0, u0, u, w)z = 0, ∀z ∈ T (K1;x0).

The reader will note the differences and the similarities between the previous result and
the one of Theorem 10. As McCormick himself (McCormick (1976, 1983)) remarks, Theorem
13 is limited in applications, since the multiplier u0 might be equal to zero (the usual handicap
of the Fritz John conditions!) and, above all, since it would be extremely diffi cult to valuate
the contingent cone T (K1;x0). This is true obviously also for Theorem 10 and for all the other
results where the contingent cone appears.

When the McCormick Second-Order Constraint Qualification holds, it can be shown that
the cone T (K1;x0) and the critical cone Z(x0) are the same. If (LICQ) or also (SMFCQ) holds
at x0, then not only

T (K1;x0) = Z(x0) = C(x0),

but we can also choose u0 = 1 in the (FJ) conditions.

Another approach to get second-order necessary optimality conditions for (P ) has been
extensively considered by Ben-Tal (1980) but, prior to Ben-Tal, also by Hettich and Jongen
(1977). This approach leads to what we may call weak second-order necessary optimality con-
ditions for (P ). In all previous conditions the multipliers (u,w) of the (KKT) conditions or
the multipliers (u0, u, w) of the Fritz John conditions were considered fixed, for every vector
of critical directions or belonging to the contingent cone T (K1;x0). The Ben-Tal approach
does not guarantee that the same multiplier vectors can be taken such that the corresponding
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second-order necessary optimality conditions are satisfied. Usually, under the said approach,
the following cone is considered:

C1(x0) =


z ∈ Rn : ∇f(x0)z 5 0;
∇gi(x0)z 5 0, i ∈ I(x0);
∇hj(x0)z = 0, j = 1, ..., p.


We may call C1(x0) the extended critical cone. Again we point out that there are not

standard denominations in the literature: for example, Andreani, Behling, Haeser and Silva
(2017) call C1(x0) strong critical cone at x0 and call C(x0) weak critical cone at x0.

Between C(x0) and C1(x0), besides the obvious fact that it holds C(x0) ⊂ C1(x0), there
are the relationships specified in the following result (see Giorgi and Zuccotti (2008), Hettich
and Jongen (1977)).

Theorem 14. Let x0 be a local minimum point for (P ). Then there exist numbers u0, ui
(i = 1, ...,m), and wj (j = 1, ..., p), not all zero, such that the (FJ) conditions are satisfied at
x0. Moreover, u0 > 0 if and only if C(x0) = C1(x0).

We give first the weak second-order necessary optimality conditions in terms of the (FJ)
conditions, therefore without any constraint qualification.

Theorem 15. Let x0 ∈ K be a local minimum point for (P ); then for every z ∈ C1(x0),
there exist multipliers (u0, u, w) with (u0, u) = 0 and u0, u, w not all zero, such that the (FJ)
conditions hold and

z>∇2
xL1(x0, u0, u, w)z = 0.

Moreover, if C1(x0) 6= C(x0), u0 is always equal to zero.

See, e. g., Hettich and Jongen (1977), Ben-Tal (1980), Still and Streng (1996), Bonnans
and Shapiro (2000). We draw the reader’s attention to the different structure of Theorem
15 with respect to the strong second-order necessary optimality conditions. In Theorem 15
the multipliers (u0, u, w) appearing in the Lagrangian function of the quadratic form are not
required to be fixed. Hettich and Jongen (1977) and Ben-Tal (1980) provide examples where
there exist no fixed multipliers for any critical direction. The conditions of Theorem 15 can be
written also as

sup
(u0,u,w)∈Λ0(x0)

z>∇2
xL1(x0, u0, u, w)z = 0, ∀z ∈ C1(x0).

Remark 5. A consequence of Theorem 15 is the validity of the following relation:

ui∇gi(x0)z = 0, i = 1, ...,m, z ∈ C1(x0).

Indeed, if we multiply the two members of the first Fritz John relation by z ∈ C1(x0) we
obtain

u0∇f(x0)z +
m∑
i=1

ui∇gi(x0)z +

p∑
j=1

wj∇hj(x0)z = 0.
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If u0 = 0 obviously we have u0∇f(x0)z = 0 and the same is true if u0 > 0, as in this case
C1(x0) = C(x0). On the other hand, we have always

p∑
j=1

wj∇hj(x0)z = 0,

being z ∈ C1(x0). Hence it will hold

m∑
i=1

ui∇gi(x0)z = 0, z ∈ C1(x0),

but, being ui = 0, ∀i = 1, ...,m, ui = 0 for i /∈ I(x0), and ∇gi(x0)z 5 0, ∀i ∈ I(x0), we get

ui∇gi(x0)z = 0, i = 1, ...,m.

The usual drawback of Theorem 15 is that the first multiplier u0 can be zero. As already
remarked, the Mangasarian-Fromovitz constraint qualification does not assure strong second-
order necessary optimality conditions, however, (MFCQ) assures the validity of Theorem 15,
with u0 > 0.

Theorem 16. Assume that x0 ∈ K is a local minimum point for (P ) that satisfies the
(MFCQ) condition. Then Λ(x0) is nonempty, convex and compact. We have that for every
z ∈ C(x0) there exist multipliers (u,w) ∈ Λ(x0) such that

z>∇2
xL(x0, u, w)z = 0,

i. e. (being Λ(x0) compact)

max
(u,w)∈Λ(x0)

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ C(x0).

See, e. g., Ben-Tal (1980), Still and Streng (1996).
Baccari (2004) and Baccari and Trad (2004) give some suffi cient conditions for the (MFCQ)

to assure strong second-order necessary optimality conditions. A constraint qualification im-
plied by (MFCQ) and therefore weaker than (MFCQ) but which assures the thesis of Theorem
16, is provided by Ben-Tal (1980). See also Still and Streng (1996).

Definition 4. (Ben-Tal Second-Order Constraint Qualification). Let x0 ∈ K.We say
that at x0 the Ben-Tal SOCQ is fulfilled if:

(i) ∇hj(x0), ∀j ∈ P, are linearly independent.
(ii) There exists a vector z ∈ Rn, z 6= 0, such that for any nonzero vector y ∈ L(x0), where

L(x0) =
{
y ∈ Rn : ∇gi(x0)y 5 0, i ∈ I(x0); ∇hj(x0)y = 0, j = 1, ..., p

}
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is the linearizing cone at x0, it holds

y>∇2
xgi(x

0)y +∇gi(x0)z < 0, ∀i ∈ I∗(x0, y);

y>∇2
xhj(x

0)y +∇hj(x0)z = 0, ∀j ∈ P,

where
I∗(x0, y) =

{
i ∈ I(x0) : ∇gi(x0)y = 0, y ∈ L(x0)

}
.

Remark 6. It holds, as already observed,

(MFCQ) =⇒ (Ben-Tal SOCQ).

The converse does not hold. Moreover, the Ben-Tal SOCQ is also a first-order constraint
qualification. In other words, under this constraint qualification the Fritz John conditions hold
at a local optimal point x0 for (P ) with u0 > 0, i. e. u0 = 1.

Theorem 17. Suppose that at x0 ∈ K, local minimum point for (P ), with L(x0) 6= {0} , the
Ben-Tal SOCQ is satisfied. Then at x0 the (KKT) conditions hold and in addition the weak
second-order necessary optimality conditions of Theorem 16 hold.

Another constraint qualification, introduced by Janin (1984) as a first-order constraint
qualification useful in the study of sensitivity and stability properties of a nonlinear program-
ming problem, is the Constant Rank Condition (CRC). This constraint qualification was recog-
nized by Andreani, Echagüe and Schuverdt (2010) to be also a second-order constraint qualifi-
cation. Indeed, these authors obtain, under (CRC), a strong second-order necessary optimality
condition for (P ).

Theorem 18. Let x0 ∈ K be a local solution for (P ) and let the (CRC) constraint qualifi-
cation be satisfied at x0. Then Λ(x0) 6= ∅ and for every pair (u,w) ∈ Λ(x0) it holds

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ C(x0).

We recall that in the previous result it holds C(x0) = Z(x0). In the same paper the above
authors establish another strong second-order optimality condition under the Weak Constant
Rank Condition.

Definition 5. Let x0 ∈ K; we say that at x0 the Weak Constant Rank Condition (WCRC)
holds if there is a neighborhood U of x0 such that the set{

∇gi(x), i ∈ I(x0)
}
∪ {∇hj(x), j = 1, ..., p}

has the same rank for all x ∈ U.
Andreani, Martinez and Schuverdt (2007) prove that (WCRC) is not a first-order constraint

qualification. The same authors prove the following result.
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Theorem 19. Let x0 ∈ K be a local solution for (P ) and let Λ(x0) 6= ∅ (i. e. at x0

the (KKT) conditions are satisfied). Let (WCRC) be satisfied at x0. Then, for every pair
(u,w) ∈ Λ(x0) it holds

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z1(x0). (2)

Hence, any constraint qualification that ensures Λ(x0) 6= ∅ in combination with (WCRC),
guarantees that (2) holds at a local minimizer x0 of (P ). Minchenko and Stakhovski (2011)
proved that under the Relaxed Constant Rank Constraint Qualification (RCRCQ) we have
both Λ(x0) 6= ∅ and the validity of (WCRC):
• The (RCRCQ) condition holds at x0 ∈ K if there exists a neighborhood U of x0 such that
for every index set I ⊂ I(x0), the set

{∇gi(x), i ∈ I} ∪ {∇hj(x), j = 1, ..., p}

has the same rank for all x ∈ U.

3. Other Approaches to Second-Order Necessary Conditions
Under Various Constraint Qualifications and Assumptions
In the present section we consider some other approaches to second-order necessary

optimality conditions, under various constraint qualifications and assumptions different from
the ones previously considered.
A) Except for the McCormick second-order constraint qualification and the Ben-Tal second-
order constraint qualification, all constraint qualifications and regularity conditions seen previ-
ously involve only first-order derivatives. Several authors (e. g. Aghezzaf and Hachimi (1999),
Bigi and Castellani (2000), Cambini, Martein and Vlach (1999), Bonnans and Shapiro (2000),
Bonnans, Cominetti and Shapiro (1999), Cominetti (1990), Constantin (2006, 2016), Di (1996),
Castellani and Pappalardo (1996), He and Sun (2011), Jiménez and Novo (2003, 2004), Giorgi,
Jiménez and Novo (2010), Penot (1994, 1998, 2000), Ward (1993)) introduce second-order ana-
logues of the said definitions and concepts, in order to obtain second-order optimality conditions
under general assumptions. We have seen the definition of Bouligand tangent cone or contin-
gent cone T (S;x0) to a set S ⊂ Rn at x0 ∈ S (or also at x0 ∈ cl(S)), as a first-order local cone
approximation of S at x0. The following well-known second-order approximation of a set is a
true second-order extension of the contingent cone.

Definition 6. Let S ⊂ Rn. The second-order contingent set of S at x0 ∈ cl(S) in the direction
v ∈ Rn is the set

T 2(S;x0; v) =

{
w ∈ Rn : ∃tn −→ 0+, ∃wn −→ w such that x0 + tnv +

1

2
t2nw

n ∈ S
}
.

This set can be equivalently described as follows:

T 2(S;x0; v) =

{
w ∈ Rn : ∀δ > 0, ∃t ∈ (0, δ), ∃w′ ∈ N(w, δ) such that x0 + tv +

1

2
t2w′ ∈ S

}
;
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T 2(S;x0; v) =

{
w ∈ Rn : ∃xn ∈ S, ∃tn −→ 0+ such that xn = x0 + tnv +

1

2
t2nw + o(t2n)

}
,

where o(t2n) is a vector satisfying (‖o(t2n)‖�t2n) −→ 0;

T 2(S;x0; v) = lim sup
t−→0+

S − x0 − tv
1
2
t2

.

In the last expression the limit is intended in the Kuratowski sense (see Aubin and
Frankowska (1990)).

We note that when v = 0 the second-order contingent set collapses into the contingent
cone T (S;x0). It is worth stressing that in general the second-order contingent set is not a cone
and that it does not preserve convexity. Furthermore, it is easy to show that T 2(S;x0; v) = ∅
when v /∈ T (S;x0), but the viceversa does not hold. Therefore, the second-order contingent set
may be empty even if the direction v is chosen in the contingent cone. Therefore we assume
T 2(S;x0; v) 6= ∅.

The set T 2(S;x0; v) however preserves some properties of the contingent cone: for instance,
it is closed and is isotone, i. e. if S1 ⊂ S2 and x0 ∈ cl(S1), then T 2(S1;x0; v) ⊂ T 2(S2;x0; v). If
S is a polyhedral set, then we have

T 2(S;x0; v) = T (T (S;x0); v),

therefore in this case T 2(S;x0; v) is a convex cone (see Ruszczynski (2006)).
A first result concerning second-order necessary conditions in terms of T 2(S;x0; v) takes

into consideration problem (P1) :

(P1) : min
x∈S

f(x).

This result is due to Penot (1994); for the reader’s convenience we give its proof, as it is
quite simple.

Theorem 20. Assume that x0 is a local solution of (P1). Then, for every v ∈ T (S;x0) such
that ∇f(x0)v = 0, we have

∇f(x0)w + v>∇2f(x0)v = 0, ∀w ∈ T 2(S;x0; v).

Proof. Let v ∈ T (S;x0) with ∇f(x0)v = 0 and w ∈ T 2(S;x0; v). By the definition of
T 2(S;x0; v), there are sequences {xn} ⊂ S and tn −→ 0+ such that xn = x0 +tnv+ 1

2
t2nw+o(t2n),

hence the Taylor expansion yields

f(xn) = f(x0) + tn∇f(x0)v +
1

2
t2n(∇f(x0)w + v>∇2f(x0)v) + o(t2n).

The result follows dividing by t2n and taking the limit for n −→ +∞, as xn −→ x0,
o(t2n)�t2n −→ 0, ∇f(x0)v = 0 and f(x0) 5 f(xn) for suffi ciently large n. �
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In order to obtain a similar statement for problem (P ), we define the second-order lin-
earizing set of K at x0 ∈ K in the direction v :

L2(x0; v) =

{
w ∈ Rn : ∇gi(x0)w + v>∇2gi(x

0)v 5 0, ∀i ∈ I∗(x0; v);
∇hj(x0)w + v>∇2hj(x

0)v = 0, j = 1, ..., p

}
,

where, if I(x0) 6= ∅, I∗(x0; v) = {i ∈ I(x0) : ∇gi(x0)v = 0} .
Following some authors (e. g. Jiménez and Novo (2003, 2004), Bigi and Castellani

(2000), Kawasaki (1988), Aghezzaf and Hachimi (1999)), we introduce for (P ) some constraint
qualifications in terms of the definitions previously given. Let K be nonempty, x0 ∈ K, v ∈
L(x0). We recall that L(x0) is the linearizing cone of K at x0 :

L(x0) =
{
v ∈ Rn : ∇gi(x0)v 5 0, i ∈ I(x0); ∇hj(x0)v = 0, j = 1, ..., p

}
.

Then:

(1) The pair (x0; v) satisfies the second-order linear independence constraint qualification
(SOLICQ) if the vectors{

∇gi(x0), i ∈ I∗(x0; v), ∇hj(x0), j = 1, ..., p
}

are linearly independent.

(2) The second-order Mangasarian-Fromovitz constraint qualification or second-order Ben-
Tal constraint qualification is satisfied at x0 if

(i) The vectors {∇hj(x0), j = 1, ..., p} are linearly independent;
(ii) It holds L2

<(x0; v) 6= ∅, where

L2
<(x0; v) =

{
w ∈ Rn : ∇gi(x0)w + v>∇2gi(x

0)v < 0, ∀i ∈ I∗(x0; v);
∇hj(x0)w + v>∇2hj(x

0)v = 0, j = 1, ..., p

}
.

(We have previously already considered the definition of second-order Ben-Tal CQ).

(3) The second-order Abadie constraint qualification holds at x0 in the direction v ∈ L(x0)
if

T 2(K;x0; v) = L2(x0; v) 6= ∅.

Theorem 21.
(i) Let x0 ∈ K and v ∈ L(x0). It holds at (x0, v), ∀v ∈ L(x0) :

a) (First-order LICQ) =⇒ (SOLICQ).

b) (First-order MFCQ) =⇒ (Second-order MFCQ).

c) (SOLICQ) =⇒ (Second-order MFCQ) =⇒ (Second-order Abadie CQ).

(ii) Let x0 ∈ K. If T 2(K;x0; v) 6= ∅, ∀v ∈ L(x0), then

L(x0) = T (K;x0),
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i. e. the first-order Abadie constraint qualification holds. (Recall that if T 2(K;x0; v) 6= ∅,
then v ∈ T (K;x0)).

Proof. See Giorgi (2019).
The following result can be found, e. g., in Bigi and Castellani (2000), referred to a vector

optimization problem.

Theorem 22. Let us suppose that the second-order Abadie CQ holds for every vector
v ∈ C(x0) = Z(x0). If x0 ∈ K is a local solution of (P ), then for each vector v ∈ C(x0) there
exist multiplier vectors u ∈ Rm+ and w ∈ Rp such that the Karush-Kuhn-Tucker conditions are
satisfied at x0 and moreover the weak second-order necessary conditions hold at x0 :

v>∇2
xL(x0, u, v)v = 0.

Bigi and Castellani (2000) remark that the assumptions of Theorem 22 can be weakened by
requiring that the second-order Abadie CQ holds only for some directions v ∈ C(x0). Obviously,
in this case the second-order optimality conditions will hold only for those directions.
We note moreover, that in fact the assumptions of Theorem 22 can be further weakened

by assuming the second-order Gould-Tolle-Guignard constraint qualification, i. e. for each
v ∈ L(x0) it holds

(T 2(K;x0; v))∗ = (L2(x0, v))∗.

We note finally that the second-order versions of the Abadie CQ and of the Gould-Tolle-
Guignard CQ are in fact stronger than their first-order counterparts; this is not true for the
second-order Mangasarian-Fromovitz CQ with respect to the first-order Mangasarian-Fromovitz
CQ. For other considerations on the results of Theorem 22 (referred to a vector optimization
problem) see the paper of Kim and Tuyen (2018) where an error of Rizvi and Nasser (2006) is
corrected.

Remark 7. A similar approach has been adopted in a pioneering paper of Kawasaki (1988a),
where the lexicographic order is used:
• for any two-dimensional vectors p = (p, p2)> and q = (q1, q2)> the notation p 5lex q means
that p1 < q1 holds or p1 = q1 and p2 5 q2 hold. Similarly, p <lex q means that p1 < q1 holds or
p1 = q1 and p2 < q2 hold.
Some authors (Penot (1998, 2000), Cambini, Martein and Vlach (1999)) have introduced

another local second-order approximation of a set S ⊂ Rn, the so-called asymptotic second-order
tangent cone to S at (x0, v) :

T ′′(S;x0; v) =

{
w ∈ Rn : ∃(tn, rn) −→ (0+, 0+), ∃wn −→ w such that tn

rn
−→ 0

and x0 + tnv + 1
2
tnrnwn ∈ S, ∀n ∈ N

}
.

See also Jiménez and Novo (2004) and Giorgi, Jiménez and Novo (2010). This cone can
be equivalently defined as:

T ′′(S;x0; v) =

{
w ∈ Rn : ∃(tn, rn) −→ (0+, 0+), ∃wn −→ w such that tn

rn
−→ 0

and x0 + tnv + 1
2
t2nr
−1
n wn ∈ S, ∀n ∈ N

}
.
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T ′′(S;x0; v) =

{
w ∈ Rn : ∃(αn, βn) −→ (+∞,+∞), ∃xn ∈ S such that βn

αn
−→ 0

and βn(αn(xn − x0)− v) −→ w

}
.

It can be proved that T ′′(S;x0; v), is contained in cl {cone [cone(S − x0)− v]} . In partic-
ular, if S is a convex set, then

T 2(S;x0; v) ⊂ T ′′(S;x0; v) = cl
{
cone

[
cone(S − x0)− v

]}
.

In general, there is no inclusion relation between T 2(S;x0; v) and T ′′(S;x0; v). It can be
remarked that T ′′(S;x0; v) is a closed cone and that if v /∈ T (S;x0), then T ′′(S;x0; v) = ∅. If
v = 0, then T 2(S;x0; v) = T ′′(S;x0; v) = T (S;x0).

Another second-order approximation of a set S ⊂ Rn is the second-order projective tangent
cone of S at x0 ∈ S, introduced by Penot (1998):

T̂ 2(S;x0; v) =

{
(w, r) ∈ Rn+1 : ∃(tn, rn) −→ (0+, 0+), ∃wn −→ w
such that (tn/rn) −→ r, x0 + tnv + 1

2
tnrnwn ∈ S, ∀n ∈ N

}
.

Some authors (Penot (1998, 2000), Cambini, Martein and Vlach (1999), Jiménez and
Novo (2003, 2004), Constantin (2006, 2016)) use both the cones T ′′(S;x0; v) and T̂ 2(S;x0; v)
to obtain second-order optimality conditions. For example, we have the following result for a
nonlinear programming problem with a set constraint, i. e.

(P1) : min f(x), x ∈ S,

where S ⊂ Rn is any nonempty subset of Rn.
Theorem 23. Let x0 be a local minimum of f on S. Let v ∈ T (S;x0) with ∇f(x0)v = 0.
Then we have

(i) ∇f(x0)w + rv>∇2f(x0)v = 0, ∀(w, r) ∈ T̂ 2(S;x0; v).

(ii) ∇f(x0)w = 0, ∀w ∈ T ′′(S;x0; v).

B) In recent papers on second-order optimality conditions some authors obtain strong second-
order necessary conditions by imposing some assumptions besides the usual Mangasarian-
Fromovitz constraint qualification. For example, Baccari (2004) and Baccari and Trad (2004)
have proved the following results.

Theorem 24. Let x0 be a local optimal solution of problem (P ) and let (MFCQ) be satisfied.
Assume further that one of the following conditions hold:

1) n 5 2;

2) card(I(x0)) 5 2.

Then, there exists a pair (u,w) ∈ Λ(x0) such that

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ C(x0).
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Theorem 25. Let x0 be a local optimal solution of problem (P ) and assume that the
following conditions hold:

(i) The set of Lagrange multipliers Λ(x0) is a closed and bounded line segment.

(ii) There exists at most only one index i0 ∈ I(x0) such that for the related Karush-Kuhn-
Tucker multipliers it holds ui0 = 0.

Then, the thesis of Theorem 24 holds.

Obviously, if the Strict Complementarity Slackness Condition holds, then (ii) of Theorem
25 is satisfied.

Another result of Baccari and Trad (2004) on these types of questions has been generalized
by Behling, Haeser, Ramos and Viana (2018). Let J(x0) be the (q + p)× n matrix formed by
the gradients ∇gi(x0), i ∈ I(x0), ∇hj(x0), j = 1, ..., p. Therefore q is the cardinality of I(x0).

Theorem 26. Let x0 be a local optimal solution of problem (P ), such that the (MFCQ)
holds and the rank of J(x0) ∈ R(q+p)×n is (n− 1). Then, there exists a pair (u,w) ∈ Λ(x0) such
that

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z1(x0),

where Z1(x0) is the critical subspace at x0 ∈ K :

Z1(x0) =
{
z ∈ Rn : ∇gi(x0)z = 0, i ∈ I(x0); ∇hj(x0)z = 0, j = 1, ..., p

}
.

Behling, Haeser, Ramos and Viana (2018), under a technical assumption (Assumption 3.1
in Behling and others (2018)), improve the previous results and prove a conjecture previously
made by Andreani, Martinez and Schuverdt (2007).

In an extended technical paper Behling and others (2017) show that some related results
of Shen, Xue and An (2015) and Minchenko and Leschov (2016) are not correct.

Another result concerning second-order strong optimality conditions is due to Daldoul and
Baccari (2009). These authors consider a quadratic approximation of problem (P ), i. e.

(QP ) :


min

{
f(x0) +∇f(x0)(x− x0) + 1

2
(x− x0)>∇2f(x0)(x− x0)

}
subject to :

gi(x
0) +∇gi(x0)(x− x0) + 1

2
(x− x0)>∇2gi(x

0)(x− x0) 5 0, i = 1, ...,m,
hj(x

0) +∇hj(x0)(x− x0) + 1
2
(x− x0)>∇2hj(x

0)(x− x0) = 0, j = 1, ..., p,

where x0 is a local minimizer for problem (P ). Let us denote by (WCRQP) the weak constant
rank condition, referred to (QP ). See Definition 5 for (WCR), referred to (P ). It can be seen
that (WCRQP) holds if the Jacobian matrix of active constraints has full rank.

Theorem 27 (Daldoul and Baccari). Let x0 be a local solution of (P ), let the (MFCQ)
condition be verified, together with the (WCRQP) condition. Then the thesis of Theorem 26
holds.

C) Andreani, Behling, Haeser and Silva (2017) present various second-order necessary opti-
mality conditions in terms of Abadie-type (first-order) constraint qualifications. In particular,
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we report here their Theorem 3.3, previously asserted (without proof) by Bazaraa, Sherali and
Shetty (2006).

Theorem 28. Let x0 be a local minimum of (P ) and (u,w) ∈ Rm+ × Rp an associated
Karush-Kuhn-Tucker multipliers vector. Let I+(x0, u) be the set

I+(x0, u) =
{
i ∈ I(x0) : ui > 0

}
.

Let us consider the set

K1 =
{
x ∈ K : gi(x) = 0, ∀i ∈ I+(x0, u

}
.

If The Abadie constraint qualification, referred to K1, holds at x0, then the strong second-
order optimality conditions hold, with multipliers (u,w) and with respect to the cone Z(x0) =
C(x0).

This is in fact an immediate consequence of Theorem 10; it is suffi cient to note that the
linearizing cone of K1 is nothing but the critical cone Z(x0), coinciding with C(x0), as the
Karush-Kuhn-Tucker conditions hold at x0.

Similar questions have been treated also by Bomze (2016) who, however, uses a constraint
qualification more general than the Abadie one. Bomze introduces an apparently new constraint
qualification, he calls reflected Abadie CQ. Given (P ) and a point x0 ∈ K we say that g and h
satisfy the reflected Abadie CQ at x0 if

L(x0) ⊂ T (K;x0) ∪
[
−T (K;x0)

]
.

In the same paper Bomze (2016) remarks that the usual Abadie CQ implies the reflected
Abadie CQ (and the Gould-Tolle-Guignard CQ), but in general there are no inclusion relations
between the reflected Abadie CQ and the Gould-Tolle-Guignard CQ. Moreover, it must be
stressed that the constraint qualification introduced by Bomze really does not assure the exis-
tence of Karush-Kyhn-Tucker multipliers at an optimal point of (P ), i. e. it is not a first-order
constraint qualification.

Bomze then considers the set

K1 =
{
x ∈ K : gi(x) = 0, ∀i ∈ I+(x0, u

}
and proves the following result.

Theorem 29. Let x0 be a local solution of (P ) and let the reflected Abadie CQ be satisfied
with respect to K1. Let the Karush-Kuhn-Tucker conditions for (P ) hold at x0, with multipliers
vectors (u,w). Then we have

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z(x0) = C(x0).

D) A recent and interesting approach to second-order necessary optimality conditions has
been proved by Andreani, Haeser, Ramos and Silva (2017), on the trail of what previously
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done with reference to first-order optimality conditions, i. e. the approximate (or sequential
or asymptotic) Karush-Kuhn-Tucker conditions, introduced by Andreani, Haeser and Martinez
(2011) and in the unpublished paper of Fiacco and McCormick (1968b). See Giorgi, Jiménez
and Novo (2016) for an application to vector optimization problems.

Definition 7. The Approximate Karush-Kuhn-Tucker (AKKT) conditions is said to hold at
x0 ∈ K for problem (P ) if there are sequences

{
xk
}
⊂ Rn,

{
uk
}
⊂ Rm+ and

{
wk
}
⊂ Rp,

{
xk
}

not necessarily feasible, such that xk −→ x0,

lim
k−→∞

∇f(xk) +
∑
i∈I(x0)

uki∇gi(xk) +

p∑
j=1

wkj∇hj(xk) = 0

and
uki = 0 for i /∈ I(x0).

These asymptotic optimality conditions are genuine first-order necessary optimality condi-
tions, independently of the fulfillment of a contraint qualification and they imply the classical
Karush-Kuhn-Tucker conditions under weak constraint qualifications (see Andreani, Haeser
and Martinez (2011)). Moreover, they have interesting properties, from an algorithmic point
of view.

Definition 8. (Andreani, Haeser, Ramos and Silva (2017)). We say that the point x0 ∈
K is an Approximate Stationary Second-Order Point (AKKT2) for problem (P ) if there are
sequences

{
xk
}
⊂ Rn,

{
uk
}
⊂ Rm+ ,

{
wk
}
⊂ Rp,

{
ηk
}
⊂ Rp,

{
θk
}
⊂ Rm+ , {δk} ⊂ R+, with

uki = 0 for i /∈ I(x0), θki = 0 for i /∈ I(x0), such that xk −→ x0, δk −→ 0,

lim
k−→∞

∇f(xk) +
∑
i∈I(x0)

uki∇gi(xk) +

p∑
j=1

wkj∇hj(xk) = 0

and

∇2
xL(xk, uk, wk) +

∑
i∈I(x0)

θki∇gi(xk) · ∇gi(xk)> +

p∑
j=1

ηkj∇hj(xk) · ∇hj(xk)> + δkI

is positive semidefinite for k suffi ciently large (I is the identity matrix of order n).

The quoted authors prove that (AKKT2) is indeed a necessary optimality condition for
problem (P ).

Theorem 30. If x0 is a local optimal solution of (P ), then x0 satisfies the (AKKT2) condi-
tions.

Another interesting result of Andreani, Haeser, Ramos and Silva (2017) is that under
appropriate first-order constraint qualifications, the (AKKT2) conditions imply the semi-strong
second-order necessary conditions of Corollary 1.
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Theorem 31. Let x0 be a local solution of (P ) such that the (AKKT2) conditions hold. If
the constraint qualifications (MFCQ) and (WCRC) both hold at x0, then, besides the (KKT)
conditions, at x0 it holds

z>∇2
xL(x0, u, w)z = 0, ∀z ∈ Z1(x0).

E) Finally, we briefly take into consideration a contribute of Ivanov (2015) to second-order
necessary optimality conditions (the paper of Ivanov really treats a vector optimization prob-
lem). This author considers an optimization problem with no equality constraints: P = ∅.

(P0) :

{
min f(x)
subject to gi(x) 5 0, i = 1, ...,m.

A direction d ∈ Rn is called critical at the point x0 ∈ K0, where

K0 = {x ∈ Rn : gi(x) 5 0, i = 1, ...,m} ,

if
∇f(x0)d = 0; ∇gi(x0)d 5 0, i ∈ I(x0).

For every feasible points x0 and directions d let us introduce the following sets:

K(x0, d) =
{
i ∈ I(x0) : ∇gi(x0)d = 0

}
,

A(x0, d) =

{
z ∈ Rn : ∀i ∈ K(x0, d) ∃δi > 0 with gi(x0 + td+

1

2
t2z) 5 0, ∀t ∈ (0, δi),

}
B(x0, d) =

{
z ∈ Rn : ∇gi(x0)z + z>∇2gi(x

0)z 5 0, ∀i ∈ K(x0, d)
}
.

By definition A(x0, d) = B(x0, d) = Rn if K(x0, d) = ∅. If x0 ∈ K0, then the set B(x0, d)
is closed but A(x0, d) is not. Then, following Ivanov, we introduce the Zangwill Second-Order
CQ at x0 ∈ K0 :

cl(A(x0, d)) = B(x0, d).

Theorem 32 (Ivanov). Let x0 ∈ K0 be a local solution of (P0) and let d 6= 0 be a critical
direction. Suppose that the Zangwill Second-Order CQ is satisfied and that the Abadie first-
order CQ holds at x0 (i. e. L(x0) = T (K0;x0)). Then there exists a Karush-Kuhn-Tucker
multipliers vector u = 0 such that

d>∇2
xL(x0, u)d = 0, ∀d ∈ C(x0).

The thesis of Theorem 32 holds also if, instead of the Abadie CQ, we assume the more
general Gould-Tolle-Guignard (first-order) CQ:

(L(x0))∗ = (T (K0;x0))∗
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i. e., equivalently,
L(x0) = cl(conv(T (K0;x0))).

4. Suffi cient Second-Order Optimality Conditions
In differentiable optimization a standard procedure to obtain suffi cient second-order

optimality conditions from necessary ones, is to replace weak inequalities with strict inequalities.
Let us first consider a minimization problem with a set constraint or abstract constraint:

(P1) : min f(x), x ∈ S,

where S is any subset of Rn (and f : Rn −→ R is twice-continuously differentiable on S). A
classical result, due to Hestenes (1966), is the following one (see also Hestenes (1975)).

Theorem 33. Let x0 ∈ S and let ∇f(x0) = 0; if

y>∇2f(x0)y > 0, ∀y ∈ T (S;x0)� {0} ,

then x0 is a strict local minimizer for (P1).

Proof. Let us absurdly suppose that x0 ∈ S is not a strict local minimizer of f on S. Then,
there exists for each index k ∈ N a point xk ∈ S ∩U 1

k
(x0) with xk 6= x0 and f(xk) 5 f(x0). The

feasible sequence
{
xk
}
converges to x0 and contains a tangentially convergent subsequence We

can simply accept that the sequence itself is tangentially convergent to x0 : xk
y−→ x0. Then it

holds y ∈ T (S;x0)� {0} , but the quotients

f(xk)− f(x0)

‖xk − x0‖2 =
1
2
(xk − x0)>∇2f(x0)(xk − x0) + o(

∥∥xk − x0
∥∥2

)

‖xk − x0‖2

converge to 1
2
y>∇2f(x0)y 5 0, contrary to what stated in the theorem. �

Hestenes (1966, 1975) shows that the thesis of Theorem 33 can be refined, in the sense that
x0 is a strict local minimum point of order 2: there exists a constant k > 0 and a neighborhood
N(x0) of x0 such that

f(x) = f(x0) + k
∥∥xk − x0

∥∥2
,

for all x ∈ N(x0) ∩ S. It must be remarked that the condition

∇f(x0)y > 0, ∀y ∈ T (S;x0)� {0}

is a suffi cient first-order condition for x0 ∈ S to be a strict local solution of (P1); see, e. g.,
Hestenes (1975), Giorgi and Guerraggio (1992). More precisely, the above condition assures
that x0 is a strict local minimum point of order one of (P1) : there exists a neighborhood N(x0)
and a constant k > 0 such that

f(x) = f(x0) + k
∥∥x− x0

∥∥ , ∀N(x0) ∩ S.
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Let us now consider problem (P ). The classical second-order suffi cient optimality conditions
for (P ) are essentially due to McCormick (1967, 1976, 1983) and to Fiacco and McCormick
(1968). Previous results are due to Pennisi (1953) and to Pallu de la Barrière (1963).

Theorem 34. Let x0 ∈ K be a point which verifies the Karush-Kuhn-Tucker conditions:

∇xL(x0, u, w) = 0;
uigi(x

0) = 0, i = 1, ...,m
ui = 0, i = 1, ...,m.

If, for all directions z 6= 0, z ∈ C(x0) = Z(x0),

z>∇2
xL(x0, u, w)z > 0,

then x0 is a strict local solution of (P ).

Remark 8.
1) Also for Theorem 34 it is possible to conclude (under its conditions) that really x0 is a
strict local minimum point of order 2 (see Hestenes (1966), (1975)).
2) If at x0 ∈ K the Strict Complementarity Slackness Conditions hold (i. e. in the

Karush-Kuhn-Tucker conditions we have ui > 0, ∀i ∈ I(x0)), then Z(x0) = Z1(x0), where

Z1(x0) =
{
z ∈ Rn : ∇gi(x0)z = 0, i ∈ I(x0); ∇hj(x0)z = 0, j = 1, ..., p

}
is the critical subspace at x0. In such a case the classical results on the sign of a quadratic form
subject to a system of homogeneous linear equations may be useful. See, e. g., Chabrillac and
Crouzeix (1984), Debreu (1952), Giorgi (2017).

It must be noted that some authors (El-Hodiri (1971, 1991), Castagnoli and Peccati (1979),
Takayama (1985)) give the thesis of Theorem 34 in terms of the critical subspace Z1(x0), but
without assuming ui > 0, ∀i ∈ I(x0) in the Karush-Kuhn-Tucker conditions. In this case we do
not obtain suffi cient second-order optimality conditions for (P ). See Giorgi (2003) and Horsley
and Wrobel (2003, 2004) for counterexamples. Unfortunately also the good reference book by
Simon and Blume (1994) contains the same error (not present, however, in the Italian version,
edited by A. Zaffaroni).
3) Contrary to the case of unconstrained extremum problems, Theorem 34 does not allow to
conclude that x0 is also an isolated (i. e. locally unique) minimum point, as stated by Fiacco
and McCormick (1968) and by McCormick (1976, 1983). The following counterexample is due
to Robinson (1982), perhaps the first author to point out such a question. See also Fiacco
(1983), Fiacco and Kyparisis (1985) and Still and Streng (1996). Consider the problem

min
x2

2
,

x ∈ R, subject to h(x) = 0, being h(x) = x6 sin
(

1
x

)
, if x 6= 0, h(x) = 0, if x = 0. The

assumptions and conclusions of Theorem 34 hold at x0 = 0 : this point is a strict global
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minimum point for the problem, however each point xk = 1
kπ
, k integer, k 6= 0, is a local

minimum point for the problem and therefore in each neighborhood of x0 = 0 there are points
xk, for |k| suffi ciently large. Therefore x0 = 0 is not an isolated minimum point for the said
problem. See also point c) of the next section.
4) Similarly for necessary second-order optimality conditions, also for suffi cient second-order
optimality conditions we may require that the multipliers are fixed (as in the previous theorem)
or that they are non fixed and speak, respectively, of strong and weak suffi cient second-order
optimality conditions. For example (see, e. g., Ben-Tal (1980) or Still and Streng (1996)), we
have the following result.

Theorem 35. If x0 ∈ K satisfies the Karush-Kuhn-Tucker conditions and for each direction
z 6= 0, z ∈ C(x0), there exists a multiplier vector (u,w) ∈ Λ(x0) such that

z>∇2
xL(x0, u, w)z > 0, (3)

then x0 is a strict local minimum point for (P ) of order 2:

f(x) = f(x0) + k
∥∥x− x0

∥∥2
, ∀x ∈ N(x0) ∩K. (4)

In particular, x0 is a strict local minimum point for (P ).

5) Under the Mangasarian-Fromovitz constraint qualification, it is possible to get the
converse of Theorem 35 and, therefore, in one sense, to close the gap between necessary and
suffi cient second-order optimality conditions. See, e. g., Still and Streng (1996).

Theorem 36. If x0 ∈ K satisfies the (MFCQ) conditions and (4) holds, then condition (3)
is satisfied.

Still and Streng (1996) prove the above result under the more general Ben-Tal second-order
constraint qualification (or Mangasarian-Fromovitz second-order constraint qualification).

Other (strong) suffi cient second-order conditions (sharper than the ones of Theorem 34)
are obtained by Hestenes (1966). See also Giorgi and Guerraggio (1996).

Theorem 37. Let x0 ∈ K and let (x0, u, w) be the triplet of vectors satisfying the Karush-
Kuhn-Tucker conditions. If

z>∇2
xL(x0, u, w)z > 0,

for all z 6= 0 such that

z ∈ T (K;x0) ∩
{
z ∈ Rn : ∇gi(x0)z = 0, ∀i ∈ I+(x0, z)

}
,

where I+(x0, z) = {i ∈ I(x0) : ui > 0} , then x0 is a strict local minimum point of order 2 for
problem (P ).

Suffi cient second-order conditions of the Fritz John-type, i. e. by means of the Fritz
John-Lagrange function associated to (P ),

L1(x, u0, u, w) = u0f(x) +
m∑
i=1

uigi(x) +

p∑
j=1

wjhj(x),
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have been obtained by Ben-Tal (1980), Bonnans and Shapiro (2000), Han and Mangasarian
(1979), Hettich and Jongen (1977), Still and Streng (1996). We recall the definition of the
extended critical cone C1(x0) :

C1(x0) =


z ∈ Rn : ∇f(x0)z 5 0;
∇gi(x0)z 5 0, i ∈ I(x0);
∇hj(x0)z = 0, j = 1, ..., p

 .

Theorem 38 (Han and Mangasarian). Let x0 ∈ K and let the (FJ) conditions be satisfied
at x0. If for any z 6= 0, z ∈ C1(x0), it holds

z>∇2
xL1(x0, u0, u, w)z > 0,

then x0 is a strict local minimum point for (P ).

To be more precise, under the conditions of Theorem 38, x0 satisfiesd the “quadratic
growth condition”. Ben-Tal (1980), Bonnans and Shapiro (2000) and Still and Streng (1996)
prove the previous result in its weak form.

Theorem 39 (Bonnans and Shapiro). Let x0 ∈ K; if for each z ∈ C1(x0), z 6= 0, there
exist multipliers (u0, u, w) satisfying the Fritz John conditions (i. e. (u0, u, w) ∈ Λ0(x0)) such
that

z>∇2
xL1(x0, u0, u, w)z > 0,

then x0 is a strict local minimum point of order 2 for problem (P ).

Remark 9. Obviously, if Λ(x0) 6= ∅, then Theorem 39 is rewritten in the form: for any
z ∈ C1(x0), z 6= 0, there exist multipliers (u,w) ∈ Λ(x0) such that

z>∇2
xL(x0, u, w)z > 0.

These conditions can also be written in the following equivalent form:

sup
(u,w)∈Λ(x0)

z>∇2
xL(x0, u, w)z > 0, ∀z ∈ C1(x0)� {0} ,

where the above supremum can be +∞. If the (MFCQ) holds at x0, then Λ(x0) is bounded
(closed and convex) and therefore in this case it is possible to substitute “sup”with “max”.

Second-order suffi cient optimality conditions for local minima that are not necessarily
strict local minima were first obtained by Fiacco (1968) using neighborhood information rather
than the local information about the point in question. See also Fiacco and McCormick (1968).

Theorem 40 (Fiacco). Define

S(x0, ε, δ) =

{
z ∈ Rn : ‖z − z′‖ 5 ε, for some z′ ∈ Z(x0), x0 + δz ∈ K
for some δz ∈ (0, δ), ‖z‖ = 1, ε > 0

}
.
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If x0 ∈ K satisfies the Karush-Kuhn-Tucker conditions with multipliers vectors (u,w) and
there exists a S̄ = S(x0, ε̄, δ̄) such that for all z ∈ S̄ we have

z>∇2
xL(x0 + λδzz, u, w)z = 0,

for all λ ∈ (0, 1), then x0 is a local minimum of problem (P ).

This result has been generalized by Liu and Liu (1995).
Since now we have discussed suffi cient second-order conditions for local (strict or weak)

optimality. What to say about suffi cient second-order conditions for global optimality? We
know that in general, in order to obtain global optimality of a feasible point x0 for (P ), some
convexity or generalized convexity assumptions on the functions involved in (P ) must be im-
posed. But if these functions are C2, there are chracterizations of convexity and generalized
convexity in terms of second-order derivatives. See, e. g., Cambini and Martein (2009). The
second-order global suffi cient conditions can thus be obtained, even if they are quite cumber-
some to be described. A simpler suffi cient second-order global optimality condition is contained
in the following result, due to Bomze (2016).

Theorem 41. Suppose that K is convex; if x0 ∈ K satisfies the Karush-Kuhn-Tucker
conditions for (P ) with multipliers vectors (u,w), if

z>∇2
xL(x, u, w)z = 0

for all z such that z ∈ L(x0), i. e.{
∇gi(x0)z 5 0, ∀i ∈ I(x0)
∇hj(x0)z = 0, j = 1, ..., p,

and for all x ∈ K, then x0 is a global solution of problem (P ).

We note that K is convex if, for example, all functions gi(x) are quasiconvex and all
functions hj are linear affi ne. However, the previous result requires checking the sign of a
constrained quadratic form for all feasible vectors x, which may be not easy, unless the said
quadratic form (the Hessian of the Lagrangian function) does not depend from x. This is the
case, e. g., of a quadratic objective function subject to quadratic and/or linear affi ne functions.

5. Other Approaches to Suffi cient Second-Order Optimality
Conditions

A) Hestenes (1975) obtains necessary and suffi cient optimality conditions for (P ) and for
problem (P1) (i. e. for the minimization problem with an abstract constraint), by introducing
the notion of support functions. Let us consider problem (P1) :

(P1) : min f(x), x ∈ S ⊂ Rn.
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Let us consider x0 ∈ S and a function F : Rn −→ R, twice continuously differentiable on
S and satisfying the relations

F (x) 5 f(x) on S; F (x0) = f(x0), ∇F (x0) = 0.

Such a function F is called by Hestenes lower support function for f at x0.
If we consider problem (P ) it is clear that the function

F = f +
∑

uigi +
∑

wjhj

is a lower support function of this type at x0 ∈ K.
Lower support functions are associated with minima. The corresponding functions F for a

maximum point x0 of f on S are called by Hestenes upper support functions; they are defined
by the relations

F (x) = f(x) on S; F (x0) = f(x0); ∇F (x0) = 0.

These concepts and the related optimality results of Hestenes have been generalized to
multiobjective programming problems by Jiménez and Novo (2002).

Theorem 42 (Hestenes). Let x0 ∈ S and suppose that

∇f(x0)v = 0 (5)

for some v ∈ T (S;x0). Suppose further that for all v 6= 0 satisfying relation (5) there exists a
lower support function F such that

v>∇2F (x0)v > 0.

Then, there exist a neighborhood N(x0) and a constant k > 0 such that

f(x) = f(x0) + k
∥∥x− x0

∥∥2
, ∀x ∈ N(x0) ∩ S.

It must be observed that it is not required F to be the same for every v ∈ T (S;x0)
satisfying (5). In other words, F can be chosen to be independent of v.

For what regards problem (P ) it must be remarked that if the Karush-Kuhn-Tucker
conditions hold at x0 ∈ K, the Lagrangian function F = f + ug + wh is a lower support
function for (P ) at x0 ∈ K, i. e.

F (x) 5 f(x) on K; F (x0) = f(x0); ∇F (x0) = 0.

The next result can be obtained as a consequence of the previous one.

Theorem 43. Let us consider problem (P ) and its feasible set K. Let x0 ∈ K; if for those
vectors v ∈ T (K;x0), v 6= 0 and such that ∇f(x0)v = 0, there is a lower support function
F = L(x, u, w), with u = 0 (ui = 0 for i /∈ I(x0)) and ∇F (x0) = 0 and such that

v>∇2F (x0)v > 0,
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then x0 is a strict local minimum of order 2 for (P ).

B) Second-order tangent sets and second-order tangent cones have been used by various
authors (e. g. Cambini and Martein (2003), Cambini, Martein and Vlach (1999), Penot (1994,
1998, 2000), Jiménez and Novo (2004)) to obtain suffi cient second-order optimality conditions
for (P ) or for (P1). With reference to (P1) we have the following results.

Theorem 44. Let us consider (P1) and let x0 ∈ S. If for each v ∈ T (S;x0)� {0} such that
∇f(x0)v = 0 the following systems in w ∈ Rn are incompatible

(a)

{
w ∈ T 2(S, x0, v) ∩ v⊥,
∇f(x0)w + v>∇2f(x0)v 5 0;

(b)

{
w ∈ T ′′(S, x0, v) ∩ v⊥� {0} ,
∇f(x0)w 5 0,

then x0 is a strict local minimum point of order 2 for (P1).

This result is a reformulation for the scalar case of a result of Jiménez and Novo (2004,
Corollary 4.10) given for Pareto problems. It improves corresponding results of Cambini,
Martein and Vlach (1999) and of Penot (1998, 2000). For second-order suffi cient conditions in
terms of T ′′(K, x0, v) or T 2(K, x0, v) the reader may consult Penot (1998, 2000) or Gutierrez,
Jiménez and Novo (2010).

C) We have already remarked that Robinson (1982) provided a numerical example where,
contrary to the unconstrained case, the classical suffi cient second-order optimality conditions
of Theorem 34 do not assure that x0 is an isolated (i. e. locally unique) local minimizer for
(P ). See also Fiacco (1983). Conditions suffi cient for x0 to be an isolated local minimum are
obtained by Robinson (1982) by strenghtening the assumptions of Theorem 34 in two ways.

Theorem 45 (Robinson). Suppose that the Karush-Kuhn-Tucker conditions hold at x0 ∈
K for (P ) with multipliers vectors (u,w) and that the Mangasarian-Fromovitz constraint qual-
ification holds at x0. Moreover, assume that the following General Second-Order Suffi cient
Conditions hold at x0 :

• The Strong Second-Order Suffi cient Conditions of Theorem 34 hold at x0 with (u,w) for
every (u,w) ∈ Λ(x0).

Then x0 is an isolated local minimum point of (P ), i. e. there exists a neighborhood N(x0)
of x0 such that x0 is the only local minimum point of (P ) in N(x0).

Note that if the linear independence (LICQ) or also the Strict Mangasarian-Fromovitz CQ
are substituted for (MFCQ) in Theorem 45, then Λ(x0) becomes a singleton and in this case
Theorem 34 assures that x0 is an isolated local minimum point. The same is true for the classical
second-order suffi cient conditions in the unconstrained case. The results of Robinson have been
generalized by Still and Streng (1996), by Kyparisis and Fiacco (1986) in an unpublished paper,
by Liu (1992) and by Liu and Liu (1995). For the reader’s convenience we report the results of
Still and Streng (1996).
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Theorem 46. Let x0 ∈ K and suppose that either (i) or (ii) holds, where

(i) It holds C1(x0) = {0} and the Mangasarian-Fromovitz CQ is fulfilled at x0.

(ii) It holds C1(x0) 6= {0} , Λ0(x0) 6= 0, the Second-Order Mangasarian-Fromovitz CQ (or
Ben-Tal Second-Order CQ) is satisfied at x0 and for any nonzero vector z ∈ C1(x0) and any
nonzero multipliers (u0, u, w) ∈ Λ0(x0) we have

z>∇2
xL1(x0, u0, u, w)z > 0.

Then, x0 is an isolated strict local minimum of order one in case (i), of order two in case (ii).

6. Applications of Second-Order Optimality Conditions to Sensitivity
Analysis for a Parametric Nonlinear Programming Problem
A typical application of second-order optimality conditions is in sensitivity analysis

of a nonlinear programming problem. The basic sensitivity results in nonlinear programming
problems under second-order conditions are due to Fiacco (1976, 1980, 1983). Here we follow
mainly the survey paper of Fiacco and Kyparisis (1985); see also Giorgi and Zuccotti (2018).

A general parametric nonlinear programming problem is defined as:

(P (ε)) :


min f(x, ε)
subject to: gi(x, ε) 5 0, i = 1, ...,m,

hj(x, ε) = 0, j = 1, ..., p,

where ε ∈ Rr is a perturbation parameters vector, f, gi, hj : Rn ×Rr −→ R; it is assumed that
all these functions are C2 in (x, ε) at least in a neighborhood of a feasible point (x0, ε0). The
Lagrangian function associated to (P (ε)) is

L(x, u, w, ε) = f(x, ε) +
m∑
i=1

uigi(x, ε) +

p∑
j=1

wjhj(x, ε).

The following theorem, proved by Fiacco (1976), is a basic sensitivity result for (P (ε))
under second-order differentiability assumptions.

Theorem 47 (Fiacco). Suppose that the strong second-order suffi cient conditions of The-
orem 34 hold for (P (ε0)) at x0 with associated Karush-Kuhn-Tucker multipliers (u,w), that
the linear independence (LICQ) holds at x0 for (P (ε0)) and that the Strict Complementarity
Slackness Condition holds at x0 with respect to u for (P (ε0)), i. e. ui > 0 when gi(x0, ε0) = 0,
i ∈ I(x0), where

I(x0) =
{
i : gi(x

0, ε0) = 0
}
.

Then:

(a) The point x0 is an isolated local minimum point of (P (ε0)) and the associated Karush-
Kuhn-Tucker multipliers u and w are unique.
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(b) For ε in a neighborhood of ε0, there exists a unique vector function

y(ε) = [x(ε), u(ε), w(ε)]>

satisfying the strong second-order suffi cient conditions of Theorem 34 for a local minimum of
(P (ε)) such that y(ε0) = [x0, u, w]

> and, hence, x(ε) is a locally unique local minimizer of
(P (ε)) with associated Karush-Kuhn-Tucker multipliers vectors u(ε) and w(ε).

(c) The linear independence (LICQ) and Strict Complementarity Slackness Condition hold
at x(ε) for ε near ε0.

Fiacco (1976) also shows that the derivative of y(ε) can be calculated by noting that the
following system of Karush-Kuhn-Tucker equations will hold at y(ε) for ε near ε0 under the
assumptions of Theorem 47, 

∇xL [x(ε), u(ε), w(ε), ε] = 0,
ui(ε)gi(x(ε), ε) = 0, i = 1, ...,m,
hj(x(ε), ε) = 0, j = 1, ..., p.

(6)

Since these assumptions imply that the Jacobian, M(ε), of system (6) with respect to
(x, u, w) is nonsingular, one obtains

M(ε)∇εy(ε) = −N(ε) (7)

and
∇εy(ε) = − [M(ε)]−1N(ε),

where N(ε) is the Jacobian of system (6) with respect to ε.
System (7) at ε = ε0 can be written in the form

M0

 ∇εx(ε0)
∇εu(ε0)
∇εw(ε0)

 = −N0

where

M0 =



∇2
xL ∇xg

>
1 · · · ∇xg

>
m ∇xh

>
1 · · · ∇xh

>
p

u1∇xg1 g1 · · · 0 0 · · · 0
...

...
. . .

...
... · · · ...

um∇xgm 0 · · · gm 0 · · · 0
∇h1 0 · · · 0 0 · · · 0
...

... · · · ...
... · · · ...

∇hp 0 · · · 0 0 · · · 0


(8)

and
N0 =

[
∇2
εxL>, u1∇εg

>
1 , ..., um∇εg

>
m,∇εh

>
1 , ...,∇εh

>
p

]>
are evaluated at (x0, u, w, ε0).

36



The next theorem, due to McCormick (1976), shows that the conditions imposed in
Theorem 47 are also essentially necessary, under appropriate regularity assumptions, for the
invertibility of the Jacobian matrix M0.

Theorem 48 (McCormick). Suppose that the strong second-order necessary conditions of
Theorem 6 hold for a local minimum point x0 of (P (ε0)) with associated Karush-Kuhn-Tucker
multipliers (u,w). Then, the Jacobian matrix M0 given by (8) is invertible if and only if the
strong second-order suffi cient conditions, given by Theorem 34, the linear independence (LICQ)
and the Strict Complementarity Slackness Condition hold at x0 with (u,w) for (P (ε0)).

The previous classical results of Fiacco have been extended towards various directions.
For example, Jittorntrum (1984) and Robinson (1980) relaxe the strict complementarity slack-
ness assumption but use a stronger second-order suffi cient optimality condition, a condition
that these authors call “strong second-order suffi cient conditions”, but that we call, follow-
ing Ruszczynski (2006) and in order to avoid confusions, “semi-strong second-order suffi cient
conditions”:

z>∇2
xL(x0, u, w)z > 0,

for all z 6= 0 such that

∇xgi(x
0, ε0)z = 0, ∀i ∈ I+(x0, ε0);

∇xhj(x
0, ε0)z = 0, ∀j = 1, ..., p.

Theorem 49 (Jittorntrum, Robinson). Suppose that the Karush-Kuhn-Tucker condi-
tions hold at x0 for (P (ε0)) with Karush-Kuhn-Tucker multipliers (u,w), that the additional
Semi-Strong Second-Order Suffi cient Conditions hold at x0 with (u,w) and that the (LICQ)
condition holds at x0 for (P (ε0)). Then:

(a) The point x0 is an isolated local minimum point of (P (ε0)) and the associated multipliers
vectors u and w are unique.

(b) For ε in a neighborhood of ε0, there exists a unique continuous vector function

y(ε) = [x(ε), u(ε), w(ε)]>

satisfying the Karush-Kuhn-Tucker conditions and the semi-strong second-order suffi cient con-
ditions for a local minimum of (P (ε)) such that y(ε0) = (x0, u, w)> and, hence, x(ε) is a locally
unique local minimum point of (P (ε)) with associated unique multipliers vectors u(ε) and w(ε).

(c) There exists t > 0 and d > 0 such that for all ε with ‖ε− ε0‖ < d, it follows that∥∥y(ε)− y(ε0)
∥∥ 5 t

∥∥ε− ε0
∥∥ .

Another direction of extension of the previous basic results of Fiacco has been considered
by Kojima (1980), who substitutes the weaker Mangasarian-Fromovitz constraint qualification
for the (LICQ) condition. However, Kojima makes a further strengthening of the second-order
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optimality conditions. We denote by Λ(x, ε) the set of Karush-Kuhn-Tucker multipliers at x
for (P (ε)), i. e.

Λ(x, ε) =
{

(u,w) ∈ Rm+ × Rp : ∇xL(x, u, w) = 0, uigi(x, ε) = 0, ui = 0, i = 1, ...,m
}
.

We say that at x0 ∈ K(ε0), feasible set of (P (ε0)), the General Semi-Strong Second-Order
Suffi cient Conditions hold with multipliers vectors (u,w) if:

• The semi-strong second-order suffi cient conditions hold at x0 for every (u,w) ∈ Λ(x0, ε0).

Theorem 50 (Kojima (1980), Fiacco and Kyparisis (1985)). Suppose that the Karush-
Kuhn-Tucker conditions hold at x0 for (P (ε0)) with multipliers vectors (u,w), that the ad-
ditional General Semi-Strong Second-Order Suffi cient Conditions hold at x0 and that the
Mangasarian-Fromovitz CQ holds at x0 for (P (ε0)). Then:

(a) The point x0 is an isolated local minimum point of x0 and the set Λ(x0, ε0) is compact
and convex.

(b) There are neighborhoods N(x0) of x0 and N(ε0) of ε0 such that for ε in N(ε0) there
exists a unique continuous vector function x(ε) in N(x0) satisfying the Karush-Kuhn-Tucker
conditions with some [u(ε), w(ε)] ∈ Λ(x(ε), ε) and the General Semi-strong Second-Order Suf-
ficient Conditions, such that x(ε0) = x0, and hence x(ε) is the locally unique local minimizer
of (P (ε)) in N(x0).

(c) The Mangasarian-Fromovitz CQ holds at x(ε) for ε in N(ε0).

We note that Gauvin (1977) previously proved, with reference to (P ), that the Mangasarian-
Fromovitz CQ is a necessary and suffi cient condition to have Λ(x0) closed and bounded.

Fiacco and Kyparisis (1985) extend further the previous results by means of an assumption
they call General Strict Complemenmtarity Slackness Condition:

• The General Strict Complementarity Slackness Condition holds at x0 for (P (ε0)) if the
strict complementarity slackness condition holds at x0 with respect to the Karush-Kuhn-Tucker
multipliers (u,w) for every (u,w) ∈ Λ(x0, ε0).

Theorem 51 (Fiacco and Kyparisis (1985)). Suppose that x0 is feasible for (P (ε0))
and that the Karush-Kuhn-Tucker conditions, the General Strict Complementarity Slackness
Condition and the Mangasarian-Fromovitz CQ hold at x0. Then Λ(x0, ε0) is a singleton, and
the (LICQ) condition holds at x0.

The next result, due to Fiacco and Kyparisis (1985), essentially follows as a corollary to
Theorem 51.

Theorem 52 (Fiacco and Kyparisis (1985)). The following two sets of assumptions are
equivalent:

(a) The Karush-Kuhn-Tucker conditions, the second-order strong suffi cient conditions of
Theorem 34, the strict complementarity slackness condition and the (LICQ) condition hold at
the feasible point x0 for (P (ε0)).
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(b) The Karush-Kuhn-Tucker conditions, the general second-order (strong) suffi cient
conditions of Theorem 45, the general strict complementarity slackness condition and the
Mangasarian-Fromovitz CQ hold at the feasible point x0 for (P (ε0)).

We note that the results of the present section have been carried out under progressively
weaker assumptions. However, in absence of inequality constraints, all of these sets of con-
ditions reduce to the Lagrange classical optimality conditions, second-order classical suffi cient
optimality conditions and regularity condition (i. e. invertibility) on the Jacobian matrix
∇h(x0).
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