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Abstract

This paper develops an estimation and testing framework for a stationary large panel model with
observable regressors and unobservable common factors. We allow for slope heterogeneity and for
correlation between the common factors and the regressors. We propose a two stage estimation
procedure for the unobservable common factors and their loadings, based on Common Correlated
Effects estimator and the Principal Component estimator. We also develop two tests for the null of
no factor structure: one for the null that loadings are cross sectionally homogeneous, and one for the
null that common factors are homogeneous over time. Our tests are based on using extremes of the
estimated loadings and common factors. The test statistics have an asymptotic Gumbel distribution
under the null, and have power versus alternatives where only one loading or common factor differs
from the others. Monte Carlo evidence shows that the tests have the correct size and good power.

JEL codes: C12, C33.

Keywords: Large Panels, CCE Estimator, Principal Component Estimator, Testing for Factor
Structure, Extreme Value Distribution.



1 Introduction

Consider the following model for stationary panel data:

vie = Bz +7ift + €, (1)

vy = MNifi+ €, (2)

where i = 1,...,n, t =1,...,T, x;; is an m-dimensional vector of observable explanatory variables and f;
is an r-dimensional vector of unobservable common factors; in equation (2), A; is a matrix of coefficients
of dimension m x r. Model (1)-(2) is based on Pesaran (2006), and it arguably has a huge potential for
empirical applications. In the context of finance, y;; could represent the excess return on an asset; then, as
pointed out by Bai (2009a), f; could represent a vector of unobservable factor returns, which are added to
the observable ones (e.g. the Book-to-Market ratio) that are typically employed. Kapetanios and Pesaran
(2007) consider an APT model allowing for individual asset returns to be affected by common factors (both
observable and unobservable). In a similar setup, Castagnetti and Rossi (2013) adopt a heterogeneous
panel with a multifactor error model to study the determinants of credit spread changes in the Euro
corporate bond market. Factor models are also useful in the context of estimating production functions,
where x4 is a set of observable factor inputs, and f; allows to consider cross sectional dependence as arising
from common shocks or e.g. spillover effects determined by policy or technology shocks. For example,
Eberhardt and Teal (2012) adopt a common factor model approach to estimate cross-country production
functions for the agriculture sector. Similarly, Eberhardt, Helmers and Strauss (2013) consider the
impact of spillovers in the estimation of private returns to R&D allowing for a common factor framework.
Another promising field of application is the prediction of mortality rates (or their first difference), where
the seminal Lee-Carter model (Lee and Carter, 1992) has been extended to incorporate idiosyncratic
explanatory variables as well as the traditional factor structure - see French and O’Hare (2013) and the
references therein.

As far as conducting inference on (1) is concerned, the inferential theory on the slope coefficients £;
has been developed in various contributions. Particularly, Pesaran (2006) proposes a family of estimators
for B; based on instrumenting the f;s through cross sectional averages of the z;; and y;:; such estimation
techniques are referred to as the Common Correlated Effects (CCE) estimators. One of the key features
of the CCE estimator is that it does not require any inference to be carried out on ; or f;. Pesaran and
Tosetti (2011) and Castagnetti and Rossi (2013) show that, in principle, residuals computed from (1)

using CCE estimators can be used to extract v; and f; using e.g. Principal Components (henceforth, PC).



However, the properties of the estimated v; and f; are not discussed. In addition to the CCE estimators,
Bai (2009a) develops a different estimation technique for (1)-(2) under the assumption of homogeneous
slopes, i.e. 8; = (. Such technique is known as the Interactive Effect (henceforth IE) estimator, and
it is based on iteratively computing (§ for given values of 7; and f;, and then ~; and f; for a given
value of 5. Although results are available for the estimated triple (3, A;, f), inference is developed under
the assumption of homogeneous (3;s; moreover, no explicit asymptotics for ~; or f; is derived beyond
consistency. Despite this, inference on ~; and f; is likely to be important in many settings. For instance,
where a multifactor error structure is employed for the purpose of dimension reduction, or simply when
explanatory variables may not be observable. In such cases, it could be relevant to know whether there
is indeed a factor structure in (1), or whether common effects can be adequately represented by more
parsimonious models such as a model with cross-sectional or time dummies, as also studied by Sarafidis,
Yamagata and Robertson (2009), and Bai (2009a) in the context of model (1) with homogeneous slopes. In
this case, the asymptotics of the estimated common factors and loadings is obviously a first, fundamental

step in order to construct tests for the presence of a multifactor error structure.

This paper makes two contributions to the literature. Firstly, we derive the inferential theory for the
unobservable common factors f; and their coefficients ; in (1)-(2). We estimate v; and f; by applying
PC to the residuals computed from (1) using the CCE estimator. This two-stage procedure builds on an
idea of Pesaran (2006, p.1000), and Pesaran and Tosetti (2011), while the asymptotics of the estimated
(74, f1) is studied by adapting the method of proof in Bai (2009a) to the case of heterogeneous (;s.

Secondly, we develop two tests: one for the null that v, = ~ for all 7, and one for the null that
ft = f for all t. The rationale for these two tests can be understood by noting that, as Pesaran (2006)
points out, model (1)-(2) nests various alternative specifications. In the case of homogeneous loadings
(i.e. 7 =), equation (1) is tantamount to a panel regression with a time effect - therefore there is no
real common factor structure. This fact is used by Sarafidis, Yamagata and Robertson (2009) to test for
cross dependence in a dynamic panel context. Similarly, in the case of homogeneous factors (i.e. f; = f),
equation (1) boils down to a heterogeneous panel with individual effects - in this case, too, there is no real
common factor structure. Therefore, the two tests described above can be used to verify whether a factor
structure in (1)-(2) indeed exists, or whether simpler specifications nested in (1)-(2) should be employed.
Both tests should therefore be employed before trying to estimate any factor structure, including the
number of common factors, as we also discuss in Section 3. In this respect, our paper is related to a
recent contribution by Baltagi, Kao, and Na (2012), who propose an approach based on finite sample

corrections and wild bootstrap to testing for Hy : 7, = 0 in a standard panel factor model defined as



yit = i [t + €ir. We use test statistics based on extrema of the estimated 7; and f, in a similar fashion to
the tests for slope homogeneity developed by Kapetanios (2003) and Westerlund and Hess (2011). Monte
Carlo evidence shows that the tests have correct size and satisfactory power for different levels of the

signal-to-noise ratio and for several simulation designs.

The paper is organized as follows. The estimation procedure, and the asymptotics of the estimates
of v; and f; are in Section 2; Section 3 contains results about the two tests mentioned above. Section 4
contains a validation of our theory through synthetic data. Section 5 concludes. All proofs are provided
either in the Appendix or in Castagnetti, Rossi and Trapani (2014).

NOTATION. We use “—" to denote the ordinary limit; « L and “27 to denote convergence
in distribution and in probability respectively; and we use “a.s.” as short-hand for “almost surely”.
The Frobenius norm of a matrix A is denoted as ||A|| = \/tr (A’A), where tr (A) denotes the trace of A.

w2

Definitional equality is denoted as . Other notation is defined throughout the paper and in Appendix.

2 Estimation

In model (1)-(2), where x;; is m-dimensional and f; is r-dimensional, we consider the following no-

tation, which we use throughout the whole paper. We define F' = (fy,..., fr)'; X; = (zi1,..., zi7)';
€ = (611, -~~7€iT)/§ Yi = (yila ~~~ayiT)/§ Zit = (yibx;t)/; Zp = (21'1, ---;ZiT)/ and ﬁw =n! Z:;l z;. We also

define the matrices M,, = Iy — H,, (I:I{UHw)fl H' and

w

1 lem
ﬁi Im

for each i. Based on this, the ;s in (1) can be estimated as

X\ T "M
- (XiMle) (XZMwyl> 7 (3)

T T

which is the CCE estimator of Pesaran (2006); it holds that 3; — 8; = O, (ﬁ) + 0, (\/Tlﬁ) + Op (3).

In order to estimate v; and f;, we propose the following two-step procedure.
Step 1 Estimate the ;s using the CCE estimator, and compute the residuals v; = y; — X, 5.

Step 2 Apply the PC estimator to ©;, obtaining 4; and ft under the restrictions F'F = TI, and

n~t 3" | 49, diagonal.



In Step 2, F is calculated as v/T times the r largest eigenvectors of % i, 0;0). Similarly, 4; is
computed as

i = (F/MXiF>_1 (FIMXiyz) ; (4)

with Mx; = It — X; (Xin)_l X!. In (1), 7; and f; are not separately identifiable; as is typical in this
literature, we only manage to estimate a rotation of v; and f;, say H 'v; and H'f,. However, for our
purposes knowing H ~'~; and H'f, is as good as knowing v; and f,. We point out that the results in this
paper do not strictly require the CCE estimator in Step 1: our results keep holding as long as the 3;s are
estimated at a rate O, [min {T -1/ 2,n_1}}. Thus, the CCE is only a possible choice. Alternatives, like
the Song (2013) estimator, which extends Bai (2009a) IE estimator to the case of heterogeneous slopes,
may be used instead. The Song (2013) estimator obtains the same rate of convergence as for the CCE
estimates of the individual slopes. In the remainder of the paper, we show our results based on employing

the CCE in Step 1.
Consider the following assumptions.

Assumption 1. [error terms: serial and cross sectional dependence] (i) E (€;;) = 0 and E |eit\12 < o0;
(ii) (a) S1_, |E (eireis)| < M for all i and s, (b) S0, i1 |E (irejs)] < Mn for all t and s, (c)
Yoy Yat | (eueis)] < MT for all i, (d) Y7Ly 72 Yooy Semy 1B (eueis)l < M (nD); (idi) (a)
Elen) 2y, S el < M 1) X, YT S, ST B (cwenenen)] < MT?, (©) S,
Sy Yitt SCuca 1B (eucisejuess)] < M (nT) for all w, (d) Y0y S5, S5, S11 1B (euerejocks)|
< M (nT) for all k; (iv) (a) E|Y 1, € ' < ME‘Zthl € i for all 4, r < 12, (b) E|>.1 en] <

ME ’Z?:l 6%5‘7‘/2 for all t, r < 12.

Assumption 2. [regressors and common factors] (i) E|€L]'? < oo and E||f]|"® < oo; (ii)
T-! Zle fifi B % as T — oo with Xy non-singular; (iii) {€%, f;} and {¢;s} are mutually independent

r r/2
for all i, j, t, s; (iv) E ‘Zle Ti€it| < ME ’ZtT:l (xiteit)2 for all 7, r < 6.

Assumption 3. [slopes and loadings] (i) {3;} is independent of {ej, €%, fr} for all 4, j, t; (ii)
E||3i]*™ < oo for some & > 0; (iii) the ;s are non stochastic and such that max; ||v;]| < oo and

—1 n / . .
n=t Y vy — X, as n — oo with ¥, non-singular.

Assumption 4. [Step 1 estimation] (i) lnin (XQJV;in) > 0; lmin (%) > 0 and lyin (W) >
0 a.s. for all 4, where [y (-) denotes the smallest eigenvalue; (i) C =n~! 3" | C; has rank r < m + 1.
Assumption 5. [Central Limit Theorems] (i) (a) there exists a nonrandom, positive definite matrix
Y¢am,i such that plimr_e T7' FFH'Mx;HF = S¢p, (b) T-Y2F H' M,e; 4 N (0,X¢nse,i), where

Y iarei = plimp o T F'H Myie;ei M HF, for all 4; (i1) n=/2 31 yieq 4N (0, D), where @,



= plim,, 0 N7 Y Yl€i€ir, for all t.

Broadly speaking, Assumptions 1-4 are needed to prove the consistency of the estimated common
factors and loadings. Assumption 4 is specific to the CCE estimator, employed in Step 1. Assumption 5
is required when deriving the asymptotic distributions.

In particular, Assumption 1 deals with the error term €;;, and it allows for serial and cross dependence.
The conditions in parts (i) and (i) of the assumption resemble closely (and in some cases are exactly
the same as) those in Bai (2003) and Bai (2009a), and can be shown immediately if €;; is assumed to
be independent. Part (i) requires the existence of the 12-th moment of ¢;;, which is stronger than what
the literature normally considers - e.g. in Bai (2009a), assuming E |e;;|® < oo suffices. In our context,
the existence of the 12-th moment is needed in order to derive consistency of 4; and ft (see in particular
the proof of Lemma A.1). Finally, part (iv) contains Burkholder-type inequalities: these could be shown
directly under more specific assumptions on the degree of serial and cross sectional dependence. For
example, part (a) holds immediately if one assumes that ¢;; is a Martingale Difference Sequence (MDS)
across t (the same holds for part (b), under the MDS assumption across i) - see e.g. Lin and Bai (2010,
p.108).

As far as Assumption 2 is concerned, we allow for serial and cross sectional dependence in both the
efs and in the common factors f;. The requirement in part (i7) is standard in the literature (see e.g.
Assumption B in Bai, 2009a), and it entails that common factors are “strong” in the sense of Chudik,
Pesaran and Tosetti (2011) (see in particular Assumption 3). Finally, according to part (i), the ;s are
strictly exogenous. Assumption 3 is standard. Assumption 4 is specific to the CCE estimator of the f;s,
employed in Step 1. Particularly, the rank condition in part (i) is the same as equation (21) in Pesaran
(2006), and it guarantees the consistency of the f;s.

Finally, Assumption 5 contains two CLT-type results which are employed when deriving the limiting
distributions of the estimated common factors and loadings: parts (i) and (i7) can be compared with

Assumption F in Bai (2003).
We now turn to studying the asymptotics of 4; and ft.

Theorem 1 Let Assumptions 1-4 hold; then, for every i

o) oo t)



Let Assumptions 1-5 hold. As (n,T) — oo with ? —0
. _ d
VT (% —H 'v) 5 N(0,%.,), (6)
where ¥.; = E;J%/I,iEfMexizlevu and X¢nr and Sgare are the probability limits of T~ (F'H'Mx,HF)
and T=Y (F'H'Mx;e;e.Mx; HF), respectively.

Theorem 1 can be compared with Theorem 2 in Bai (2003, p.147): the rates of convergence in (5)
are exactly the same. On the other hand, the limiting distribution of /T (’yl —H ’1%) in (6) is different
from the one in Theorem 2 in Bai (2003): this is due to the presence, in our context, of the idiosyncratic
Tegressors Ty.

We use the estimator of 3., proposed in (Bai, 2003, p.150)

S, = Q)7 @ (Qi)7 (7)

where Q; = T~ (F'Mx;F), and ®; = Do + 0, (1 - qi—l) (Dji+ D},), with Dy = T-' 0
— —~ — ~ ~ ~
fr, fr,_; & éj, where fx, is the t-th row of Mx;F and é;; = y; — Bjxis — 4 ft- The bandwidth ¢ is

chosen so that ¢ — oo with ¢/T/* — 0.

We now present the asymptotic results for ft.

Theorem 2 Let Assumptions 1-4 hold; then, for everyt

e ()0 (3)

Let Assumptions 1-5 hold. As (n,T) — oo with 4 —0
A d
Vi (fi— H'f) S N (0,55, (9)

where L = HY 31X H' and Srey = limg,_oon™! SO0 Z?Zl Yivj€it€jt-

Theorem 2 is the counterpart to Theorem 1 in Bai (2003, p.145). Rates of convergence and limiting
distribution are exactly the same: the presence of individual specific regressors does not affect inference
on the common factors.

By virtue of Theorem 2, the asymptotic covariance matrix of \/n ( ft - H ft) can be estimated using

equation (7) in Bai (2003, p.150). Specifically, letting ¢ = (1, ..., é,)" with & = [é;1, ..., &7], and defining



V.1 as a diagonal matrix containing the r largest eigenvalues of %éé’ in descending order, the estimated

Eft is
Spe=Vor ( Z%%i) (10)

Note that Yr is estimated through n=! > | 4;4/¢%, which is valid under cross sectional independence.
It is not possible, in general, to estimate Y. ; consistently unless some ordering among the cross sectional

units is assumed - see also Bai (2003, p.150).

Combining Theorems 1 and 2, we obtain the asymptotics for the estimated common component

cit = i ft, defined as é; = ’yz’ft

Corollary 1 Let Assumptions 1-4 hold; then, for all i and t

cu—en =0, (=) + 0, (). (1)

Let Assumptions 1-5 hold. As (n,T) — oo
1 1 —1/2 .
VD g+ 3 fiEei fo (€t = cit) = N (0,1), (12)

where Xy, is defined in Theorem 2 and ¥.; in Theorem 1.

After discussing the asymptotic properties of 4; and ft, we turn to deriving tests for the null of no

factor structure.

3 Testing for no factor structure

In this section, we discuss and compare two approaches to testing for the null of no factor structure in
(1). Motivated by Sarafidis, Yamagata and Robertson (2009), we study tests for, respectively: (a) the

null of cross-sectional homogeneity of the loadings ~;s; and (b) the null of homogeneity, over time, of the

ftS.

Formally, we propose two tests for the null hypotheses:

Hy : ~; =~ forall g (13)

HY : fi=fforallt. (14)



Both (13) and (14) entail that there is no real factor structure in (1). Consider (13) first. When H§

holds, equation (1) can be rewritten as

Yir = ¢t + Bixi + €ir, (15)

where we have defined ¢; = 7' f;. Thus, under H§, model (1) boils down to a standard panel specification

with a time effect. Similarly, under Hg in (14), equation (1) can be rewritten as

Yit = @i + Bizit + €, (16)

where we have defined ¢; = 7/f. Therefore, under H$, model (1) is tantamount to a standard panel
specification with a unit specific effect.

The considerations made above also entail that testing for (13) and (14) is equivalent to testing for
strong cross dependence among the y;;s. Sarafidis, Yamagata and Robertson (2009) propose a test for
cross dependence (albeit in a different context) based on verifying the null that loadings are homogeneous,
i.e. 7; = 7. Our paper extends the contribution by Sarafidis, Yamagata and Robertson (2009) to our
context, and complements it by also considering a test for (14). A similar approach to testing for factor

structures versus models with individual or time dummies is also suggested in Bai (2009a).

In order to test for (13) and (14), we propose two tests based directly on the results in Section 2, i.e.
on the estimates of 7; and f;. Specifically, we propose two max-type statistics, where the maximum is
taken over the deviation of the individual estimate of «; (resp. of f;) with respect to their cross-sectional
(resp. time) average. This approach has been proposed, in the context of testing for poolability with
observable regressors, by Westerlund and Hess (2011), whose simulations show that the power properties
are very promising, although issues may arise in presence of ties (Hall and Miller, 2010). In our context,
we show that tests based on max-type statistics have power even versus alternatives whereby only one
unit/time period has heterogeneous loadings/common factors. Castagnetti, Rossi and Trapani (2014b)
study the use of alternative test statistics for HY and H{ - specifically, they consider tests based on
average-type and Hausman-type statistics. Neither approach is found to be employable: average-type

statistics diverge under the null as (n,T) — oo, while Hausman-type ones are inconsistent.



Define ¥ = n~! o A and f=1"1 Zthl ft. We propose the following max-type test statistics:

Syar = max [T (3 -3)" 95! (5 -73)] a7)
Spwr = max {n (ft - ?)I D (ft - ?)] : (18)

We point out that under the null hypotheses H§ and H(I)’ , the spaces spanned by the loadings and by the
factors (respectively) have rank equal to one. This fact was already noted by Sarafidis, Yamagata and
Robertson (2009) who, building on it, suggest running their test setting » = 1. This can be applied to
our context also: Sy ,r and Sy, can be used setting r = 1, which avoids having to estimate 7.

From a methodological perspective, this entails that tests based on (17) and (18) can be implemented
without prior knowledge of the number of factors: thus, testing does not require estimation of r as a
preliminary step. Indeed, we note that tests for (17) and (18) are to be implemented before determining
r. If the null is not rejected, the conclusion can be drawn that no factor structure is needed, and either
(15) or (16) is the correct specification. Conversely, if the null is rejected, then it follows that there is
a genuine factor structure. Hence, the next step is determining the number of latent common factors
r, e.g. by applying some information criteria as discussed in Bai and Ng (2002) and Bai (2009b). The
asymptotic properties of the estimated common factors, loadings and common components are those

given in Section 2.

3.1 Testing for Hj : v, =7

In this section we report the asymptotics of S, 7 under the null Hf, and we analyse the consistency
of tests based on S, 7. We show that, as (n,7T") — oo under some restrictions on the relative speed of
divergence, S, ,,r (suitably normalised) converges to a Gumbel distribution. Further, we also show that

tests based on S ,7 have nontrivial power versus alternative hypotheses shrinking at a rate O, ( lnT"> .

Let k; be the largest number for which E |e;;|*", E ||z;||"* and E || f,||*" are finite. In view of Assump-
tion 1, k1 > 12. Consider the following assumptions, which complement Assumptions 1 and 2, imposing

further conditions on the form of time and cross sectional dependence.

Assumption 6. [serial dependence] Let 6 > 0 and a € (1,400): (i) €, ft and x;+ are Loys-

NED (Near Epoch Dependent) of size o on a uniform mixing base {v:},°° _ of size —r/(r —2) and

o0

/
ro> 22=lo (i) (a) letting V;’;E =T'E [(Z;‘F_l fteit) (Z;‘ll fteit) }, VZ’;,f is positive definite uni-

v/

formly in 7', and as T — oo, VZJ;C — Vif6 with ‘ < o0, (b) the same holds for V& = T-!

10



/
E {(ZtT_l xiteit) (ZtT:l xiteit) ] , V;’;z =T'FE (wf;wf;’) with w{; = vec (Zthl ftxgt) -F [vec (Zthl ftxgt)},
and V2¥ = T E (wfEwEE') with w4t = vec (Zf:l xitxgt) - FE {vec (Zf:l xitx;t)]; (iii) (a) letting wi
be the k-th element of fie;; and defining SIJ:ZGF,m = ST W€ there exists a positive definite matrix

t=m+1 Wkt s

Ofe = {w,f;} such that 71 ’E [Sg}mSi;m] — w}:; < MT=Y, for all k and h and uniformly in m,

with ¢ > 0, (b) the same holds for x;;€;.
Assumption 7. [cross sectional dependence] Tt holds that 7! Zthl Zle |E (€it€js)| Inn — 0 as

(n,T) — oo for all i # j.

Assumptions 6 and 7 complement Assumptions 1 and 2, by adding further requirements on the form
of serial dependence and on the amount of cross dependence respectively.

More specifically, Assumption 6 specifies the amount of memory allowed in the series €;, f; and x
- these all have, by Assumptions 1 and 2, finite moments up to order 12. The assumption is needed in
order to prove an a.s. version of the Invariance Principle (IP), and it is a quite general specification for
the form and amount of serial dependence. Part (i) is a bound on the growth rate of the variance of
partial sums, and it is the same as equation (1.5) in Eberlein (1986); see also Assumption A.3 in Corradi
(1999).

As far as Assumption 7 is concerned, it complements the summability conditions in Assumption 1
by allowing for some cross dependence. In essence, it requires that 7! Zthl Zstl |E (€irejs)| declines
(faster than Inn) as n passes to infinity. This assumption is similar to the so-called “Berman condition”
(Berman, 1964), which is employed in EVT for dependent time series data; we refer to Assumption 9
below for further explanations on how the Berman condition works in the case of time series data. By way
of comparison, Assumption 7 can be viewed as a complement to Assumption 1(i)(d), since it contains
the same summation across t. As far as the amount of cross sectional dependence is concerned, the
assumption is quite weak; as an example, it would be satisfied if 771 S21_ | 327 |E (esvejs)| = 0 (In"' )

for all 4 # j, which is a much weaker requirement than the one in Assumption 1(4)(d).

Let the critical value ¢, be defined such that P (S, 7 < ¢a,n) = 1 —c under H§, and let I' (-) denote

the Gamma function. It holds that:
Theorem 3 Let Assumptions 1-4 and 6-7 hold, and let (n,T) — oo with

T2k gtk
_|_
n T

— 0. (19)

11



Under HE, it holds that

x

P (AnS'y,nT <z+ Bn) = 6_67 ) (20)

where A, = 5 and B, =In(n) + (5 — 1) Inln(n) —InT (%). Under the alternative H{ : v; = v + ¢; for

at least one i, if

T 2
nn llcil|” — oo, (21)

it holds that P (Sy 1 > Can) = 1.

Theorem 3 states that S, ,7 has a Gumbel distribution. This holds in the joint limit (n,T") — oo,

with the restrictions specified in (19). Since k1 > 12, the latter condition requires % — 0, which is

nd/k1

marginally stricter than the condition g — 0 needed in for (6). Also, (19) needs that "=— — 0; this

becomes, under Assumptions 1(i) and 2(i), 75 — 0.

Equation (20) also provides a rule to calculate asymptotic critical values ¢, ,, which are given by
Com = 2B, —In|In(1—a)|?. (22)

Thus, for a given level a, ¢4,y is nuisance free, and it depends only on the cross-sectional sample size, n.
A well known issue in EVT is that convergence to Extreme Value distributions is in general rather slow.
Canto e Castro (1987) shows that the rate of convergence for the maximum of a sequence of random
variables following a Gamma distribution is O (1 /In? n) Unreported Monte Carlo evidence shows that
tests based on using ¢, perform quite well, although they are a bit oversized. As an alternative, one
can replace B, with F_' (1 —1/n), where F_! (-) is the inverse of the cumulative distribution function
of a chi-square with r degrees of freedom, see Embrechts, Kliippelberg and Mikosch (1997).

As far as consistency of the test is concerned, equation (21) shows that nontrivial power is attained
versus local alternatives shrinking at a rate O, (ﬁ) Thus, when using max-type statistics such as
Sy.nr, n does not play a role in enhancing the power of the test. On the other hand, the test is powerful

as long as just one ~; is different from the others.

3.2 Testing for H}: fi=f

We report the asymptotics of Sy, under HY, and its consistency. Similarly to the previous subsection,
we show that, as (n,T") — oo under some restrictions on the relative speed of divergence, Sy, 1 (suitably

normalised) converges to a Gumbel distribution. Further, we also show that tests based on Sy, have

n

nontrivial power versus alternative shrinking at a rate O, <\ / mT)

12



Let ky be the largest number such that E||f,||**, E|z:|"™ and E|e;|™ are all finite. In view of
Assumptions 1 and 2, ko > 12. Consider also the following assumption, which, as in the previous section,
complement Assumptions 1 and 2 by adding further structure to the serial and cross sectional dependence

of the series.

Assumption 8. [cross sectional dependence] Let § > 0 and « € (1,+00): (i) €;; is Loys5-NED across
+oo

o0 ofsize —r/ (r —2) and 7 > 22=L: (§4) letting V56 = n~!

a—1"

i, of size a on a uniform mixing base {v;
E[(30 €ir) (O, €ir)], VEE is positive definite uniformly in n, and as n — oo, V& — V€ with [|[VE€|| <
oo; (#4) letting SE,, = Z;Z;Z_l € there exists a positive constant @ such that n=1 |E (S’fft) - w“‘ <
Mn~%" uniformly in m, with ¢ > 0.

Assumption 9. [serial dependence] It holds that limy_.. n=! 31", doio1 | B (eieje—x)| Ink =0 as

(n,T) — 0.

Assumption 8 is very similar, in spirit, to Assumption 6, and it requires that €;; is NED across i. By
virtue of Assumption 8, an a.s. IP holds for >_1" | €;; and for > ;" | €%. The definition of NED for spatial
processes has been studied in Jenish and Prucha (2012), and we refer to that paper for details.

Assumption 9 is the so-called “Berman condition” (Berman, 1964): as mentioned when discussing
Assumption 7, standard EVT, which holds for i.i.d. data, can be applied under such condition, yielding
the same results as in the case of independence. Berman condition holds as long as serial correlations have
at least a logarithmic rate of decay, and it is a sufficient condition used to verify more general mixing
conditions which are typical of EVT (and more difficult to verify; see e.g. Leadbetter and Rootzen,
1988). Assumption 9 is a very mild requirement: for example in the case of ARMA processes, typically
the autocovariances have an exponential rate of decay (see e.g. Hannan and Kavalieris, 1986), which
is more than enough to ensure that Assumption 9 holds. Further, Assumption 9 can be shown to hold
in contexts where the autocorrelation function is not absolutely summable, as e.g. fractional ARIMA
processes. In our context, Assumption 9 can be compared to Assumption 1(%i)(d), and it contains the

same summation across i.

Let the critical value ¢, 1 be defined such that P (Sf,,r < cq,r) =1 — o under Hg. It holds that:

Theorem 4 Let Assumptions 1-4 hold and 8-9, and let (n,T) — oo with

\/ﬁTl/kZ T4/k)2
+

T . 0. (23)
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Under H{, it holds that
P[ArSinr <x+Br]=e¢ ", (24)

where Ap = 5 and Br =In(T) + (5 — 1) Inln (T) — InT (%). Under the alternative HY : f; = f + ¢; for

at least one t, if
n
nT le]|* — oo, (25)
it holds that P (St nr > car) = 1.

Theorem 4 is very similar to Theorem 3; convergence to the Gumbel distribution under the null is

shown for (n,T) — oo jointly under some restrictions between n and T, spelt out in (23). Specifically, it

1/k
is required that w — 0; since ko > 12, the former restriction is, at most, =15 — 0. This is only

NG

marginally stronger than %= — 0, which is required for (9) to hold. Similarly, requiring that )

n

entails % — 0. As in the case of Theorem 3, the test should be applied when n is not exceedingly larger
than 7', and vice versa.

Critical values for a test of level o can be calculated as
Car =2Bp —In|ln (1 —a)*; (26)

alternatively, By can be approximated by F_' (1 —1/T).
As far as power is concerned, (25) stipulates that the test is consistent versus alternatives shrinking
as O (1 / “‘TLT) Similarly to Theorem 3, it suffices that f; differs from f in just one period t for the test

to reject HY.

4 Small sample properties

In this section, we evaluate, through synthetic data, the small sample properties of estimators of ~; and
ft (discussed in Section 2), and the power and size of tests for (13) and (14) based on S, ,7 and S 7
(discussed in Section 3).

The Monte Carlo settings are as follows. Based on model (1)-(2), we consider the following data

generating process (DGP):

Yit = Bizit + Vife + €, (27)

Tt = i + Nife + €5, (28)
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i.e. we consider model (1)-(2) with m = r = 1 - only one individual specific regressor, z;;, and only
one common factor, f;. Unreported simulations show that increasing either r or m does not alter the
results. In the simulations, we generate the parameters 3; and p; as i.i.d. N(1,1). The common factor
ft, the loading \;, and both error terms ¢; and €}, are all generated as i.i.d. N(0, 1) unless otherwise
stated. Results are reported for (n,T) € {30, 50,100,200} x {30, 50,100,200}. Finally, in both exercises,

simulations are carried out with 5000 iterations.

4.1 Small sample properties - 4; and ft

We evaluate the small sample properties of the estimators 4; and ft.

As far as ft is concerned, we follow the same logic as in Bai (2003). We compute the correlation
coefficient between {f;}7_, and {f,}L_,, for each Monte Carlo iteration j - say pj-c . We report the average
correlation coefficients, i.e. J~* Z;’Zl pf, in Table 1 (recall that J = 5000).

Table 1 illustrates that the estimated common factor ft is highly correlated with the unobserved common
factor f;. This reinforces the results in Bai (2003), albeit obtained in a different context, that the
estimated factors are quite good at tracking the true ones; indeed, numerical values are very similar to
those in Table 1 in Bai (2003, p.151). When n and T are > 100, the estimated factors can be treated as

the true ones.

T 30 50 100 200
n
30 0.977 0964 0979 0.974
50 0.976 0.963 0.989 0.970
100 0.991 0.987 0.988 0.991
200 0.992 0994 0.997 0.997

Table 1: Average correlation coefficients between {f,}7_, and {f,}7_,.

As far as 4; is concerned, we report confidence intervals for ;. In order to illustrate how confidence
intervals shrink as T" expands, we set n = 50 and T = 20, 50, 100, 1000.

According to equation (6) in Theorem 1, as (n,T") — oo with ? — 0, the 95% confidence interval
for H~'~, is given by 4; & % X f]if Further, let 5 be the least square estimate of 6 in I' = 06+ error,

where I' = (v1,...7,)" and I = (A1, --s9n)’- The 95% confidence interval for ; is therefore obtained

as § x (’yz + % X i)}yf) By rotating 4; towards ~;, we consider the confidence interval for v; directly,

reported in Figure 1.

Figure 1 shows that, in most cases and for all combinations of n and 7T, the confidence intervals
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0 10 20 30 40 50 0 10 20 30 40 50
T=100, N=50 T=1000, N=50

Figure 1: Confidence intervals for «;. For each value of ¢ = 1, ..., 50 (on the horizontal axis), the solid line
represents the true loading ~y;. The dashed lines are the confidence intervals at 95% confidence level for
each 1.
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=

contain the true value of ;. This also holds true for the case (n,T) = (50, 1000), where the ratio
is not negligible, as the theory would require. As predicted by the theory, as T' grows, the confidence

intervals collapse to the true value of ;.

4.2 Small sample properties - S, and Sy,

In this subsection, we report empirical rejection frequencies and power for tests based on the max-type
statistics S 7 and Sy, defined in (17) and (18) respectively.
As far as the design of the Monte Carlo is concerned, recall that the variance of the common compo-

nents c¢;; = v; [+ is set equal to 1 across all experiments. We conduct our simulations for different values

Var(c”)

E

of the signal-to-noise ratio , where o2 is the variance of ¢;;, equal to {3, 5 1}
Critical values have been computed by approximating B, and Br as discussed in Section 3. Unre-

ported simulations show that results worsen only slightly when using the asymptotic critical values.!
Testing for H§ : v; =y

When evaluating the empirical rejection frequencies for tests based on S, ,,7, we run the Monte Carlo
simulations under the null v; = 1 for all 2. When evaluating power, we generate the loadings v; as i.i.d.
N (1, 03), reporting results for the case of 0, = 0.2. Given that e; is cross sectionally uncorrelated and
homoskedastic by design, ¥, is estimated as 3.,; = 62 x T (ﬁ” M&F) ' , where 62 = L5 ST &2

Results for size and power when using the main DGP (52)-(53) are in Table 2.

We firstly consider the empirical rejection frequencies (left panel in the table). The test has a tendency
to be oversized in small samples; as a general rule, the correct size is attained when 7' > 100 and n > 50;

even when o2 = 1 (low signal-to-noise ratio), the test has satisfactory size properties for 7' = 50. The

Table also shows that, as the signal-to-noise ratio decreases (i.e., as o2

increases), the tendency towards
small sample oversizement worsens. This is not so when 7" > 100 and n > 50: the test attains the correct
size even for large values of o2.

As far as the power is concerned (right panel in the Table), the test has good power properties in

all cases: the power is above 50% for almost all cases. We note that, similarly to the size, the power

deteriorates as the signal-to-noise ratio decreases; when n and T are sufficiently large, this disappears.

Testing for HE : f; = f

We run the Monte Carlo simulations under the null f; = 1 for all ¢ when evaluating the size of tests

based on S¢,7. When evaluating the power, we generate the common factors f; as i.i.d. N (1,0;),

IThe simulation results are available upon request.
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Size Power

T T
n 30 50 100 200 30 50 100 200

o2=1/3 0?2 =1/3
30 0.077 0.066 0.060 0.056 | 0.950 0.996 1.000 1.000
50  0.073 0.063 0.050 0.056 | 0.986 0.999 1.000 1.000
100 0.073 0.063 0.052 0.045 | 0.997 1.000 1.000 1.000
200 0.072 0.062 0.053 0.042 | 0.998 1.000 1.000 1.000

o2 =1/2 0?2 =1/2
30 0.086 0.074 0.064 0.059 | 0.867 0.968 0.999 1.000
50 0.078 0.067 0.053 0.058 | 0.926 0.993 1.000 1.000
100  0.074 0.063 0.053 0.046 | 0.972 1.000 1.000 1.000
200 0.073 0.064 0.054 0.042 | 0.992 1.000 1.000 1.000

o2=1 ol=1
30 0.109 0.094 0.081 0.076 | 0.612 0.800 0.976 0.999
50 0.090 0.079 0.065 0.068 | 0.667 0.883 0.993 1.000
100 0.085 0.070 0.058 0.051 | 0.764 0.952 1.000 1.000
200 0.076 0.067 0.057 0.044 | 0.863 0.983 1.000 1.000

Table 2: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H§ : v; = 7,
based on S, ,7. The DGP used in the simulations is (52)- (53).

reporting results for the case of oy = 0.2. Finally, we estimate X, as Xy = Vn}l&E% S 5\1-5\;‘/71
where 67 = &S ST &,

Results when using (52)-(53) are shown in Table 3.

It can be noted that the test is slightly undersized for large T, e.g. T' > 100. However, both n and T’
have a quite limited impact on the results. The test has very good power properties, especially when the
signal-to-noise ratio is high. We note that the power increases with both n and 7', in a more pronounced
way with n.

For the sake of completeness, we run both tests using as a first step estimator the IE proposed by Song
(2013). The size and power reported in Table 4, for the S, test, when the DGP is the one in equations
(52)-(53), show that the test procedure is unaffected by the choice of the first step estimator when this is
a consistent one. Finally, we point out that in Castagnetti, Rossi and Trapani (2014), we provide further

Monte Carlo evidence based on alternative DGPs. The Monte Carlo results confirm for both tests good

properties in terms of size and power.
Autocorrelated and heteroskedastic idiosyncratic errors

In order to assess the finite sample properties of the two test procedures when the errors are autocor-
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Size Power
T T
n 30 50 100 200 30 50 100 200
o2 =1/3 o2 =1/3
30 0.044 0.037 0.037 0.030 | 0.915 0.959 0.988 0.996
50 0.038 0.034 0.036 0.033 | 0.993 0.999 1.000 1.000
100 0.042 0.041 0.036 0.032 | 1.000 1.000 1.000 1.000
200 0.046 0.043 0.038 0.036 | 1.000 1.000 1.000 1.000
o2=1/2 02 =1/2
30  0.047 0.036 0.037 0.030 | 0.773 0.860 0.935 0.970
50 0.040 0.035 0.036 0.033 | 0.957 0.987 0.998 1.000
100 0.042 0.042 0.037 0.033 | 0.999 1.000 1.000 1.000
200 0.047 0.044 0.038 0.037 | 1.000 1.000 1.000 1.000
o2=1 o2=1
30 0.054 0.042 0.038 0.032 | 0.467 0.525 0.635 0.733
50 0.047 0.038 0.039 0.035 | 0.703 0.822 0.912 0.962
100 0.049 0.047 0.038 0.035 | 0.967 0.994 0.999 1.000
200 0.055 0.050 0.041 0.040 | 1.000 1.000 1.000 1.000

Table 3: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H} : f; = f,
based on Sy, 7. The DGP used in the simulations is (52)-(53).

Size Power
T T
n 30 50 100 200 ‘ 30 50 100 200
o2=1/3 o2 =1/3
30  0.070 0.058 0.059 0.054 | 0.975 0.998 1.000 1.000
50 0.072 0.068 0.053 0.049 | 0.991 0.999 1.000 1.000
100 0.080 0.064 0.054 0.050 | 0.998 1.000 1.000 1.000
200 0.079 0.064 0.054 0.046 | 1.000 1.000 1.000 1.000
o2 =1/2 0?2 =1/2
30 0.075 0.060 0.058 0.051 | 0.901 0.983 0.999 1.000
50 0.073 0.069 0.054 0.049 | 0.952 0.997 1.000 1.000
100 0.077 0.064 0.053 0.048 | 0.983 1.000 1.000 1.000
200 0.077 0.063 0.054 0.044 | 0.996 1.000 1.000 1.000
o2=1 o2=1
30  0.088 0.073 0.069 0.062 | 0.646 0.846 0.986 1.000
50 0.079 0.074 0.060 0.055 | 0.723 0.917 0.997 1.000
100 0.080 0.066 0.055 0.052 | 0.820 0.972 1.000 1.000
200 0.079 0.063 0.055 0.049 | 0.902 0.993 1.000 1.000

Table 4: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H§ : v; = 7,
based on S, ,7. The DGP used in the simulations is (52)- (53). The first-step estimator is the one

proposed Song (2013).
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related and heteroskedastic, we consider the following DGP:

€t = 0.5€;1 + usy

uig ~ IIDN(0,02,) o2, ~U(0.1,0.5)

and we make use of the HAC estimators for ¥, and ¥ given by equations (7) and (10). Apart from
these features, the experiments have the same specifications as above, with Var(e;) € (0.13,0.67).

The results in Tables 5 and 6 can be compared with the 7.i.d. cases in Tables 2 and 3 respectively.
In the case of non i.i.d. errors, both tests have a tendency to be oversized in small samples, (n,T) <
50. However, as both dimensions are larger than 50, the empirical rejection frequencies become almost
undistinguishable from the ones computed with i.i.d. errors. As far as, the power is concerned, both

tests have good properties and are very close to the i.i.d. case.

Size Power

T T
n 30 50 100 200 ‘ 30 50 100 200
30 0.103 0.087 0.088 0.100 | 0.838 0.905 0.966 0.994
50 0.090 0.083 0.078 0.074 | 0.956 0.988 0.999 1.000
100 0.081 0.071 0.063 0.065 | 0.999 1.000 1.000 1.000
200 0.072 0.061 0.063 0.054 | 1.000 1.000 1.000 1.000

Table 5: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H§ : v; = 7.
The test is computed using the estimator of ¥.; in (7).

Size Power

T T
n 30 50 100 200 30 50 100 200
30 0.118 0.121 0.144 0.159 | 0.976 0.985 0.985 0.987
50 0.080 0.063 0.069 0.082 | 0.985 0.991 0.992 0.995
100 0.050 0.046 0.036 0.040 | 0.997 0.998 0.999 0.999
200 0.061 0.039 0.036 0.036 | 0.999 1.000 1.000 1.000

Table 6: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for HS : f; = f.
The test is computed using the estimator of ¥, in (10).
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5 Conclusions

In this contribution, we develop an inferential theory for the unobservable common factors and their
loadings in a large, stationary panel model with observable regressors. Our framework allows for slope
heterogeneity; we also allow for correlation between common factors and observable regressors, by mod-
elling the DGP of the observable regressors as containing the common factors, in a similar spirit as in
Pesaran (2006).

We extend the framework in Pesaran (2006) by providing a two stage estimator for the unobserved
common factors and their loading. We derive rates of convergence and limiting distribution of both the
estimated factors and loadings, using a similar method of proof to Bai (2009a). In a similar vein to
Sarafidis, Yamagata and Robertson (2009), we also develop two tests for the null of no factor structure,
based on the null that factor loadings are homogeneous, and that common factors are homogeneous over
time, respectively. In either case, the assumed factor model boils down to a model with (time specific
or unit specific) common effects, so that common features in the panel can be captured by inserting
time dummies or unit specific dummies. The proposed test procedures simplify the specification analysis
of heterogeneous panel data models with unobserved factors. From a methodological perspective, this
entails that the tests can be implemented without prior knowledge of the number of factors. The only
thing which is needed is a consistent preliminary estimation of the slope parameters. Building on this, we
propose statistics based on extrema of the estimated loadings and common factors. Under the null, the
test statistics converge to an Extreme Value distribution. As far as power is concerned, from a theoretical
point of view our tests are consistent even under alternatives where only one loading or common factor
differs from the average. Monte Carlo evidence shows that both tests have the correct size and good
power properties.

Building on the theory developed in this paper, there are several interesting avenues for further
developments. An important case is the estimator of the ;s used in Step 1. In our paper, we focus on
the CCE estimator proposed by Pesaran (2006); this estimator is easy to treat analytically, but it is only a
possible choice. In particular, our setup requires strict exogeneity, thereby ruling out e.g. the possibility
of having lagged values of the y;;s among the regressors. This requirement is due to the estimation
method employed in Step 1, rather than to the inference on factors and loadings per se. Indeed, the
CCE is known not to work in presence of weakly exogenous regressors (see Everaert and Groote, 2012;
and Chudik and Pesaran, 2013). However, the assumption of strict exogeneity can be readily relaxed
(accommodating e.g. for dynamic models), upon employing, in Step 1, an estimator of the ;s that is

consistent at a rate O, [min {T*1/2, n’l}]. A possible choice for this case is the IE estimator studied in
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Song (2013), which has the desired convergence rate, even in presence of dynamic models. Alternatively,
a different approach, based on unit specific estimators can be used, by instrumenting the unobservable
common factors f; using the regressors x;; for each unit 4, with ¢ # j - indeed, both the CCE and the IE
have a natural Instrumental Variable interpretation (see also Bai, 2009b). Such extensions are currently

under investigation of the authors.
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Appendix: technical results and proofs

In this section we set the rotation matrix H = I,. whenever possible in order to simplify the notation.
The proofs of the Lemmas, and the proof of Theorem 4, are given in Castagnetti, Rossi and Trapani

(2014b).

T

Lemma A.1 Under Assumptions 1-4, it holds that, for every i, E ‘ Bl —B6ill =0 ((b;}), for any

r <3.

Lemma A.2 Under Assumptions 1-4, it holds that, for every i
A2(3) T (F = F) = 0, (5:2);

A2(ii) n 2TV € (F = F) =0, (n7Y2) + 0, (T7Y),

Lemma A.3. It holds that, for every i
A.3(i) T7'X! (F - FH) = Op (3,7);
A.3(ii) T-'F' (F - FH) = 0, (6,7);

A3(iii) T (F - FH)/ (F—FH) =0, (52).

Lemma A.4 Let Assumptions 1-4 hold. Under HE that ~; = =, it holds that ¥ — v = O, (55%) as

(n,T) — oo.

Lemma A.5 Let Assumptions 1-4 hold. Under HY that f; = f, it holds that ?— f=0, ((55:,21) as

(n,T) — 0.

Lemma A.6 Let Assumptions 1-4 hold, and let k denote the largest finite moment of €;, fi and z;.
It holds that

2
=0, (40, )

Bi — B

A.6 (’L) maxi<i<n

“ 2
A.6(i) maxi<i<r Hft - H’ftH = 0p (T%/%0,7);
A.6(iii) maxi<icn |5 — H 5| = 0p (n2¥T71) + 0, (n2/*=2T);
A.6(iv) maxi<i<1 & = o, (T2/*) + o, (T2/*5,2);
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A.6(v) maxi<i<7 |63, — 4| = o, (T?/%5.7);
A6 (vi) maxicisn & = 0p (n7") + 0 (n*/* ) + 0p (n¥/E72T);

AG(’UZ’L) maxlgign |éz2t — 612t| = Op (n4/k¢;%) + Op (nQ/k—QT).

Lemma A.7 Let Assumptions 1-4 hold, and let k denote the largest finite moment of €, fi and x4

A.7(i) if, in addition, Assumption 6 holds, then HTﬁlﬁ"F —HY;H'

=0y (T72) + 0y (n7");

T_lFAvMXiF — EfMJ‘

A.7(ii) if, in addition, Assumption 6 holds, then maxi<i<p =0, (T7?) +

O, (n_l);

Sree— H ' Srey (HY)

A.7(ii3) if, in addition, Assumption 8 holds, then maxi<i<r =0, (T%/*5,1);

b by

A.7 () if, in addition, Assumption 8 holds, then maxj<;<n

Yyi T S| = Op (\/Tnz/k(;;%);

A.7(v) if, in addition, Assumption 6 holds, then maxi<;<, ||T71/2F/MX1'61‘ - Nl” = 0p (nl/le/kfl/Q),

where {N;},_, is a sequence of i.i.d. Gaussian random variables, with variances X ¢pre i

A.T(vi) if, in addition, Assumption 8 holds, then maxy<;<p Hn_1/2 o A€t — Nt” =0, (Tl/knl/k_l/Q)
+ 0, (TY*6,1) + o0p (TV* /06, 7), where {Nt}thl is a sequence of i.i.d. Gaussian random vari-

ables, with variances Y.

Proof of Theorem 1. By definition, we have

N A\ —1 N nll N
VT (3 =) = (MTX ) Mxie (F-r)] (20)

We start by considering the denominator of (29):

F'Mx;F  F'Mx;F
T T

R . / . / .
_ F'MXi:gF_F) . (F_F; Mxif' (F-r) ‘AfFXi(F_F) =T+ 1 —1II

Repeated application of Lemma A.3 yields I = O, (6,7) and II = O, (6,#). Thus, as (n,7) — o0,

T~ F'Mx;F =T 'F'Mx;F + o, (1).
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We turn to the numerator of (29). It holds that

. /
F/MXiei B FIMXiei (F*F) Mx;e;

VT VT vT

=I+1I

By applying a similar logic as in the proof of Lemma A.4, it can be shown that I = O, (1). As far as I

is concerned, note

. l . /
(F—F) €; (F—F) Xi X'X.: _1)({.
II = \/T + et 261;
T T T VT
applying Lemma A.2(7) (to the first term), and Lemma A.3(7) and Assumptions 2(i) and 1(7) (to the
second term), it follows that IT = O,, (\/T5;7%) Thus, the numerator of (29) is of order O, (1)+0,, (‘{—?)
VT

Finally, as (n,T) — oo under the restriction ¥ — 0, (29) becomes

+o0p (1)

F'Myx;F\ ' F'Mye;
\/T Ai ) = ( X1 ) X164
(i — ) T T

equation (6) follows from Assumption 5(i). QED

Proof of Theorem 2. Using (1) in Castagnetti, Rossi and Trapani (2014), we can write

fimte = %i <F/TX]> (Bj - ﬁj) (33‘ - 5j)/:vjt (30)

j=1

A (EEY S () () (59 o
j=1 Jj=

SR 6o () 6

= I-1I-1IT-1IV-V4+VI+VII+VIII.

The order of magnitude of I follows exactly from the same passages as in the proof of Lemma A.5, with

I1=0, (¢;72~) Consider I1; omitting «; in view of Assumption 3(%ii), we have

1 [F'F\ 1 [ F'F\ <~
II == < T )ZT;xjtJrn ( 7 )ZT;% = I1, + Iy
j=1 j=1

n

we have shown that I, = O, (n~Y/27~Y/2) and II, = O, (n~Y/2T~1/2) + O, (n™!) in the proof of

Lemma A.3, so that I = O, (nil/QTfl/z) +0, (n’l). Using Lemma A.3(i), it can be shown that
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111 =0, (qﬁ;%) As far as I'V is concerned, note that

v B o1 ZH:XT 'f+1zn: F'X; YA fy = IV, + IV,
== Tivife+ = Vi =1V + 1V,
fn\/Tj:l 1730 Wt T T

Similar passages as in the proof of the order of magnitude of II,, and the fact that E || f;|] < M entail

nl 1/2 —
£, 1 (B, which i

IV, = O, (n"Y2T~1/2). Similarly, IV} is bounded by | fi]| [EH 2

O, (n=1/25, 1) using Lemma A.1. Thus, IV = O, (n='/24, ). Turning to V, we have

LSS (X (XINLX,\ [ XM
= 2|7 T T )
i=1
~ — —1 _
LN (B (XML X; XMy F
+nz< TJ)( T v e =Vat Vi

P X N X5\ T "N
We start from Vi, <n~! Z?:I H F;(J H H (XJM"’X") H HWH [I7;1l l€;¢|. Using Assumptions 3 (#ii) and

T
6\ 1/6 co o 3/2\ 273 1/6
4(i), Vi is bounded by E {H ) (EHX-M?”F ’ ) <E|ejt\6)

HXjMwFH |€jt|} < (EHFT{Q
=0 (n!) + O (n=Y/2T~1/2), where the passage in the middle follows from Holder’s inequality. Consider

F'X;
T

T

now Vj:

_ —1 _
1 F'X; X]’-Mjo X;—qu
Va = nz( T >< T T )

j=1
R /
n FfF) X; 7ox\ ! 7 e
R (T (K
n & T T T i ’ !
Consider V, o:
~ / - 1 _
V.o 1y (F—F) Xi ||| { XM X X! Me
EEEEDD T T 7| e
j=1
R ’
1 n (F—F) XJ X/'Mwej
< MDD, T T |l
j=1

(F-F)'X;
T

(F-F)'X;
T

X;-Mwej
T

3/2\ 2/3 Xt 6
B[S

Iejt] < <E’

using Assumption 4 (3). Further, £ H
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1/6
(E |ejt|6) , again by Holder’s inequality. Using Lemma A.3(i), Assumption 2(iv) and similar pas-
sages as in the proof of (3) in Castagnetti, Rossi and Trapani (2014), and Assumption 1(i), we have
Va2 =0, (T_1/25;%). Turning to V; 3

1 _
1 XIMuX;\  XiMyE (eje50)
Var = nz< ) ( T ) T

_ 1 _

1 n F'X. X’.Mjo X/-Mw [€j6jt - F (GjGjt)]

4= E < J> < J J =Var11+ Va2
n o T T T

I

By virtue of Assumption 4 (i), Vo110 < M n~' T72 30 | [|[F'X,| || X[ My E (¢¢j)||- We have E {

| e
T

rx 2\ Xt B (e |2 x5 2
< <EH X ) (EH”T ) cwith B £ " < M by Assumption 2(i). Further,
— 2
X! M, E (€j¢1) 1
B || TG LSS B el ) (epaese) E ()

s=1u=1

T

E GJSEJt

IN

~o(m)

where we have used Assumptions 4(%), 2(i1) and 1(ii)(a). Consider now V, ; o; this is bounded by the

square root of

_ 1 B _
sl L (XN (X [ XIMuX X[ My X\
nZ 4 T T T T
j=1k=1
X]/'Mw lejejt — B (€j€50)] X| My, [enens — E (exert)] } .
T T ’

1T N (F'X5\ (F' X o
E —73 Z Z ( - J) ( . > Z ijsgcku l€js€it — E (€j5€5¢)] [€ju€jt — E (€ju€jt)]
j=1 k=1 s=1u=1
1 LS F'X:\ (F'X
j k
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by using Assumption 2(i4) in the second line, Assumption 2(i) in the third line, and Assumption
1(#ii)(c) in the final passage. Thus, V12 = O, (nil/szl/z). Putting all together, V' = O, (T’l)
+ O, (nil/QTfl/Q). The proofs of VI = O, (n’1/2T’1/2), VII =0, (n’l/z) and VIII =0, (5;%) are
based on the same arguments as in Bai (2003), since the estimation error 3]- — f3j does not appear in their
expression. Putting everything together, as (n,T") — oo with # — 0, the term that dominates in the

expansion of ft — [y is VII, whose asymptotics is exactly the same as studied in Bai (2003, Theorem 1).

QED

Proof of Theorem 3. Prior to proving the Theorem, we lay out some preliminary results and

notation. We write

N ~

=A==+ G —v) - (F—7) =ai+bi—¢

Under H§, a; = 0; also, b; can be rewritten as b; = 4; — 7. Using (29), we have

b = (F’MXiF) TP My + (F’MXiF) B (F - F)/ Mye: (31)
—(FaaxiE) P (B )
= by + by,

where we define by; = (F’MXJS’) - F’Mxe; and by, is the remainder. Further, we can write f];ll = E;il
1 (¢ -1 2
—55 (B = B) B3 4oy (HEW -5,

o (|

) for each i. Neglecting higher order terms that depend on

i — EWH)’ we have

T (% —7) 55 (- 79) (32)
= T (055000) + TOLE (i = Sy ) S50 + TS5 b

+2T0, 5 o + T (7= 7) S5 (G —3) —2T (3 -7) S5} (5 —7)

= T (03,55 01) + L + 1L + 111 + IV; = Vi.

1i~~q

After this preliminary calculations, we turn to proving (20). In order to do this, we firstly show that
maxi<j<n 1’ (bha bh) can be approximated by the maximum of a sequence of independent random
variables with a x?2 distribution, up to a negligible error. Given that the maximum of a sequence of
chi-squares is of order O,, (Inn), the approximation error should be o, (Inn) at most. Secondly, we show

that I; — V; in (32) are also all o0, (Inn) uniformly in 1.

Consider max<j<, (bMEW by;), and consider in particular the sequence {\/Tbu}l . It holds that
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VTby; = [T_IF’MXJ%} o [T‘1/2F’MX,»Q-]. As far as the numerator of this expression is concerned, by
Lemma A.7(v) we write T~Y2F'My;e; = N; + Ry; with N; defined in Lemma A.7 as being zero mean
Gaussian with covariance matrix X¢psei, and Ry; = o0p (nl/lel/kl_l/Q). As far as the denominator of
V/Thy; is concerned, based on Lemma A.7(ii) we write [T‘lﬁ”MXZF} - = EJ?AI“ + Rxfn,s with Rsgar
=0, (T7Y?) + O, (n™!). Hence we write

VTbii = [7igs + Ropara| Vi + Rl (33)
Based on (33), and on the definitions of ¥ fa/e; and of Xz, it holds that

T (00;55000u) = NiSpy. N+ 2N/S 50 S RN + 2Ry S 1y, Vi (34)
2N Y0 X Repara N + 2N 7y S0 R Rivi
+ RS e i Bvi + 2R S50 55 R pari R
+N;Rsfai 2 "Ry fariNi + 2N/ Ry par, ZEM Rsari R
+R§V,»RZfM,iE;ilefM,iRNi
= NSiaeNi + DN+ 11+ 111 + TV + VP + VI

VI + VI + 1XP

We note that the distribution of N{E;}we Vi is x2. We now show that, in (34), maxi<;<, IP?, ..., maxi <;<, I X!

are all 0, (1). Consider maxi<;<, IP'; this is bounded by maxj <;<,, || N;|| maxi<;<n || Rn:| = 0 (nl/lel/kl_l/zJH),
in view of Lemma A.7(v) and the fact that maxy<;<,, | N;|| = O, (\/ﬁ) . The same holds for max; <;<,, [T

Turning to maxi<;<p IITP, it is bounded by maxj<i<n ||N1||2 maxi<i<n [|Reraill = Op (T_l/2 lnn)
+ O, (n~'Inn) by virtue of Lemma A.7(ii). As far as maxj<;<, IV is concerned, it is bounded
by maxi<i<y [|[N;| maxi<i<y [|[Rsfail| maxi<i<n [|[Ryil|, and therefore it is dominated by the previ-
ously analyzed terms. Also, maxj<i<, V! has the same order of magnitude as max;<;<, ||R1W||27

thereby being dominated by the other terms. Similarly, max;<;<, VI?! is bounded by maxj<;<, ||Rm||2

VII; b1 it is bounded by

maxi<i<n ||Rxfaill,
mMaxi<;<n HN2H2 maxi<i<n ||Rng7i||2, so that it is smaller than maxi<;<, [1I] 1, and therefore negligi-
ble. Similarly, max;<;<, VIII?' is bounded by max;<;<y, || N;|| max;<;<y, ||Rng’i||2 maxi<i<n ||Bnills

which is dominated by maxj<;<, IV?', and thus negligible. Finally, max;<;<, IX?' is bounded by
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Max<;<n HREfMﬂ'H2 maxj<;<n ||RNi||27 and it is dominated. Therefore

(nT)"/™ ﬁ +0, (%) +0, (hlnn> . (35)

—1 Iy—1
max T (b}.X-'b1;) = max N/X7:, .N; +o0
12i<n ( 13 “~i lz) 1<i<n fMeyitVi 2

After proving that max;<;<, T (b'uZ_lbh-) can be approximated by max;<;<p N{Zﬁh}iNi, we turn

Yi
again to equation (32). We now show that maxi<;<y I;, ..., maxi<;<p V; are all o, (Inn). Consider I;; it
holds that
/-1 “1 (s -1
1I£11§1§Xn I; < 1I£ia§XnT (bliZW— bli) ‘ 1r£1iagxn Zvi (Evi - Zw’) Evi

Equation (35) implies that maxi<;<,, T (b/liE;ilbli) = O, (Inn); thus, applying Lemma A.7 (%v), maxi<;<n I;

= 0p (\/Tnz/’“é;% In n) Turning to maxi<;<, I1;, note that, in equation (31), by; is defined as
~ AN —1 /. / N o\ =1 .
by; — (F’MXiF) (F — F) My e; — (F’MXiF) F' My, (F - F) s

further, by the invertibility of Z;il and Lemma A.7(iv), maxi<;<n, T (béii;}bgi) has the same or-
VThy;

, it can be evaluated by considering the orders of magnitude of max;<;<j

2 A
Hmaxlgign E;il (Z,ﬂ' — E’yi) 1|

Yt

der of magnitude as maxi<i<y

H\/Tb% ’

Considering maxi<j<p

VT (F/MXiF> -

2

N /
(F— F) Mxe;|| and of maxi<i<p The former can be

‘\/T(F/Mmﬁ)l F'My; (F—F)%‘ ’

shown to be o, (nQ/leégj‘i), based on the proof of Lemma A.6(%i). The latter has the same order

- 2
of magnitude as HT‘1/2F’ (F - F)‘ , which is O, (T§;ﬁ) by Lemma A.3(ii7). Putting all together,

maxi<i<p Il; = op (T3/2n4/k16;7§) - S0, maxj<;<p II; is dominated by max;<;<, [;. Similar passages
yield that maxj<;<, [I1; is dominated by max;<;<y, Il;. Turning to IV;, it holds that maxj<;<, IV; <
H\/T ﬁ - %) H2 Hmaxlgign E;il (flw — Evi) E;il ’, which is o, (Tn2/k15;7§) by Lemmas A.4 and A.7(iv).
VT (7 —7) H maxi <<y ||V Hmamgign 2} (gw - Ew) E;il
=0, (Tnz/klég;{ In n) Putting all together, and using (35), it holds that

Finally, maxj<;<p V; is bounded by

o BV -1 (s 2\ _ /=1 AT 1k, [Inn
1réliagan (’yz ’y) DI (% ’y) = 1%1%)% Ni¥iareiNi +0p (nT)" /"™ T (36)
n2/k1 \/Tnz/k/l
—|—0p< Wi lnn)—i—op Tlnn +o0,(1),
where the remainders are negligible as (n,T) — oo with ("T\);T/kl + ﬁrf/kl — 0 and "47/,k1 — 0, which

hold in light of (19). Finally, consider the sequence {N;}}_,: the covariance between v/Tby; and v/Tby;
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is given by

F/MXiEiG/-Mx‘F F/E / 1 Tr T
BT < B (R ) = X S B )

t:1 s=1

&

IN

T
T T T T
ZZ £ ( ftfs £ (eiejs)| < M ZZ (€it€js)l

’ﬂ \

which tends to zero as (n,T) — oo by Assumption 7. By virtue of the asymptotic independence be-
tween N; and N; for all ¢ # j, the asymptotics of maxj<;<, N/ E;Me Vi is studied e.g. in Embrechts,
Kliippelberg and Mikosch (1997, Table 3.4.4, p.156). Thus, equation (20) follows from (36).

We now finish the proof of the Theorem, analysing the power properties of the test. In order to
evaluate the presence of power when ~; # 7 for some (at least one) i, after some algebra it can be shown
that, under the alternative, S, ,,7 has non-centrality parameter given by

SNnT—Tlrgla)i czE,ﬂ ¢ +2T nax CZEW (% —vi) = 2T ax czE,ﬂ (Y=73)=I+1I-1I1I,
with I = O, (T ch||2) by construction. Also, ] is bounded by
VT (maxi<i<n ||cil)) (max1<i<n VT |14 — ’y,-H) = 0, [T52n/* |lc;|]] in view of Lemma A.6(iii); simi-
larly, 111 = O, (fé ch||) by Lemma A.4. Let S} denote the null distribution of S),; under H{ it
holds that

PlSynr > Can) = [S’VT > cam — SN C] ,

which tends to 1 if ¢ — S,Y vp — —oo as (n,T) — oo. In view of equation (22), we know that

Can = O (Inn), whence (21) follows. QED
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Supplement to: “Inference on Factor Structures in Heterogeneous
Panels”.

Technical details, proofs and further simulations

Carolina Castagnetti Eduardo Rossi Lorenzo Trapani

September 10, 2014

1 Proofs

In this Supplement we report the proofs of Lemmas A.1-A.7, and of Theorem 4 in Castagnetti, Rossi and
Trapani (2014). Henceforth, we set H = I,., for the sake of notational simplicity. Inequalities are written,
when possible, omitting constants.

The proofs of all Lemmas rely upon the decomposition - see Proposition A.1 in Bai (2009a):

Feor o= X (55 (5 -6) XF 1)
=1
an;XJ (51 ﬂ]) ’Y;F/F* 7;)(] (53 @) G;F
—— > P (B -8) X7 = —>"¢ (8 ﬂ])/XJ'F
= —
+n—TiF’y]e;F+ iej'y;F'FqL Tiqegﬁ
j=1 Jj=1 J=1

In (1), the main difference with Bai (2009a) is the presence of the unit specific estimates, 3;. Con-
sider also the following notation, which we use henceforth throughout the Appendices. We define

Y, = (X{Min)fl (X/M,e€;), so that we can write

. XMy X\ " [ X! Mye; XMy X:\ " [ X! M,F
B, ZicTwi i i i , )
Bi — Bi ( T ) T - 7 T (2)
T




for every i; by construction, ¥; = O, (%) + O, (—=). We extensively use the notation &,7 =
P \n P\ /nT

min{\/ﬁ, ﬁ} and ¢, = min {n, ﬁ}

Proof of Lemma A.1. Let ||A||; denote the L;-norm of a matrix A, i.e. ||Al|; = maxgo [|Az||; /|||,

By a well known norm inequality (see e.g. Strang, 1988, p. 369, exercise 7.2.3), it holds that

T

. H (X{Msz)_l
T
1

_ Z_l X{MwXZ "
- min T

where the last equality holds by symmetry. In view of Assumption 4(%), and omitting +; by virtue of

T

Bi — Bi

X! Mye; N X!M,F
T T

IA

r

X! Me; . X!M,F
T T

)

Assumption 3(iii)

T

=I+1I

E||5: - 6

r X' Myei || X'M,F
<E 7 w e E '3 w
<o =] + 5|57

Consider I; we have I < T "E || X" =T "E HZZ;l zit€;e|| - It holds that

T r/2 T 2/r|7/?
TTE|Xjall” < TTEY lwueul®| <T"ET'7?" <Z IIIim:tIIT) (3)
t=1 t=1
T T
—rr 1 T - 1 T 1/2 T 1/2
< T (T;Enxiteitn ) <772 (Tg Bl |2 leal™] )

- 0 (T*T/z) ,

where we have used: Assumption 2 (iv); Holder’s inequality; the C,-inequality and Jensen’s inequality; the
Cauchy-Schwartz inequality; and the fact that, by Assumptions 1 and 2(i), E |e;|*" < oo and E ||z;]|*" <
oo respectively. Using the Cauchy-Schwartz inequality in this context is more than what is necessary,
since x;; and ¢;; are independent. Turning to I, note that, for sufficiently large n and omitting higher
order terms, (H},H,,) " = D' = Dy Ry DY, with Dy = C'F'FC and || Ryl = Oy (1) + 0, (A7) -
see e.g. equation (29) in Pesaran (2006). Therefore, letting € = n=*Y." | ¢; and omitting higher order

terms

X/M,F  X/FCD_ '¢F F'eD,'C'F'X,; @
T o T2 T2
X!eD;'¢F  X/FCD,'R,D;'C'F'F
I B T2

= —I-I'-1I-1II.



Consider F ||I]|"; since C has full rank by Assumption 4(ii) and D,, is invertible

o 1/2 o 1/2

e¢Fr
T

XF F
E|I|TSEH

EW&F

. —1 T 2r —1 T 4r 1/2 4r 1/2 .
Consider the first term; we have T-1 >0 Bz fl]|> < 71 2L, [E||xit|| ] [E|| 7l ] , which

is finite by Assumption 2(i). As far as the second term is concerned, note

1/2
,,F 2r
E

E €it

i Bl

after similar passages as in equation (3). It holds that E || ;" < co by Assumption 2(i). By using As-
sumption 1(iv)(b) and following thereafter a similar logic as in the proof of (3), we have E |1 37" | 6n|
O (n="/2), so that E[|I|" = O (n="/2T~"/?). The same logic yields E |II|" = O (n~"T~"). Finally,

consider I11; after some passages

91 1/2 9y 1/2
. ., F'F .,
E|III||" < ||Ro||" | E 7 = O ([[Ru"),

HX{F

d

XYy T
again by similar passages as above. Therefore, E H MH = O (||Ry|"). Putting everything together,

the Lemma follows. QED

Proof of Lemma A.2. The proof of A.2(i) is very similar, and in fact simpler, than that of A.2(%i);

thus we focus on the latter only. Using (1)

Jj=1 j=1
no(Ziae) x, . DS ‘P -
_an;( ﬁﬁ) ’ (ﬁa—ﬁj)i;/;—an< %> jz::%' (ﬁj_&)/X%

= I+I1T+I1IT+1V+V+VI+VII+VIII.



The proof follows very similar lines to that of Lemma A.8 in Song (2013): the only difference is the
different expansion of the estimation error Bj —B3; when using the CCE. Thus, we report only the complete
passages to determine the order of magnitude of I; the same logic applies to all the other terms in the
expansion. The only term for which passages slightly differ is V', and we report the full blown proof for
it.

Consider I; it holds that I < n~! Z?:l ‘ T g

_ 2
“E7 — B H . This is bounded by

X'F - 2
B || B |1 \Bj—j] ©)
_ 2 x|\ 7
ARG
2/3 1/6 /AGI/6
< bot]” ] Y]

using Holder’s inequality in the first line (with p = § and ¢ = 3), and the Cauchy-Schwartz inequality
in the second line. The first term is of order O (gbﬂT) in light of Lemma A.1. Similar passages as in the
proof of Lemma A.1 yield that both the second and third terms are of order O (1). This entails that I =
O, (T~1/2¢,2). Similar passages yield IT = O, (T~Y2¢1); II1 = O, (T *¢,1); IV = O, (T~/2¢,1.);
VI=0,(T7Y2¢,7) + O, (6,7); VII = O, (n=Y/?) and VIII = O, (T~) +0, (n=¥/2T-1/2),

Consider now V', whose proof is marginally different to that of Song (2013)

_1 . X - 27 1/2 —1 . B 97 1/2
VoS R g 2 2 RZE< %’Hﬁj‘@‘“)
L j=1 i=1 t=1 ] L j=1
_ . o7 1/2 1/3 67 1/6
1 « R 1 « - 3
< Ll Elgrl e | |25 ZE
L Jj=1 =1 t=1 i L j=1
[ n n T 2 1/2
- EX || 0w
nT =1 nT 1=1 t=1 o 3 .

using the Cauchy-Schwartz inequality (first line), Holder’s inequality with the same orders as in (6)
2
n T
\/%Zizl 2i-1 Eitfjt‘ < (nT Zz 1 Z] 1 Zt 1 Zs 1
|E (eitent€jsers)| < M, by Assumption 1(747)(d), so that V = O, (T_1/2¢;T). Putting all together, part
A.2(ii) follows. QED

(second line) and Lemma A.1. Also, F

Proof of Lemma A.3. The Lemma is a refinement of Lemma A.3 in Bai (2009a). Particularly, by



Lemma A.3 in Bai (2009a) we have T—1 X/ (]3' - F) =0, (1) and T~ F’ (]3' - F) =0, (1).
Consider part (i). Using (1)

X! (F—F)

S R SCEDICRUE

T

nT
J

1= X/X; /> F'F 1 &KXIX, /- R
D GRS i DI ol CRI LT
i —
n , ! 1 n ’ ! T
_l X/F ( @) XiF B 1 ZXiej (/éj_ﬂj P XGF
n T T n\/Tj:1 VT

n

1 & Xle: F'F 1 < Xle
i eF—|— LIt + L

nTZ R Vv ol e D v,

IfIIfIIIfIVfV+VI+VII+VIII;

henceforth, we omit 7; in the passages, based on Assumption 3(iii). Consider I; it is bounded by
B (’ X, X/ P

T
similar way to (6), this is bounded by {

’ — B H ) Using the Holder’s inequality and the Cauchy-Schwartz inequality in a

e 6}1/6 T/ [EH@ @H]w Oy (673).

Bj — B; ’y; FTF +0p( ), where the o, (1) term comes from

L

-
XiF

Bl =7

Turning to 11, we have [T = L 3" | XX

T-1F (F - F) =0, (1). By (2),

=11, +1I. Consider I1,; since

2

| " Xj M X, X' Mye;
B|l—=> x;7;| = Z Ziwe
nVT = n\F T
_ _ 2
Loy (XX " (XM
n2T; i T T

1/2 271/
|| % —o(+
VT nT )’

where we have used Assumptions 4(%), 1, 2(i); the Cauchy-Schwartz inequality; and the facts that both

2

n2T

2
=Ll and F H% are finite. The latter statement can be shown as follows
Xle. |2 A 1 LT T T
‘ i T szﬁm;‘seﬁeﬂ's < T ZZ ([zjeafs|| Elejeessl < M ZZE lejeess| < M,
t=1 s=1 t=1 s=1 t 1s=1

using, respectively, Assumptions 2(iii), 2(i) and 1(ii)(c). Thus, II, = O, (n~Y/*T~1/2). Turning to



11, this is of the same order of magnitude as H =

ol < [E(’ ) [e ()]

by the proof of Lemma A.1, II, = O, (n’1/25_1). Thus, II = O, (n’1/25_1). Turning to I11, it

can be decomposed into %Z? 1 & (BJ ﬁ]) X X (BJ ﬂj) ( r) =11, +
— B

111, = O, (T~'2¢, ;). Similar passages and Lemma A.2(i), yield III, = O, (¢,76,7). Term IV

Jj=1

ITIy; T11, is bounded by L H

‘F‘H Using the same logic as above, this entails

has the same magnitude of term I1. As far as V is concerned, using the fact that T-1X/ (F’ —F ) =

0, (1), V is bounded by T—'/2E [H& ‘ X — B; }; a similar logic to the proof of I yields V =
O, (T~%2¢,1). Turning to VI, we have VI = \FZJ L XT/F% XT'F %Z;;l (FT F) VI, +

VI,. Considering VI,, similar passages as above give VI, = O, (n=*/2T~1/2). Turning to VI, this is
O, (6,,7) by Lemma A.2(ii). Therefore, VI = O, (6,7). As far as VII is concerned, it is bounded by

F'F 1 n /
H nT Zj:l Xi€;

+0p (1). The term 377, X/e; is bounded by the square root of its variance, viz.

T T n n n n T T
BN waal, | D0 €jiers H < STN T Ellzial )| E lejeers]
t=1 s=1 j=1k=1 j=1k=1t=1 s=1
n n T T
< M ZZE|ejtek5| < M’ (nT).
j=1k=1t=1 s=1

Thus, VII = O, (n~1/2T~1/2). Finally, VIIT = L 5" & f L SUP) vy,
971/2
|l

011/
} , which is O (1), so that VIII, = O, (T™1).
’X;ej

0

using Lemma A.2(i). Putting all together, part (i) of the Lemma follows. The proof of part (ii) follows

VIIL,; VIII, is bounded by [E H e

c,(F-r)

o\ 71/2
Similarly, VIIT, is bounded by 7—!/2 [E( ‘ ] = 0, (T7Y2%5,2),

essentially the same passages, and is therefore omitted. As far as part (4ii) is concerned, the same logic

as above can be applied directly to (1), obtaining 7'~/ HF - FH =0, ( 3 — B ) + 0, (6,7), whence

T - FH2 =0, (5;2). QED

Proof of Lemma A.4. By definition, under H§

7 —

s B\ Eree, F'Mxi (F—F

also, under H¢, it holds that ¥ — v = L5 (% — 7). Using (7) and neglecting higher order terms



coming from F'Mx;F — F'Mx,;F

1 — 1 — 1 1 & 1/ '
SN A=) = =S (F M F)  F Myge + = S (F' My F <F7F> My se;
w2 (o) = LS Md) F Mt 3 (F M) xie

1 — - R
+= S (F My F) My, (F . F) ~
n =1

= I+IT+1I1

Term I is bounded by the square root of
MZZE

FMXZF U F'Mxie;\ (F'Mx;F\ " ([ F Myje;
1=1 j=1 r r g

n o n n n T T
M SN B IF ) (Fe)l < Mg 355 S BIAS B ey

i=1 j=1 i=1 j=1t=1 s=1

IN

n

1 & T T 1
M/nQTQZZZZEMtGMSM”ﬁ

i=1 j=1 t=1 s=1

IN

using, respectively, Assumptions 4(7), 2(%ii), 2(i) and 1(i1)(c). Thus, I = O, (\/7117) Consider IT; it is

bounded by

A / A
e\ (F=F) My ¢ (F-F)
E = <SE|———|=0p (0,7)
T T T n

by Assumption 3(i) and Lemma A.2(%). Similarly, /17 is bounded by E HF’ (F — F) H =0, (6;%), by
Lemma A.3(7i). The bounds for IT and III are not necessarily the sharpest ones, but are sufficient for

our purpose. Putting all together, 5 =~ + O, ( ) QED

Proof of Lemma A.5. Consider (1) and let F' = f x ip; under HY, it holds that

(5] (3-0) (1) oo

ies[l}
\
s
I

1 n
"

- n ~ , T " A i / -
7 EAC A lZ%t—LZ Fe;) (B —Bi lzxjt
AT =1 T t=1 T j=1 T t=1
L5~ (FX; 3 /1 a 1 " (F'X; = 1 &
_n;< Tj> <ﬁj_ﬁj)7jT;ft_nﬁ;< TJ> (ﬁj—ﬁj)ﬁ;qt
L~ Vol y 1 (PP 1 1 Z
+Tﬂ,;(F€j)va;ft+m<T>;’7j tz:: TB/QZ( )\/T;Gjt

= I-1I-1IT-1IV-V4+VI+VII+VIII.



<elf-al) sl ]

671/6
E {H T ZtT:1 mth ] =0 (d);%), using a similar logic to (6) and Lemma A.1. Similar arguments yield

o - 2
Consider I; it is bounded by E [H F;(j Hﬁj — B H H% Zthl T

II = 0, (n=Y27712) 40, (n7Y), I1I = O, (¢,,7), IV = O, (n=Y25. 1), and VI = O, (n=1/2T~1/2).

1 T
|
t=1
47 1/4 47 1/4

B 971/2 1 X
2lo-al] oz e

using again Lemma A.1 and the fact that E HT‘l/2 Zthl €t

Consider V; this is bounded by

1
—=E
vT

F'X |
2| -

1
VT

F'X;
T

IN

4
= O (1) - this can be shown using Assump-

tion 1(iv)(b) and similar passages as in the proof of Lemma A.1. Hence, V = O, (T~/2¢,}); similarly,
VII =0, (n~Y2T=2) and VIII = O, (T~'/25, 7). Putting all together, this yields F-F= 0, (6,7).
QED

Proof of Lemma A.6. In the proof, we extensively use the fact that, for an arbitrary sequence of

random variables Z1, ..., Z,, such that maxi<p<m F|Z,|" < M for some a > 0, it holds that
— 1/a
 ax |Z1| = op (m ) . (8)

The proofs are rather repetitive, and where possible we only provide an intuition of the main argument,
omitting passages.

Consider part (). We know, from the proof of Lemma A.1, that

2 2

3 — B; Xle;

T

T Vi )

_ 1112 _ _

2 XM X\ ||| X Mye;  XINLF
< || ——=— +
= T T

2
i

X!M,F
T

S ‘

2
can be derived by studying 7! maxi<;<,

Bi — Bi
|‘T’1/2X£ei||2 and max;<;<, ||T*1X£MwFH2. Consider the former. By the proof of Lemma A.1, we know

so that the order of magnitude of max;<;<p

that £ ||7-1/2X/e;||" is bounded by E ||zipeie|* < E ||zl |€ir]® = E ||2:¢]|* E [eze] by using Assumption
2(iii). The largest a for which this moment exists is a = k/2, whence maxi<;<,, | T~Y/2Xe; ||2 =0, (n?/¥).
This entails 77! maxj<j<,, ||T_1/2X£ei||2 =0, (nz/kT_l). As far as maxj<;<n ||T_1X{]\waFH2 is con-

cerned, we know from the proof of Lemma A.1 that ||T‘1X£]\_4U,FH2 has magnitude O,, (n=/25,1). When

X/FCDZ' /e F H2

applying maxi <;<y,, this only affects the x;;s. To illustrate this, consider term I in (4): \/% maxj<i<n T




2 20 o2 5
< \/% (maxlgign %H ) H%H &%H . We have HT‘l/inH =71 Zthl 22, so that, based on

(8), maxi<i<p HT‘1/2X1»H2 = o0, (n**). Therefore, the whole expression is of order o, (n‘l/zT_1/2n2/k).

Applying similar passages to terms I and I1T] in (4) yields maxi<ij<yp HT_lX{J\ZwFH2 =0p (nz/k_l/Q(S;Tl).
Part (i) follows putting everything together.
Consider part (ii). The passages of the proof are rather repetitive. The main argument is that,
based on (32), max;<;<7 0, Hft - H’ftH2 is bounded by terms such as 8, H% Z?Zl (%) (ﬁj - Bj)
2
(i)

magnitude of the maximum is given by terms like maxy<i<7 ||zt ?, max, <i<t || ft |* and maxy << ||€;¢ 1%,

max; <;<7 ||z;¢]|>, etc. This entails that, when taking the maximum across ¢, the order of

which are of order o, (T%*). This provides part (ii).

The proof of part (4ii) is based on (31):

2 2

~ ~ —1 R -, .
, . M l(F—F) i
T”'?i_%'HQ < w F'Mxe; B X v,
! VT VT
1

e, CE (F_F) 2

< LA | R A e

VT o= Il

2

N . 2 N .
By Assumption 3 (7ii), maxi<;<, | T~ /2F’ (F - F) H ||7:]|* has the same order of magnitude as HT‘1/2F’ (F - F) ‘ ,

L2
ie. O, (\FTnfl) + O, (T*I/z). As far as maxi<;<,, ||T7/?F’¢;|| is concerned
2 > TP
ﬁvei Fle; 2 F—F) €;
e b R e = e Il

Consider I; based on the same arguments as in (3), we have maxj<i<p HT‘l/zF'eiH2 < maxi<i<n 7!

S freal?. Also, Elfieal® < E|fi]|* Elex|* < oo with the largest a bezing a = 2k, whence
. ’

7! (F - F) €

2 . . .
maxi<;i<n ||T*1/2F'ei|| = 0p (n2/k). Turning to I, maxi<i<p can be studied using




j=1
. 1/3 67 1/3
1 I |eX; LTI 3 1 X'F
< pem STl S| B
= 72 nz JT nz Bj = B; T
j=1 j=1 j=1
n n I35 6 1/3
€X; 1 ~ 1 X'F
< - - - _J
- |:TLTzl<z<n T n;‘ﬂ] B n; T ’

which follows from (6) (first line) and from the C-inequality (second line). Note that E ||7-1/2¢,X;||" is
bounded by E |le;z ;|| < E ||zj¢]|" E |ei]* with a = k at most. We have that max;<;<, HT’l/Qe’Z—XjH2 =
op (n?/*). Applying the same logic to the squares of all the terms in (5), it follows that I = o, (n?/*T4, ).
Part (4ii) follows from putting everything together.

Consider parts (iv) and (v). Using the definition of é;:

max ||zl + (|19 — v ” max [If:]

max ¢, < max €,
1<t<T 1<t<T

1<t<T 1<t<T

+[150° ma \

Parts (iv) and (v) follow immediately from Assumptions 1 and 2. Explicit rates are derived using the
other parts of this Lemma. Parts (vi) and (vii) can be proved similarly, using
Bi -

1<i<n 1<i<n

2
2
| el + 1402 s 1 =l + 4 = ] mass 1960,

1<i<n

max 62t < max e : max ’
1<i<

and maxi<j<n, €3, = 0 (nQ/k) by (8).

Proof of Lemma A.7. As a preliminary result, note that Assumptions 1(3), 2(i) and 6 (i) entail that
€2, fr€it, Tiv€ir, vec (fif!), vec (fiz!,) and vec (ftf elt) are all Lo, s-NED of size o/ > % on {Ut};oioo,
for each i. These results are applications of Example 17.17 in Davidson (1994, p. 273), and are
explicitly reported in Kao, Trapani and Urga (2012; see in particular Lemmas 8 and 9 therein). Similarly,
Assumption 8 entails that €7, is Loys-NED of size o/ > 5 on {v;}:°_, for each t.

Consider part (i), writing T-'F'F — Yy = (T‘lﬁ’F—T_lF’F) + (T_lF’F— Ef). Lemma A.3
(parts (ii) and (iii)) entails that T~'F'F — T-'F'F = O, (6,7). The CLT for NED sequences can be
applied (Theorem 24.6 and Corollary 24.7 in Davidson , 1994, p. 386-387), so that E |T~'F'F — % fH2

10



2
=F HT_l 23:1 (fefi — Zf)H = O (T7'). Putting all together, part (i) follows. As far as part (ii) is

concerned, it follows immediately from noting that HT‘IF’MXiF — Sl < HT‘1F’F - EfH for each
1, by definition of Mx;.

As far as showing parts (%ii)-(vi) is concerned, we extensively use the following result, which is an
application of Theorem 2.1 in Berkes, Liu and Wu (2013; see also Theorem 2.2 in Ling, 2007). Given
an Loy 5-NED zero mean sequence 71, ..., Z,, of size (equal to or greater than) , such that F \Zl|k

M for some k > 2, and that the conditions spelt out in Assumptions 6(%) and 6(iii) hold; and given a
Brownian motion W (-) with E [W?2 (1)] = limy,—oe E [(m_1/2 Sy Z;L)Z}7 it holds that, redefining 7,

im
\/7

in a richer probability space

>

h=1

= 0, (m!/*=112) (9)

Results like (9) are known as “Hungarian constructions”; see, inter alia, Csorgd and Révész (1975a,b),
and Komlés, Major and Tusnddy (1975, 1976); we also refer to Shorack and Wellner (1986) for a review.
Hungarian constructions are usually stated in terms of the partial sum process m~!/2 Z,EZ;J Zy, for

€ [0,1]; in that case, (9) is stated using the sup-norm. For our purposes, we only need to consider
7 = 1. The rate in (9) is sharp, and this result was shown, for the case of dependent data, only very
recently (Berkes, Liu and Wu, 2013). By Assumptions 6 and 8, and by the fact that, as stated above, e%t,
fi€it, T, vec (fif]), vec(fiz),) and vec (ft {eft) are all Lo, s-NED of size o/ > = , equation (9) can
be applied to the normalized sums of all these sequences - in the case of €%, to both sums across ¢ and
across 7. As a final remark, we point out that if all moments of Z), exist (e.g. if Zj, is Gaussian), the rate
in (9) becomes exponential, i.e. (9) holds with a rate O, (m)

Jm
We turn to the proof of part (i) of the Lemma. We have

L, 2 2
1rga<x Hzfe t— XTet < 1glta<XT n Z%% €5 — Lret|| + 121%XT n ;%‘% (eit - Eit)
i=
1 n
+2 1r<nta<XT - Z% Y —vi) €4l + 1I£1ta<XT EZ;(%' =) (5 — 'Yz) zt
i=
= I+II+III+IV.

Consider I. Recall that the sequence zey i = 'yi’yl’»e?t — Yrey is, as stated above, Lo, s-NED of size

o > 1. Therefore, by Theorem 17.5(b) in Davidson (1994, p. 264), ze,; is an Loy s-mixingale of

size min {0/, %} > 1. Using Assumption 3(4ii) and Corollary 1 in Peligrad, Utev, and Wu (2007),

it follows that E |[n=1/2 37" | 2, Zt|| < ME|é%|" < co. By Assumption 1(4), the largest a for which

11



E||7f1/2 S Ze, “H < o0 is k/2. Thus, maxj<i<r ||n V250 | 2, Zt” = 0, (TQ/’“), which entails
I =0, (T**n=1/2). As far as II is concerned, it has the same order of magnitude as max;<;<7 €%, — €],
given in Lemma A.6(v). Turning to 111, its order of magnitude is given by O,, (||’y7 - %||2) maxi <;<r €%,
which comes from Lemma A.6(iv). Term I'V is dominated. Putting all together, part (iii) of the Lemma
follows.

As far as part (iv) is concerned, the proof is similar, in spirit, to that of part (4ii). Recall that
3= @' Dy ; (Q:)™"; the rates for Q; = T~ F'Mx;F are given by part (ii) of this Lemma. Based

on the definition of Dy ;, we have

T
thften H'S(HE (e)

IN
b
"

T
Z Wflel — H'S;HE (€,)

th (Fi-1)&

= I+II+III+IV.

As far as I is concerned, the proof is similar to that of part (7ii) of this Lemma, upon recalling that f; f/e%
is, across t, Loy 5-NED of size o > 1. Indeed, the largest a for which E Hft %H < E|fell* Elex]*
is a = k/2, and that T-' S| fifle?, — H'S;HE () = O, (T'/?); hence, I = o, (n**T-1/?).

Considering I1, we have

T
1 PO
I < = ; fof)| pmax 16 — €&
1 I 14?2 97 1/2
< [eft] (-]
applying Lemma A.6(v), we have IT = o, (T*2/k5;%) . Considering 11, a similar logic as above yields
1 & ;
III S T t_zl ft (ft ft) max €2t
T o71/2 1/2

2
E( max é, ;
1<i<n

(i) | =00 (476,

i(f- 1)

/ 2] 1/2

3

also,
1 X
T2

t=1

Y

B (o= 12)

1

12



by the C,-inequality and Lemma A.3(ii). Using Lemma A.6(vi), we have II] = o, (n2/kT1/25;%) +
op (n4/kT1/2¢;%5gT2) + op (nQ/k*2T3/265T2). Term IV is dominated. Putting all together, part (iv)
follows.

Consider now part (v). We have T~Y/2F'Mye; = T~1/? Zthl fr€ir — (T*1 Zthl ftx;t> (T*1 Zthl xitmgt) o
T-1/2 Zthl Tit€i. Since fre; and i€ are Loy s-NED of size o > %, equation (9) holds with k* = 4:

T
.. . . T
there are two sequences of i.i.d. Gaussian, zero mean random variables, say {N 1{;} and {Nj°},_,, such
t=1 =

2
that £ {(sz;e) } = Yfeiand E {(Nﬁe)z] = Y,.; and TV/k-1/2 HT_1/2 Sy feew — T2 NI

= 0, (1) and TV/*-1/2

T2 e — TR N
processes (see e.g. Theorem 24.6 in Davidson , 1994, p. 386), T~! 23;1 fizly = Spoi + Oy (T71/?) and

= O, (1). Further, by the CLT for NED

71 Zle Ty = Bgai + Oy (T_1/2). Putting all together, and defining the i.i.d. Gaussian sequence
Ny =T V2 NS = Sy Sy, T-Y2 500 NE<, we have that TV/F=1/2 | T=V2F Mye; — Ny|| =
’T_1/2 Zthl fi€it

which entails that it is an Lo s-mixingale of size min {a' , %} > % Therefore,

O, (1). Note further that, E HT‘1/2F’MX1-62-||T <FE ; note that fie; is Loy s-NED of

. / 1 +o0
size o > 5 on {v }, -,

using again Corollary 1 in Peligrad, Utev, and Wu (2007), E HT’l/2 Zle fieiell < M E|fiei|”; by

Assumptions 1(3), 2(i) and 2(iii), the largest r for which EHT’l/QF’MXZ-eiHT < oo is 7 = k. Thus,
max <j<p, T1/F~1/2 ||T*1/2F’MX1-Q— — Ni|| = op (nl/k), which proves part (v).
The proof of part (vi) is similar. Indeed, given an independent, zero mean, Gaussian sequence { N/ }7'_;

with E (N)? = vyl E (€2,), write

1 — 1 —
NN DG
Vi = Vi

max
1<t<T
1 — 1 <& 1 &
< — e n BN N
< max \/ﬁ;’yzfzt \/ﬁ;Nn + pax, \/ﬁ;(% Vi) €it
= I+1I

By virtue of Assumption 8, and using similar considerations as for the proof of part (v), term I satisfies
(9) with

pl/2—=1/k

=0y (1);

1< 1<
R e, — N»
\/7’7, Z:ZI Yi€it \/’TL l:ZI it

also, the largest existing moment over ¢ is of order k. Thus, maxi<;<r n'/*=1/2 |n=YV2307" e —

n~Y23°0  NR|| = o, (TYF), whence I = o, (T/*n'/*=1/2). Consider now II. By (31), we can write

1 & _
II:T E (F/MXZ‘F) l(F/MX¢€i)€it+IIb:IIa+IIb,
n
i=1

13



where 11}, contains the remainder of (§; — ;). By the results in the proof of Theorem 1, and by using

the Cauchy-Schwartz inequality, it follows immediately that I, = o, (Tl/ k\/ﬁég%) + op (Tl/ k \/ﬁégTQ)

Also, IT, < M n=1/2 71 szlzl ZZ:1 fs€is€ir||, so that
II < Mi Zz.fs €is€it — elseit)} +M7 Z.fs €zsezt = IIa,l +IIa,2~
i=1 s=1 i=1 s=1

We have that 11, ; is bounded by the square root of

n n

T T
# Z Z Z Z fsfil€is€ie — E (€is€it)] [€ju€je — E (€ju€jt)]

i=1 j=1u=1s=1

n n

< nT2 ZZ Z ZE [fs full B leiseir — B (isear)] [ejueje — E (€jueje)]|

i=1 j=1u=1s=1

3

n

T T
M# Z Z Z Z E|[eis€it — E (€is€ir)] [€ju€jt — E (€ju€jt)]]

<
i=1 j=1u=1s=1
1 n n T T 1
SV 5 3 3 DT TIAESTE

i=1 j=1u=1s=1

on account of Assumptions 2 (i) and 1(iii)(c); hence, 11,1 = O, (T~1/?). The same logic entails 11, » =
O, (T~1/?) also. Putting all together, IT = o, (TY/*5. 1) + o, (T'/*\/ns, ;). Defining n= /23" | N7
= Ny, part (vi) follows. QED

Proof of Theorem 4. The proof is very similar, in spirit, to the proof of Theorem 3, and therefore
some passages are omitted to save space. Consider the following preliminary notation and derivations.
We write

fo-T=i=n+(fi= )= (F=1) =a+b—a.

Under H, a; = 0 and b, = f; — f; using (30),we can write

F'F
by = ( T ) Z%ﬁzt + bat = b1y + by, (10)

where by, contains terms I — VI and VIIT in (30). Also, for each ¢, f}}?tl = E}?tl— E;tl (f]ft — Eft) E;tl

(-}

14



Neglecting higher order terms containing o, (HXA] ft — gt

) , we have

n(ft—?)/i;tl (ft_/f) (11)
— n (bgtz;tlbu) +nb), B3, (f:ft - Z;}) 57 bae + nby, X7 bay
o Sy o+ (7 - f)/ it (F- 1) —on (7~ f)/ S5 (F- 1)

~ (b’ltz;gbu) VI, + I, + II1, + IV, — V.

After this preliminary calculations, we now turn to proving (24). Similarly to the proof of Theorem
3, we firstly prove that max;<;<7n (b’ltE;tlblt> can be approximated by the maximum of a sequence
of random variables with a x? distribution, up to a negligible error. Secondly, we show that, in (11),
maxi<¢<r It, ..., maxi<¢<p V; are all o, (InT') uniformly in ¢.

We start from max;<i<rn (b’ltE]?tlblt). We show that the sequence {\/ﬁblt};[:l can be approximated
by a sequence of i.i.d. Gaussian random variables with covariance matrix ;. To show this, recall that
by Lemma A.7(vi), we can write n= /23" | vie;y = Ny + Ry, with N, defined in Lemma A.7 as being
zero mean Gaussian with covariance matrix Yr. ;, and Ry = o, (Tl/’”nl/%l/k?) + 0, (Tl/k2 5;%\/h17T>
+ o, (TVEy/n62VIT). Further, T\F'F = Sy + (T7UF'F = %) + 771 (F - F)/F =% + Ry,
with Ry = O, (TY/?) + O, (n™!) by Lemmas A.7(i) and A.3(ii). Hence

Vnbie = (3¢ + Ry) (Ne + Rye) (12)

and

n (b’ltﬁlJ?tlblt) = N/Zpl N+ 2N/S7IS5) R + 2Ry, S5l N, (13)
F2N{S IS Ry N + 2N[S IS Ry Ry,
+Ry,re Rne + 2Ry, X7 'S5 Ry Ry
+N{R;S ;) Ry Ny + 2N/ Ry Ry Ry,
+RN(RfY7, Ry Ry
= NS Ne+ DV I+ I+ TV + VP v

VI + VI 41X

Passages are very similar to those after (34) in the proof of Theorem 3. In particular, it can be

shown using Lemma A.7 that: maxj<i<7 I?' and max;<;<r [I}* are both o, (Tl/’“in/Q’l/kZ\/lnT>

15



+ o, (Tl/kzég%\/lnT) + op (Tl/k\/ﬁég%\/lnT); maxi<;<7 I} = O, (T*I/2 InT) + O, (n™'InT);

and that max;<;<7 Ithl,..., maxi<¢<T IXé’l are all dominated and therefore negligible. Thus
InT vninT
\/—n (nT)l/k2 +op <T1/k2nTn> +o,(1), (14)
n

where the approximation errors are negligible as long as (n,7T) — oo with %ﬂw — 0 and T1/k2 @ — 0.

/ —1 Iv—1
max n (b5 b):maxNZ N, +o
1<teT (1t e Y1t 1<t<T t=Te,t* 't 2

After showing that maxi<,<pn (b’ltEJItlblt) can be approximated by maxj<;<p N{E;;tNt, we turn
back to equation (11). We show that maxi<;<p I, ..., maxi<;<7 V; in (11) are all o, (InT). We have

= o0, (T**25,}InT) by us-

that maxj<i<7 [y < maxj<i<r H\/ﬁblt||2 Maxi<¢<7 HE;; (ift — E]Ttl) E;tl
ing Lemma A.7(%i). Also, combining Lemmas A.5 and Lemma A.7(44), we have maxj<i;<p IV, =
O, (néﬁi) + op (nTZ/'”(S;;) and maxi<i<7 Vi = O) (nér}fi) + op (nT2/k2(5;:fi). As far as maxi<i<7 I
and maxy <;<7 III; are concerned, studying their order of magnitude involves finding a bound for max; <;<7 ||ba||

and maxj<i<p Hb2t||2. Recall that

byt = %Zn: <F;{(]> (B; *ﬂj) (/3] *5;')/%#, *% (F;F) Z’Yy‘ (/31 *51')/%%

Jj=1

7nLT Zn: (Flej) (B] - ﬂj)lxjt - 7112”: <F/;(j) (/31 - ﬂj) Vi fe

Similar passages as in the proof of Lemma A.6 (ii) yield maxi <;<7 ||ba|| = 0, (T/*26,,7) and max; <;<7 [|bas 112
= 0p (Tz/k25;ﬁ). We now turn to analyzing maxj<;<p [l and maxj<;<p I11;. As far as the for-
mer is concerned, maxj<i<p I} < nmaxj<i<r HbgtH2 = 0p (Tz/’”d);%). Also, maxy<i<p III; < \/n

maxi<;<7 ||v/nbie|| maxi<i<7 ||bat| = /1 0p (Tl/’”é;%\/ln T). Putting all together, we have

\ [InT (nT)l/k2
n

T2%/*: vVnInT
+op ( Tn > +o0, (Tl/krznTn> +o0p(1);

(15)

~\ / ~
F o F\ y—1(f _F _ Iy —1
e (ft f) e (ft f) 18T NiZpe Ne - op

under (23), the error term is negligible. Consider the sequence {Nt}thl. The covariance between N; and
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N;_}, is proportional to, for (n,T) — oo

%ZZE (’Yz")’;Eitht—k)
i=1 j=1
59 Dl ISR P ) o SR [Ieey

<
i=1 j=1 =1 j=1
1 n o n
< Mﬁz |E (€ireji—r)|
i=1j

Py

so that, under Assumption 9, limy oo B (N¢Ny—g)Ink = 0. By virtue of such Berman condition,
equation (24)holds - see e.g. Theorem 3.5.1 in Leadbetter and Rootzen (1988, p.470).
We now complete the proof of the Theorem by studying the power versus local alternatives. Under

HY?, it can be shown that S tn7 has non-centrality parameter given by

NC  _ re-1(F
Stor = nlrga<XTthft ct +2n gla<XTct 7t (ft ft) —2n [ Xy (f - f)
= I+1IT1+111,

with I = O, (n Hct||2) by construction. Also, /1 is bounded by
n(maxi<i<7 ||¢]]) maxi<i<p H(ft - ft) H = O, (n|ct| T**26,7) by Lemma A.6(ii); similarly, IT] =

0, (nd; 2 |lcs|l). Let S/2 denote the null distribution of Sy, Then, under HY we have
P [Sf,nT > Ca,T] |:SfT > Ca, T — S}YET} ;

P[Sfnr > car) tends to 1 if cor — SJJ(\,’ST — —o0 as (n,T) — oo; this holds because, by (26), cor =

O(InT). QED

2 Further simulations

In addition to conducting simulations under the DGP

Yir = BiTi + Vi fe + €, (16)
Tt = i + Nife + €5, (17)

we also consider two alternative DGPs that are nested in (16), in order to assess the robustness of

the tests proposed to different specifications.
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We firstly consider a DGP for the regressors z;; that modifies (17) by not containing common factors,
viz.

Tip = p1; + €5 (18)

In this case, cross dependence in the y;;s is purely due to the presence of f; in (16). The rank condition
in Assumption 3 (%) does not hold, although the CCE estimator is still consistent. Secondly, we consider

a DGP in which there are no unit specific regressors, viz.
Yit = Vifr + €it; (19)

this is a pure factor model, that fits in the class of models considered by Bai (2003). In this case, it can be
argued that testing for no factor structure (either by using S, 7 or Sy ,7) complements the information
criteria in Bai and Ng (2002), by being a test for » = 0. This is can also be compared with the framework

in Baltagi, Kao, and Na (2012).
Testing for H§ : v; =y

When evaluating the empirical rejection frequencies for tests based on S 7, we run the Monte Carlo
simulations under the null v; = 1 for all 7. When evaluating power, we generate the loadings ; as i.i.d.
N (1, 03)7 reporting results for the case of o, = 0.2. Given that ¢; is cross sectionally uncorrelated and
homoskedastic by design, ¥, is estimated as ., = 62 x T (F’Mmiﬁ')_l7 where 62 = Y1 | Zthl é2.

When considering the two alternative specifications, the first given by (16) and (18) whereas the
second is simply the one in (19), the results are reported in Tables 1 and 2, respectively.

As far as empirical rejection frequencies and power are concerned, results for both specifications do
not change much with respect to the ones obtained under (16)-(17) and presented in the paper (Table 2
in the paper). Indeed, the size improves in both cases. For all signal-to-noise cases considered, the test
attains its nominal size for all values of n, as long as 7' > 100.

It is interesting to note that both size and power become much better under (19) than in the other
cases, see Table 2. The correct size is attained as long as n > 30 and T" > 50; moreover, the power is

always above 90% for all combinations of n and T considered.
Testing for HS : f, = f

We run the Monte Carlo simulations under the null f; = 1 for all ¢ when evaluating the size of tests

based on Sy,r. When evaluating the power, we generate the common factors f; as i.i.d. N (1,0?),
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Size Power

T T
n 30 20 100 200 30 50 100 200

o2=1/3 0?2 =1/3
30 0.067 0.053 0.046 0.043 | 0.999 1.000 1.000 1.000
50  0.067 0.055 0.048 0.047 | 1.000 1.000 1.000 1.000
100 0.066 0.064 0.052 0.040 | 1.000 1.000 1.000 1.000
200 0.069 0.063 0.050 0.041 | 1.000 1.000 1.000 1.000

o2 =1/2 02 =1/2
30 0.069 0.055 0.051 0.046 | 0.979 0.998 1.000 1.000
50 0.069 0.057 0.049 0.049 | 0.996 1.000 1.000 1.000
100 0.067 0.064 0.054 0.041 | 0.999 1.000 1.000 1.000
200 0.069 0.064 0.05 0.041 | 1.000 1.000 1.000 1.000

o2 =1 o2=1
30 0.081 0.066 0.060 0.052 | 0.921 0.989 1.000 1.000
50 0.077 0.063 0.054 0.057 | 0.965 0.999 1.000 1.000
100 0.072 0.068 0.057 0.044 | 0.992 1.000 1.000 1.000
200 0.073 0.065 0.052 0.043 | 0.998 1.000 1.000 1.000

Table 1: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H§ : v; = 7,
based on Sy ,7. The DGP used in the simulations is (16)- (18), i.e. the case of no common factor
structure in the regressors.

Size Power
T T
n 30 50 100 200 30 50 100 200
ol =1/3 o2 =1/3

30 0.058 0.050 0.044 0.045 | 0.980 0.999 1.000 1.000
50  0.059 0.049 0.046 0.044 | 0.998 1.000 1.000 1.000
100 0.062 0.046 0.048 0.040 | 0.999 1.000 1.000 1.000
200 0.071 0.050 0.046 0.046 | 1.000 1.000 1.000 1.000

o2=1/2 02 =1/2
30 0.061 0.052 0.047 0.047 | 0.904 0.976 1.000 1.000
50 0.062 0.051 0.049 0.047 | 0.978 1.000 1.000 1.000
100 0.064 0.048 0.049 0.041 | 0.986 1.000 1.000 1.000
200 0.073 0.051 0.046 0.047 | 0.998 1.000 1.000 1.000

o2 =1 o =1
30 0.070 0.064 0.056 0.055 | 0.611 0.739 0.991 1.000
50  0.070 0.057 0.055 0.052 | 0.778 0.966 1.000 1.000
100 0.067 0.050 0.053 0.044 | 0.791 0.980 1.000 1.000
200 0.074 0.054 0.047 0.048 | 0.938 0.999 1.000 1.000

Table 2: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H§ : v; = 7,
based on S, ,7. The DGP used in the simulations is (19), i.e. the case of a pure factor model for y;;.
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reporting results for the case of oy = 0.2. Finally, we estimate X, as Xy, = Vn}l&f% S S\Z-S\;Vn}l
. T .
where &7 = ﬁ POHID D=2
When considering the two alternative specifications, the first given by (16) and (18) whereas the

second is simply the one in (19), the results are reported in Tables 3 and 4, respectively.

Size Power
T T
n 30 50 100 200 30 50 100 200
o2 =1/3 o2 =1/3

30 0.044 0.039 0.045 0.039 | 0.954 0.989 0.998 0.987
50 0.044 0.042 0.038 0.036 | 0.998 1.000 1.000 0.999
100 0.042 0.038 0.040 0.038 | 1.000 1.000 1.000 1.000
200 0.043 0.047 0.041 0.036 | 1.000 1.000 1.000 1.000

o2 =1/2 0?2 =1/2
30 0.045 0.041 0.046 0.041 | 0.863 0.933 0.979 0.995
50 0.045 0.043 0.039 0.037 | 0.978 0.996 1.000 1.000
100 0.044 0.039 0.040 0.038 | 0.999 1.000 1.000 1.000
200 0.048 0.048 0.043 0.037 | 1.000 1.000 1.000 1.000

o2=1 o2=1
30  0.052 0.049 0.050 0.043 | 0.561 0.646 0.780 0.859
50 0.047 0.049 0.042 0.039 | 0.809 0.894 0.960 0.991
100 0.052 0.042 0.043 0.040 | 0.978 0.997 1.000 1.000
200 0.058 0.052 0.044 0.039 | 1.000 1.000 1.000 1.000

Table 3: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H} : f; = f,
based on S 7. The DGP used in the simulations is (16)-(18), i.e. the case of no common factor structure
in the regressors x;;.

Results do not differ much, when carrying out simulations under (16) and (18), from the values of
Table 3 in the paper. Actually, as it was noted for the case of S, .7, results improve slightly, in particular
the power. Similar considerations hold for the empirical rejection frequencies computed under (19) (Table
4): the size is close to the correct one. The power is also very good, under all possible combinations of

parameters.
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Size Power

T T
n 30 50 100 200 30 50 100 200

o2=1/3 0?2 =1/3
30  0.048 0.054 0.053 0.056 | 0.973 0.994 0.998 1.000
50 0.042 0.041 0.046 0.049 | 0.999 1.000 1.000 1.000
100 0.039 0.043 0.044 0.041 | 1.000 1.000 1.000 1.000
200 0.043 0.040 0.039 0.040 | 1.000 1.000 1.000 1.000

o2=1/2 02 =1/2
30 0.049 0.056 0.054 0.057 | 0.904 0.955 0.988 0.997
50 0.046 0.042 0.047 0.050 | 0.989 0.997 1.000 1.000
100 0.042 0.044 0.046 0.041 | 1.000 1.000 1.000 1.000
200 0.045 0.041 0.040 0.041 | 1.000 1.000 1.000 1.000

062 =1 ‘752 =1
30 0.060 0.064 0.057 0.058 | 0.646 0.729 0.830 0.905
50 0.053 0.047 0.050 0.051 | 0.869 0.934 0.977 0.995
100 0.049 0.052 0.049 0.043 | 0.991 0.999 1.000 1.000
200 0.052 0.046 0.044 0.043 | 1.000 1.000 1.000 1.000

Table 4: Empirical rejection frequencies (for a nominal size of 5%) and power for tests for H} : f; = f,
based on Sy 7. The DGP used in the simulations is (19), i.e. the case of a pure factor model for y;;.
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