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Abstract

We represent quasi-linear preferences by the dual measure of consumer
surplus, and investigate demand and the associated multiproduct pricing.
In particular, we discuss the role of substitutability “within group” and
with the outside commodity, deriving a Slutsky-like decomposition of the
price effect. We use our results to show that Ramsey prices are pro-
portional to marginal costs only if preferences are fully homothetic, and
that commodities with larger outside substitutability have smaller Lerner
indexes.
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1 Introduction

By making the assumption of quasi-linear preferences, consumer behaviour can
be analysed focusing on the restricted number of goods included into the concave
component of the utility function. The other goods, which are assumed to have
constant prices, are represented by a “composite commodity” entering utility
linearly. This approach is common practice in partial equilibrium applications
because it simplifies the resulting demand system. In particular, at the cost
of neglecting the role of available income, it makes its Jacobian a symmetric,
negative definite matrix, and it allows the use of consumer surplus as an exact
welfare metric: see e.g. Varian (1992: chapter 10).

Obviously, the structure of the preferences captured by the (sub-) utility
function matters, and affects the demand system. In fact, it creates a number
of price effects, which mix the traditional income and substitution effects with

*This note was prompted by Armstrong and Vickers (2015). I am thankful to Federico
Etro for attracting my attention to these topics, and to him and to Mark Armstrong and
Marcella Nicolini for useful comments. The usual disclaimer applies.

fDepartment of Economics and Management, Universita di Pavia, Via San Felice 5, I-27100
Pavia (Italy). E-mail: paolo.bertoletti@Qunipv.it



those due to the substitutability with respect to the outside commodity. The
purpose of this note is to illustrate these effects, and some of their economic
implications, which to some extent tend to be overlooked by practioners using
the assumption of quasi linearity. In particular, we first represent quasi-linear
preferences by means of the dual measure of consumer surplus as a function
of prices (in fact, an example of a normalized profit function), and investigate
the properties of direct demands. These can be interpreted as so-called “Frisch
demands” (for which after a price change income is compensated in such a way to
leave unchanged its marginal utility), as well as “unconditional input demands”
(for which the price of output/utility is kept constant). We then discuss as the
inverse demand system can be analogously examined.

To disentangle the role of the structure of preferences, we derive a Slutsky-
like equation which decomposes the impact of price changes into “within-group”
(compensated) substitution effects, and “size effects”. The latter result from
the interaction of the usual income effects, which can still be identified, and
of the substitutability with the outside commodity. In particular, following
the analysis by Browning (1985) of demands & la Frisch, we identify both a
measure of “overall” outside substitutability, and a measure of “idyosincratic”
substitutability which applies to single commodities. After discussing the special
cases of homotheticity and additivity of the (sub-) utility function, we illustrate
our results by applying them to the Ramsey pricing problem. In particular,
we show that Ramsey prices will be always proportional to marginal costs (no
matter their values) only if preferences are homothetic, and that Ramsey Lerner
indexes will be smaller for commodities with larger outside substitutability.

The present work was inspired by Armstrong and Vickers (2015) (hence-
forth AV), who characterize a class of consumer preferences which generalises
homotheticity. By using the inverse demand system, they show (among other
interesting results)! that it is if and only if preferences belong to this class
(henceforth AVP) that consumer surplus (henceforth surplus), as a function of
quantities, is homothetic. And that in this case Ramsey quantities are propor-
tional to their efficient values (and relative price-cost margins are constant).
Thus, in addition to contributing to the theory of consumer demand (see e.g.
Deaton and Muelbauer, 1980 and Browning, 1985), our note belongs to the large
literature which has explored Ramsey pricing (see e.g. Bos, 1994).

This note is organised as follows. In section 2 we represent quasi-linear pref-
erences by means of the dual measure of surplus, and investigate the properties
of direct demand. In section 3 we use our results to study the case for Ram-
sey prices to be proportional to marginal costs. In section 4 we discuss a few
other implications of our results for Ramsey pricing, unraveling the role of sub-
stitutability “within group” and with the outside commodity. In section 5 we
discuss the “inverse” measures of outside substitutability that can be derived
from the inverse demand system, and their main implication for Ramsey pric-
ing. Finally, in section 6 we summarize the contribution by AV and represent

LAV also discuss the relationship between Ramsey pricing and market equilibria, and the
case for decentralising the choice of relative quantities.



the AVP class in terms of our dual measure.

2 A Dual Surplus Measure

When preferences are quasi-linear they can be represented by the utility function
U = z9 + u(x), where u is increasing and strictly concave (u(0) = 0), and x
is a vector of the quantities of n > 2 goods (z( is the amount of the outside
commodity). In this note we are concern with the structure of preferences
captured by the (sub-) utility function w, and with its implications for surplus
and pricing. In particular, in this section we discuss a surplus measure which
provides a representation of preferences dual to u.

Consider
5(p) = max{u(x) - p'x} (1)
= u(x(p)) —p'x(p), (2)
where
x(p) = arg max {u(x) — p'x} (3)

is the direct demand system, whose Jacobian

Dx (p) = [D*u(x(p))] ' (4)

is a symmetric, negative definite matrix. As it is evident from (1)-(2), the
surplus measure § is the (normalized) “profit function” dual to the “production
function” w, and x (p) has the properties of a profit-maximizing input demand
system: see e.g. Lau (1978). In particular, it follows from Hotelling’s Lemma
that

Vs(p) = —x(p),

as is well known: thus § is decreasing and strictly convex.
Alernatively, we could define

s(p)=V(p,x(P) —x(p),

where
V(p, F) = max {u(x) s.t. p'x < E}

is the indirect utility function dual to u, and the expenditure level E is adjusted
to x (p) so that

oV (p,x)
OF

It is easy to see that x = p’x(p), and that

x(p) = —DpV(p,x (p)) = X(p, x(P))

=1.



can thus be interpreted as a so-called Frisch’s demand system: see Frisch (1959)
and Browning (1985). Notice that X (p, E) is the Marshallian (uncompensated)
demand system associated to u: i.e., V(p, F) = u(X (p, E)).

One can also define a consistent measure of surplus as a function of quantities
as

s(x) = u(x) - p(x)'x, ()

where
p(x) = Vu(x) =x"! (x), (6)

is the inverse demand system. Clearly, s = s(p(x)). Notice that
Vs(x) = —Dp(x)x, (7)

and
Dp(x) = D*u(x), (8)

whose properties follow directly from those of u. But s need not to be increasing
or concave, as noted by AV.

The direct and inverse demand systems can be used to classify commodities:
see e.g. Bertoletti (2005) in the case of production. In particular, we might say
that commodities i and j (i # j) are gross g-substitutes when dp;/0z; < 0.2
A sufficient condition for this is that all goods are gross p-substitutes, i.e.,
0xz;/0p; > 0. Conversely, if all goods are gross p-complements, i.e., 0z;/dp; < 0,
they must also be gross g-complements, i.e., Op;/0x; > 0: see e.g. Takayama
(1985: Theorem 4.D.3; p. 393). Thus, with more than 2 goods the “direct” and
“inverse” classification need not to correspond each other.

We can explore the properties of x (p) by introducing the expenditure func-
tion E(p,u) dual to u.® Let

E(p,u) = min {p'x s.t. u(x) > u},

and
X(p,u) = argmin {p’x s.t. u(x) > u}
X

be the Hicksian compensated (“conditional”) demand system for which F(p, u) =
p'X(p,u). Clearly
s(p) = max {u— E(p,u)},

where the optimal “supply function”

i(p) = argmax {u — E(p.u)} = u(x(p)

2Notice that these conditions and the corresponding taxonomies are just local: throughout
this note, for the sake of brevity we will avoid repeating this qualification.

30ne can investigate the dual, inverse, demand system p(x) by making use of the so-called
distance function d(x,u): see e.g. Deaton (1979). This analysis is sketched in the Appendix
(also see Bertoletti, 2005).



satisfies

OE(p, u)
It follows that E(p,u(p)) = x(p), 5(p) = u(p) — E(p,u(p)) and x(p) =
X(p, u(p))-
Differentiating (9) and using Shephard’s Lemma:
Ozi(p) _ . 0%(p,u(p))
;py Op w(p)T, (10)
where

() = [aQE% <p>>} T

is an “absolute” measure of the curvature of the expenditure function with
respect to u, whose positivity follows from wu strict concavity. Notice that

would change for a monotonic transformation of the utility function w, and
that:

9z; (p,u(p)) _ 97: (p, x(P))
ou oE '

From (10) we get

ox(p)
Op;

ou

= —(p) + z:(p), (11)

and by moving to the elasticities and summating across commodities®

R T

lp=1- (12)

From (12) ¢ /x can be interpreted as a measure of the “size” properties of the

preferences. In particular, it measure the overall substitutability between xg

and x,° telling us how much the overall expenditure changes for a proportional

increase of all prices: it is not obvious that the expenditure x decreases, nor

that dx/0p; < 0. Indeed, from (11) the expenditure increases if the price of an

“inferior” good 4 (in terms of w: i.e., 97;/0u = 0%; /Ou < 0) rises.
Manipulating (10) we also get:

81np |P:1: 7¢(p) 811111/ = 70L (p) 9 (13)
where o(p)
_ Y(p

4Notice that:

Z p;Zj (p,u) OInZ; (p,u) IInE (p,u)
r E (p,u) Olnu dlnu

5The larger is 1/x, the larger is the substitutability with the outside commodity.



is a “relative” measure of the expenditure curvature with respect to u.6 (13) de-
composes the impact of a proportional change of all prices on the consumption
of commodity ¢ (a measure of its substitutability with respect to the outside
commodity) into an idyosincratic term, given by dInZ;/9Inwu, and a common
“size” component measured by ¢. It is convenient to identify this kind of “out-
side substitutability” with a specific measure, and we will use 6; (p).” (11)
and (13) somehow suggest that dx/0p; will be smaller in absolute value (and
possibly positive) for commodity with a smaller 6;. Notice that:

(0, (o) — L)
;ﬁz(p)gz (p) X(P),

where ¥; = p;x;/x is the expenditure share of commodity ¢, which says that the
average outside effect across commodities is just measured by ¥/ x.
We can now derive a sort of Slutsky’s equation:®

Oz (p) _ 0zi(p, u(p)) 9z(p, u(p)) 9z;(p, u(p))
Op; Op; ou ou '

—1(p) (14)
This says that the effect of a price change can be decomposed into a compen-
sated, “within-group” substitution effect, and a “size effect”. The latter depends
on the overall ouside sustitutability captured by ¥ and on the traditional “in-
come effects” (in term of the preferences represented by u). In particular, even
if commodities ¢ and j are net p-substitutes, i.e., 0z;/dp; > 0, if they are both
either “normal” (0z;/0u, 0z;/0u > 0) or “inferior” (0z;/0u, 0;/0u < 0) they
might turn into gross p-complements, i.e., the cross derivative 0z;/0p; could be
negative.
Moving to the elasticities we get:

Olnz;(p) _ dInzi(p,u(p)) _ ( )pjﬂfj(P) 9Inz;(p,u(p)) dInzi(p, u(p))
Olnp; Olnp; P u(p) dlnu dlnu '

Rewriting last expression in a perhaps more transparent form we get:

Olnz; (p) [ ~ 0; (p)0; (p)
" =1;(p) |03 (P, U(P) — — | 15
otmp, PP ) 19)
6% and 1) are closely related respectively to Frisch (1959) “money flexibility”:
dln {78‘/(,(9%’]3) }
OlnE ’

and Houtthaker (1960) “income flexibility”:

|:81n {va()[];E) } E:|

-1
OlnE

"The larger is 6;, the larger is the substitutability of good 4 with the outside commodity
(notice that 6; is negative for “inferior” commodities).

8The equivalent of this equation is somehow known in production theory: see for instance
Bertoletti, (2005: p. 188).



where
O0ln %z (pa u) E(p, U)

81npj pjfj (p,u)
is the so-called Allen-Uzawa elasticity of substitution between commodities 4
and j (AUES: see e.g. Bertoletti, 2005), a well-known measure of compen-
sated substitutability. Accordingly, two commodities ¢ and j (i # j) are gross
p-complements if their “within-group” substitutability (measured by o;;) is
smaller than a threshold determined by the product of their measures of idyosin-
cratic outside substitutability, divided by the “scale” term 1/ which measures
the average ouside substitutability. Notice that

Oij (pa ’U,) =

Olnx; (p)

alnp, Vi) (P, u(p)) _y(p)2XR) 8)

Y(p)

offers a decomposition of the own price effect into a substitution and a size effect
which are both necessarily negative.

It matters recording the results which apply to the case of homothetic pref-
erences, i.e., when u is homothetic. A function f is homothetic if and only if
f(x) = f(y) implies f(px) = f(py) for all p > 0 and x and y which belong
to its domain. This definition is equivalent to the possibility of writing f as a
monotonic transformation of a linear homogeneous function. A useful fact is
recorded in the following:

LeMMAL. A differentiable function f(z) with at least one strictly nonzero
derivative is homothetic if and only if (0f/0z)/(0f/0%;) is homogeneous of
degree zero with respect to z, i,5 =1,..,n

Proof: see Lau (1969: Lemma 1, p. 379).

Using Lemma 1 one can prove that s is homothetic if and only if u is ho-
mothetic (and z;/x; is homogenous of degree zero): see Lau (1978: Theorem
I1-2, p. 153). Under homotheticity the size effects are the same across com-
modities (apart from the role of the expenditure shares), and are determined
only by the “scale” elasticity 1. In particular, since dlnZ;/0lnE = 1 and
Olnz;/0lnu=0InE/0Inu we get:

dlnz; (p) _ o p O0lnz;( _ _Y(p)
dlnp; _ﬁj(p)[ () = p] Z f)lnpg x(p)’ an

Notice that in this case the AUES does not depend on the level of utility (but
it might depend on relative prices).

It is also worth exploring a little bit more the case of additivity, i.e., when
u is additive. It can be proven that s is additive if and only if u is additive: see
Lau (1978:Theorem II-7, p. 158). In such a case it is known that

~ oz; (p, U 8/‘/1;\_7 ,E(p,u
0%; (p,u) o (Pa%(P ) (PBE(P ) Vv (p, E (p,u))
op; 22V (p,E(p,u)) OF
Pi oE?




1 # j, and

0%; (p.u) _ PPl 0% (p.E(p.w) (| 0% (p.E(p.u)
op;  p.22V(e.E(pu) oF Di 9E :
' Pi—gE7

on these and the following results see Deaton and Muellbauer (1980: pp. 137-
41).
Since it is easy to see that 82V (p, x (p))/0E2 = —¢ (p) "', we get

oij(p,u(p)) = m (18)
and
Olnz; (p;)
8Tpi = fﬁi(p). (19)

(18) explains, in a sense, why under additivity commodities are gross p-independent:
it happens in such a case that the substitution effect is equal to the relevant size
effect. In particular, notice that the measures of idyosincratic substitutability
are tied together in such a way that ¢;;/0; = 9InZ,;/0InE. (19) shows that
demand elasticity will be higher for those commodities which also have a larger
outside substitutability. Notice, from (13), a full proportionality of the own price
effect and of the “income” effect: i.e., “luxuries” (according to the sub-utility
u) have larger price elasticites. This is an exact form of the so-called “Pigou’s
Law”: see Deaton (1974) and Browning (1985). (19) also shows that additivity
and concavity of u rule out the possibility that commodities are “inferior” (or,
from (18), net p-complements).

To illustrate, consider the homothetic u = [>"_, wf]%, wheren > p, 1> p >
0 (if » = 1 we have the familiar additive CES case) and 0;; =0 =1/(1—p) > 1
is the elasticity of substitution. Then

D=

1—0o

E—=ur Zp}f(’ and Ei:p;"u% Zp;f"
J J
Thus
4 1=p 1=p
o n=p 0 n=p
- p n—e _ p n—r _
R € I ) > d IR € N D 9 I
n - n -
J ] J
_ 1-p 1-n
n—p o n—p
~ _.n_ _p_ _ P\ _
s = maepre(n—p) D, xz() ol Dy
| g J
Since
1—p




it follows that 0

L =0;, and ¢/x=—":

n—p n—p
accordingly, the (common) substitutability with the outside commodities de-
creases with respect to the value of the iso-elasticity parameter 7. Note that
commodities are all “normal” and that they revert from net p-substitutes to

gross p-complement if n < 1.

¢

3 Proportional Ramsey Prices

After the seminal work of Ramsey (1927), who noted the proportionality of
optimal quantities under certain conditions, as far as we know the use of pro-
portional prices when departing from marginal costs in a multiproduct setting
was first considered by Frisch (1939), in his criticism of the marginal pricing
proposal by Hotelling (1938).% It was later suggested by Allais (1948), but
mainly for practical purposes (according to Laffont and Tirole, 1993: p. 30).
Interestingly, this pricing behaviour (sometimes called “Allais Rule”) was used
at the Electricité de France even when this was managed by Marcel Boiteaux, a
prominent supporter of Ramsey Pricing: see Laffont and Tirole (1993: p. 201).
That it corresponds to an optimal pricing rule when preferences are homothetic
is a fact which is certainly well known to the experts of the field.'® However,
we have been unable to find in the literature the statement that also the reverse
results holds, i.e., that Ramsey prices are proportional to marginal costs only if
preferences are homothetic. For this reason we first use our results to prove the
following:

PROPOSITION 1. Ramsey prices are proportional to (constant) marginal costs
if and only if u s homothetic.

Proof. Since sufficiency seems to be well known, we only prove the necessary
part. Let us write 7; = (p; — ¢;)z; for the profit made from commodity 4,
i = 1,..,n (for the sake of simplicity we refer to constant unit costs ¢;, but
results generalize to the case in which the overall cost function ¢ (x) is linear
homogeneous). Then overall profit is given by

7(p) = Y7 (p) = (p—<)'x(p),

and we can write .
W(p) = 7(p) + as(p)

for the Ramsey objective function (where 1 > a > 0 is the welfare weight
of surplus). The first-order conditions for Ramsey pricing are then given by

9Hotelling (1939) reassessed the support to marginal pricing established long before by
Dupuit (1844).
10 AV refer to it as of a “familiar” result.



(i=1,.,n)

TAR) i (p) + ; 0y = e) 222 i () 0,
which can be rewritten as
2 (v —¢)) 8%5313) =—(1-a)z (p") (20)
or, in matrix form:
(p" — <) Dx(p") = = (1 - a)x (p")". (21)

But then p® = m®(a)c for some optimal markup mf(a) > 1 requires, from

(20), (10) and (13),

(1-a)m"(a)
mi(a) —1

Tt follows that it must be the case that all the elasticities 91nZ; /0 1nu are equal
if Ramsey prices have to be proportional to marginal costs (i.e., the outside sub-
stitutability must be the same across goods). This is basically the requirement
that the relevant u-isocline is locally linear, i.e., that w is ray-homothetic'' at
b'¢ (pR). But since this has to hold for any possible marginal cost vector (any
possible p%), then the requirement is that u is ray-homothetic in the relevant
portion of its domain (the image of x(-)), which under our assumption that u
is concave is equivalent to full homotheticity: see e.g. Fare (1975). QED.

To get the intuition for this result, notice that 7 is indeed homothetic along
a ray through the marginal cost vector when s is homothetic. In fact,

0:(p") = (22)

- 1-—
Vi(pe) = Vs (pe) + TPD%@c)pc

for p > 0, where the right-hand side of this expression is proportional to a
vector function which is homogeneous of degree zero.!? Accordingly, iso-surplus
and iso-profit loci will be tangent in the price space along a ray through the
marginal cost vector. But this tangency characterises Ramsey pricing, and fully
homotheticity is necessary to achieve a similar result whatever the marginal cost
vector is.

1A ray-homothetic function is homothetic along each ray in its domain, and possibly in
different ways for different rays: see e.g. Fare (1975).

12Quppose that f (z) is homothetic: thus it can be written as F (f*), where F is monotonic
and f* is linear homogeneous. But then Vf = F/ (f*)Vf* (where Vf* is homogenous of
degree zero), and

D2f — F// (f*)vf*vf* +F/ (f*)DZf*
Accordingly,
D*fz= f*F" (f*) Vf*.

10



Finally, under homotheticity the optimal markup m®(«a) solves
)

mi@) -1 x(p
mi@) Y Ry

For instance, in our example:

m®(a) = P L
(@)= (1+(1—-a) ;

4 Other Pricing Implications

Our results have a few other simple implications for multiproduct pricing when
preferences are quasi-linear.!> We noted in section 2 (see (19)) that, under
additivity of u, the own price elasticities are higher for those commodities which
also have larger outside substitutability. From (20), this trivially implies that
their Ramsey Lerner indexes L = (pf — ¢;) /pF must be smaller:

LE = 1_70‘.

0;(p™)

However, note that (16) says that own price elasticities tend to be higher for

product with larger outside substitutability even when u is not additive (also see

next section). This suggests that Ramsey Lerner indexes should be relatively

smaller in the case of “luxuries” and relatively larger in the case of “inferior”
commodities.

AV show (see next sections) that L® < 0 if and only if ds (x*) /0z; < 0.
As discussed in section 2, this requires that there exists at least one couple of
gross p-complement goods, but as illustrated by our homothetic example this
condition is far from sufficient. However, in the special case in which there are
just two commodities (i.e., n = 2) we can easily state some meaningful necessary
and sufficient conditions for one of them to have a negative Ramsey Lerner index.
In fact, we know already (from (15)) that it is necessary that commodities are
both normal (in terms of the preferences captured by u), otherwise they, being
net p-substitutes could not revert to gross p-complement.

This understanding can be deepened by rewriting (21) as:

(24)

Oln zl(pR) dln ml(pR) R
Olnpy Olnps Ll _ a—1 (25)
61n12(pR) Oln IQ(PR) Lg a—1 ’

O1npy 0ln pa

dlnp; dlnp;

nT; R nx; R . .
Then by Cramer’s rule sign{Lﬁ} = sign{al (p%) _ oma;(p )}, i # 7,

i,j = 1,2. Accordingly, L will be negative if and only if

Olnz; (pR) Olnx; (pR)
Olnp; Olnp;

)

13 A comparison to the classic analysis by Bos (1994: chapter 8) should convince the reader
that our approach is indeed informative.

11



whose left-hand side is negative.
By using (15) and rearranging,'? last inequality can be rewritten as:

oi; (P, u(p™)) onz; (p" x(p")) 9z, (p" x(P™))

9. (R
pr) < L %) O E O E

(26)
Since o;; > 0, this shows that LF < 0 if and only if the substitutability “within
group” of i, measured by the AUES, is sufficiently small with respect to its
“outside substitutability”, measured by 6; > 0. (26) also says that the relevant
threshold for o;; depends negatively on the market share of commodity ¢, and

that
onz; (p", x(p™)) _ dlnz; (p™ x(P™))
OlnFE OlnE
is in fact a necessary condition for LE < 0. Notice that (26) can be rewritten
(see footnote 4) as
oy (P ae™) _ o (p", x(P")  u(p)

0;(pf) OlnE x(pf)’

which requires that dInZ;/0In E > 1: i.e., ¢ must be a luxury good (in terms
of u).

>0

5 The Inverse Measures of Outside Substitutabil-
ity

Since the overal profit is also given by:

(%) = (p(x) — €)' x, (27)
the Ramsey objective function can be written in term of quantities as:
W(x) = =n(x)+ as(x)

= ux)—-cdx—(1-a)s(x),
and Ramsey prices must satisfy!®

p(xf) —c= (1 — a)Vs(xh). (28)

148ince O 1nF:(p, )
nx;(p,u
> e

dlnp;
with only two commodities it must be the case that (¢ # j)
_ pii(p,u)

- oij(p,u).
piZj(pou)

ajj(p,u) =

15Notice that ,
ok = (p(xR) — c) xB = — (1 — o) xDp(xf)xF,

which says that the Ramsey overall profit will be generally positive, and that efficient pricing,
ie., o =1, requires p© = ¢, as is of course well known.

12



By writing r = p(x)'x = E (p(x), u(x)) for total revenue/expenditure, the
“marginal revenue” of commodity j can be written according to the formula

or(x) Z dp; (x)

Oz —~ Oy,
= 2 () [1=p; (x)],

where the “scale elasticity” (see e.g. Bertoletti, 2005)

T +pj (%)

Zalnpj ) Olnp; (px) |

Olnz, olnp "=
substitutes for the familiar “inverse demand elasticity" which appears in the
single product case.

Notice that p,, is given by (minus) the sum of the k row of the matrix of
elasticities d1Inp;/01Inz;. It can be given the interpretation of an idyosincratic,
inverse'® measure of outside substitutability for commodity &, since it says how
much its price has to change to accomodate for a proportional increase of all
the quantities. Also, it is “dual” to 0, in the sense that one can show that
latter is given by the sum of the k row of the inverse of the matrix of elasticities
O0lnp;/0Inx; (which is simply the matrix of the elasticities dInz;/0Inp;), and
that ray-homotheticity of v at x(p) is equivalent to both p,(x(p)) = u and
0:(p) = ¥(p)/x(p), i = 1,..,n: see Bertoletti (2005). Notice that p; might be
negative:'” in such a case it is necessary to increase the price of commodity k
to induce consumers to buy a proportionally larger consumption vector. Intu-
itively, px need to increase to compensate the substantial impact of the decrease
of the prices of the gross g-complements of commodity k.'®

Analogously, notice that

dlnr (px) | _ Z_j [1 — My (X)] p;j (%) x;
Olnp =t r(x)
= 1- Hw (X) )

where 7; = p;x;/r is the revenue share of commodity j and p = Zj HiTj-
Accordingly, we can interpret

1 D
dlnr (px) i X p(x)x 50

M(X>:1_ 'I’(X)

Olnp

as an inverse measure of overall (“average”) outside substitutability. Also notice
that (1 — a)u (xf) = 7(x®)/r(x?) gives the Ramsey “rate of profit”.

16 The larger is 1, the smaller is the substitutability of good ¢ with the outside commodity.

17The matrix of the elasticities d1Inp;/dInz; is negative definite by (6). Then u; < 0 says
that it is not also a dominant diagonal matrix (see e.g. Takayama, 1985: chapter 4, section
C).

18Notice that if all prices reduce, it would be possible for the consumer to buy more of each
of the commodities and also of the outside good.
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Armed with these measures we can rewrite (28) as
Lt = (1 = a)p;(x"), (29)
which generalises (24). This establishes the following result.

ProrosiTioN 2. With constant marginal costs, Ramsey Lerner indexes are
proportional to the (inverse) measures of outside substitutability.

These results suggest that commodities could be usefully classifed also ac-
cording to the sign of the corresponding scale elasticities (on the information
provided by them see Bertoletti, 2005 and the references given there). For ex-
ample, we might say that a commodity ¢ is “subordinate” if p; < 0 and “core”
if p; > 0.

6 Proportional Ramsey Quantities

The case for optimal quantities to be proportional to their efficient values was
first established by Ramsey (1927), who proved the result in the case of either
small price distortions or a quadratic utility. AV generalise that result by show-
ing that the surplus measure s is homothetic if and only if preferences belong to
the class AVP, for which it is possible to write u4"" = h(x) + g(g(x)) for some
(strictly) concave function g, with h and ¢ linear homogeneous (g (0) = 0). In
such a case

p(x) = Vh(x)+g'(¢(x))Vq(x), (30)

s(x) = g(g(x)) - g'(g(x))q(x) (31)
and

Vs(x) = —¢"(q(x))q(x)Vq(x). (32)

An intuition for this result comes again from Lemma 1: s need to be homothetic
when u is homothetic (i.e., when we can write u(x) = g(¢(x))), since its gradient
is proportional to a function which is homogeneous of degree zero. But if utility
has the alledged expression then s is unaffected by the component h.

But then, as discussed by AV, homotheticity of s implies the property that
Ramsey quantities are proportional to efficient quantities (relative quantities
ot /x? and relative price-cost margins (p? — ¢;) / (pf — ¢;) do not depend on
«). The intuition is that, when s is homothetic, 7 is homothetic along a ray
through the efficient quantities. In fact, since for p > 0

p(px(c)) — ¢ = [¢'(pa(x(c))) — ¢'(a(x(c)))] Va(x(c)),
then

Vr(px(c)) = [9'(pa(x(c))) — g'(a(x(c)) + pg" (pa(x(c)))a(x(c)))] Va(x(c)).

Accordingly, the iso-loci of surplus and overall profit must be tangent in the
quantity space along a ray through the efficient quantity vector.
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To illustrate, consider the simple case in which:

n

hx) =Y i and glq(x)) = 3 o,
=1

i=1

where 1 > p > 0 and g(z) = 2°. Of course in this case ¢ = [>_1, :z:f]% is
the familiar CES aggregator and v = Y ., (z; + 2¥) is additive (and actually
a mixture of two CES functional forms: see Bertoletti et al., 2007). Thus:

n
pi(ws) =1+ pal ™" mi(ws) = (1+ paf ™" = ci)a; and s(x) = (1-p) fov
=1

and the direct demand function of commodity i is given by (i = 1,..,n):

zi(pi) = <pi;1>a,

where o = 1/ (1 — p) is the elasticity of substitution associated to ¢ (p; has to be
larger than 1 to satisfy our mantained assumption that the outside commodity
is bought, i.e., that &y > 0). Assuming ¢; > 1, i = 1,..,n, it follows that

r_ocita—1
P v

and

X

R )

Clo-14a)p S R

Let us conclude this note by representing the AVP class in our dual terms.
Note first that surplus can be written:

V(p) = max {g () - ¢"(p,q)} (33)

where
e!(p,q) = min {p'x — h(x) s.t. ¢(x) > g}, (34)

when program (34) is well defined.!® In such a case e? is positive, monotonic
increasing, and concave with respect to p. Given the linear homogeneity of both
p’x—h(x) and ¢(x), it must also be the case that it is separable: i.e.,

e’(p,q) = t(p)q,

with
x/(p, q) = argmin {p'x — h(x) s.t. q(x) = q} = qVH(p).

Then program (33) has the solution

19 Sufficient conditions are that both h and ¢ are quasi-concave, and that p’x—h(x) and
g(x) are monotonic increasing.
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implying that

V() = g(@@p)—ap)tp), (36)
-vs'(p) = x*V(p)=x%p,q(p)) = q(p)Vi(p). (37)

and
x*V(p) = @(p)p'Vt(p). (38)

As discussed by AV, consumer choice can then be described as that of de-
ciding upon the aggregate ¢ as a function of the “price aggregator” t, while
choosing the relative value of z;/z; for a given ¢. Note that

1
g" (q(p))

is a positive definite matrix, so that 34" is actually a decreasing and convex
function of p, i.e., a legitimate surplus function. ¢ will be linear homogenous
when preferences are actually homothetic: e? is then a proper expenditure func-
tion, 54V is homothetic too, x4V is proportional to a homogeneous of degree
zero function and x4V = g(p)t(p).

To illustrate, reconsider the case in which u = """, (x; + 2f): then?"

D% (p) = —Dx*V(p) = - Vit(p)Vt(p)' - 4(p)D*t(p)

P

t(p) = [Z (pi — 1)1_”] S [Z (pi — 1)1_”]

i=1 i=1

and

n

) =p" =) =D X)) =07 Y pi (i 1) 7

i=1

The simple case of additivity suggests yet another case of proportional Ram-
sey quantities (beyond homotheticity). In fact, suppose that

s(p) = Zgj (Pj)’

where s;, j = 1,..,n, are positive, decreasing and convex functions. Accordingly

zi(p;) = —5;(pj)

20Notice that from (13) we can compute:
oPi

0:(pi) =
Z(pl) p1_17

which shows the impact of non-homotheticity on the outside substitutability measure.
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and (20) becomes
> (R

R 5;(P;")

pir—cj)=—(1—-a)= .
( J J) ( )S;/(pf)

But then the (negative) exponential case in which 5; = e~#% with B; > 0 must
belong to the AVP class.
In fact we get:2!

$(p)=> e P, wi(p) =Be PP, x(p) =) piBe i
; ;

and

1—
pf =c;+ 2% and = ,Bjelfo‘fﬁfcj

B;
(assuming that c; +1/8; < ;, so that pf < B;). The dual utility function
is of course given by u = Zj [ln B; —Inz; + 1] x;/B,;, which gives raise to the

homothetic s = > x;/8;.

7 Conclusions

Representing quasi-linear preferences by means of consumer surplus as a func-
tion of prices, we have investigated the properties of demands and derived a
Slutsky-like decomposition of the price effects, distinguishing between substi-
tutability “within group” and with the outside commodity. We have also de-
rived the dual measures of substitutability for the inverse demand system, and
applied our results to the associated Ramsey pricing problem. In particular,
we have proved that Ramsey prices will be proportional to marginal costs only
if preferences are homothetic, and that the optimal Lerner indexes are propor-
tional to the measure of outside substitutability. Finally, we have represented
the class of preferences recently introduced by AV in terms of our dual measure,
and considered a few simple examples of it.

2INote that in this case:

0i(pi) = B;pi-
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Appendix: The Inverse Demand System

We can decompose the impact of quantity changes on inverse demands by intro-
ducing the distance function d(x,u): see e.g. Deaton (1979). This is implicitly given
by

b ¢

U(E) = u,

is increasing and linear homogeneous with respect to X, and decreasing and (strictly,
in our case) concave with respect to u. Notice that

P(x,u) = Vyd(x,u)
is such that
E(p(x,u),u) =1
and X (p(x, ), u) is proportional to x (in addition, d(x,u (x)) = 1 and X (p(x, u (x)), v (X)) =
X).
It follows that

~ p(px)
p(x, u(px)) = ,

r(px)

where p > 0. Differentiating with respect to z; and p and evaluating at p = 1 we get:
~ ~ 9pi (%)
api(xv u (X)) + 8p2 (X7 u (X))p (X) _ 1 Oz (39)
Ox; ou 7 —pi(x,u(x) % |
J

r(
op;i(x,u (x)) B 1 > dp’T(kx)xk
B r(x) = e [ —ﬁi(x,ulzx)gz > ort) (}40)

oxy

x)

We can rewrite (40) to get:*?

Olnp;(x,u (x)) _u (x)
Olnu r(x)

In turn, plugging into (39) this delivers

Olnp; (x) _ 9Inpi(x,u(x))

dlnz; dlnz; + [/‘ (x) = p; (x) — Hy (X)] T (x),

which is a sort of a Slutsky’s equation (in elasticity terms) for the inverse demand
system that can be used to study its substitutability properties (see Bertoletti, 2005).

22Notice that r/u = 0lnu(px)/0Inp |p=1.
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