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Abstract

Mixture models for hazard rate functions are widely used tools for addressing the statistical analysis of
survival data subject to a censoring mechanism. The present paper introduces a new class of vectors of
random hazard rate functions that are expressed as kernel mixtures of dependent completely random
measures. This leads to define dependent nonparametric prior processes that are suitably tailored to
draw inferences in the presence of heterogeneous observations. Besides its flexibility, an important
appealing feature of our proposal is analytical tractability: we are, indeed, able to determine some
relevant distributional properties and a posterior characterization that is also the key for devising
an efficient MCMC sampler. For illustrative purposes, we specialize our general results to a class of
dependent extended gamma processes. We finally display a few numerical examples, including both
simulated and real two—sample datasets: these allow us to identify the effect of a borrowing strength
phenomenon and provide evidence of the effectiveness of the prior to deal with datasets for which the

proportional hazards assumption does not hold true.

KEYWORDS: Bayesian nonparametrics; Completely random measures; Dependent processes; Extended

gamma processes; Partial exchangeability.



1 Introduction

The analysis of survival data has been one of the first areas of applications of Bayesian nonparametric
techniques. Seminal contributions as those, e.g., in Doksum (1974), Ferguson (1974), Susarla and
Van Ryzin (1976), Ferguson and Phadia (1979) and Dykstra and Laud (1981) contain deep theoret-
ical results that paved the way for later advances in the field. Furthermore, the rapid development
of Markov Chain Monte Carlo techniques in the last two decades has made the use of nonparamet-
ric priors for survival analysis accessible to practitioners as well. A large portion of this literature
in Bayesian nonparametrics has been developed under the assumption that survival data are ex-
changeable. Such an assumption does not hold true when some source of heterogeneity affects the
data. A typical example corresponds to observations that originate from different related studies,
such as in randomized clinical trials where subjects are enrolled at different study centers or under-
take different treatments. Indeed, factors specific to each centre or to each treatment might exert
significant influence. Therefore, while it is reasonable to assume that exchangeability holds true for
subjects in the same group or sample (i.e. recruited at the same centre or undertaking the same
treatment), exchangeability between samples is hard to motivate. A possible treatment of these data
in a Bayesian nonparametric framework relies on the definition of a collection of dependent process
priors indexed by a covariate identifying each sample or group. We shall pursue this goal and define a
class of dependent hazard rate mixture models that are suitably tailored to statistical inference with
possibly censored survival observations that originate from different studies or experiments. In this
respect, the present contribution inserts itself in a large body of research that, inspired by pioneer-
ing contributions due to S.N. MacEachern (1999; 2000), has been recently devoted to the proposal
of dependent random probability measures with potential applications to nonparametric regression,
time series analysis, meta—analysis, spatial statistics and so on. Examples include dependent Dirichlet
processes obtained by means of a stick—breaking procedure (see, e.g. De Iorio et al., 2004; Griffin and
Steel, 2008; Rodriguez et al., 2008; Teh et al., 2006), Pélya trees (Wong and Ma, 2010; Trippa et al.,
2011), neutral to the right priors (Epifani and Lijoi, 2010), more general tail-free processes (Jara
and Hanson, 2011) and normalized random measures with independent increments (Lijoi et al., 2013;
Griffin et al., 2013).

The key to our construction is a vector of dependent random measures fi = (fi1, ..., fly) recently
proposed and investigated in Lijoi et al. (2013) and whose components are completely random. This

means that, for any £ = 1,...,v, when f[i; is evaluated at pairwise disjoint sets it gives rise to



mutually independent non-negative random variables. A vector (5’1, ...,8,) of survival functions, or

of the corresponding dependent random probability measures (1517 ..., Py), is thus defined by

8u(t) = Pu((t,0)) = exp ( / t / (s, ) fie(dy) ds) (1)

for any £ = 1,...,, for any ¢ > 0 and for some kernel function k¥ : R™ x Y — R™. Equation (1)
amounts to specifying a prior for the vector of hazard rate functions (RHRs) h = (hy, ..., h,) as kernel
mixtures of dependent CRMs, namely hy(t) = Jy k(t,y) fie(dy). Our approach leads to a much more
flexible specification than models based, e.g., on the proportional hazards assumption which may fail
in some situations of practical interest. It further yields smooth estimates of the marginal survival
functions and incorporates a borrowing strength effect due to the presence, in the definition of each fig,
of a component which is shared among samples. On the other hand, the nice probabilistic structure
featured by the vector of CRMs @i is a key property that allows us to prove important theoretical
results on the distributional properties of FI,, both a priori and a posteriori. For example, we obtain a
simple expression for the correlation between S;(t1) and §j (t2), for i # j and any t; and ¢2, and provide
an explicit characterization of the posterior distribution of h. As a by—product, the representation of
the posterior distribution of h that we achieve straightforwardly yields a Gibbs sampling algorithm
that allows an approximate evaluations of Bayesian estimators for several quantities of interest.

As first displayed in Lijoi and Priinster (2010), CRMs constitute the basic building—blocks of a
wide variety of popular priors for Bayesian nonparametric inference; these then enjoy some common
structural properties which can be characterized in terms of the corresponding CRMs. It should be
also recalled that proposals of dependent priors induced by CRMs in survival analysis can be found
in James (2003), where vectors of dependent gamma CRMs are defined in terms of mixtures similar
to those set forth in Antoniak (1974), and in Epifani and Lijoi (2010) who introduce a new class of
dependent neutral-to-the-right processes by resorting to Lévy copulae.

The outline of the paper is as follows. In Section 2 we provide a quick overview of a standard
prior specification for hazard rate functions with exchangeable censored data. In Section 3 we develop
our proposal of vectors of dependent RHRs and investigate their dependence structure. In Section
4 we state a characterization of the posterior distribution of the vector of dependent RHRs we have
introduced. This is the main result of the paper and leads us to establish an estimate of the survival

functions corresponding to each component of the vector h = (l~11, ..., hy), conditional on v > 2



samples of survival times and on suitable latent variables. In Section 5 we specialize our general
construction to the case of dependent extended gamma processes, with v = 2, and provide an expres-
sion of a Bayesian estimator of the survival function for each group of data that is examined. The
posterior characterization of h is also relevant for devising a Gibbs sampling algorithm that allows
for an approximate evaluations of the estimates of both the hazard rates and the survival functions.
Finally, in Section 6 we provide two illustrative examples with simulated and real data. In order to
ease the exposition in the paper, the proofs of propositions and the derivation of the full conditional

distributions of random variables entering the model specification are all postponed to the Appendix.

2 Priors for hazard rate functions

Let F be the cumulative distribution function (cdf) associated to a probability distribution on R*.
The corresponding survival and cumulative hazard functions are denoted as S(t) = 1—F(t) and H(t) =
—log(S(t)), for any ¢ > 0. If F is absolutely continuous, the hazard rate function associated to F' is,
thus, defined as h(t) = F'(t)/[1 — F(t—)], where F(t—) := lim, o F(t — ). Nonparametric priors for
hazard rates h have been originally proposed in Dykstra and Laud (1981) and, then, generalized in later
work by Lo and Weng (1989) and James (2005). Their uses in practical applications for the analysis
of censored survival data have been eased by the recent developments of powerful computational
techniques that allow for an approximate evaluation of posterior inferences on quantities of statistical
interest. The key probabilistic tool shared by these contributions is represented by completely random
measures (CRMs). Recall that a CRM p on Y is a random measure that, when evaluated at any
collection of pairwise disjoint sets Aq,..., Ay, gives rise to mutually independent random variables
w(A1), ..., u(Ag), for any d > 1. A more detailed description of properties of CRMs is postponed to
the Appendix.

Henceforth, we shall assume that p does not have jumps at fixed locations, which implies that

there exists a measure v on R* x Y such that fR+XY min{s, 1}r(ds,dy) < co and

e (- [ soutan)| = (= [ 1-eosslvasan). 2)

for any measurable function f:Y — R such that [, [f| du < oo, with probability 1. We refer to the



measure v as the Lévy intensity of u. For our purposes, it will be useful to rewrite v as
v(ds, dy) = py(s) ds c Po(dy), 3)

where Py is a probability measure on Y and p,(s) is some transition kernel on Y x R*. If p, = p,
for any y in Y, the CRM p is said homogeneous. In the sequel we further suppose that Py is non-
atomic. A well-known example corresponds to p,(s) = p(s) = e~ ®/s, which identifies a so—called
gamma CRM p. With such a choice of the Lévy intensity, from (A.1) it can be seen that for any A
such that Py(A) > 0, the random variable u(A) has a Ga(1,cPy(A)), where by Ga(a,b) one denotes a
probability distribution admitting density function g, ,(7) = LIg+(z)a® 2! exp(—az)/T'(b) and 1¢
denotes the indicator function of set C.

If k(-;-) is a transition kernel on R* x Y, a prior for h is the distribution of the random hazard

rate (RHR)
h(t) = /Y k(t; y)p(dy), (4)

where i is a CRM on Y. We observe that, if lim_eo [ h(s)ds = oo with probability 1, then
defines a random survival function S(t) = exp(— fot h(s)ds). Such a specification of & is used to
define the prior for an exchangeable sequence of (possibly censored) survival data, namely X =

(X1,...,X,) is such that X, |P iid

P and P((-,00)) = exp(— [, h(s)ds). In this setting, Dykstra
and Laud (1981) characterize the posterior distribution of the so-called extended gamma process: this
is obtained when y is a gamma CRM and k(t;y) = 1o 4(y) B(y) for some positive right-continuous
function 8 : R* — RT. The same kind of result is proved in Lo and Weng (1989) for the weighted
gamma processes corresponding to RHRs obtained when p is still a gamma CRM and k(-; -) is an
arbitrary kernel. Finally, a posterior characterization has been derived in James (2005) for any CRM
w and kernel k(-; -). A clever augmentation argument that introduces a vector of auxiliary variables
Y = (Y3,...,Y},), combined with results concerning disintegrations of Poisson random measures, leads

to a description of the posterior distribution of A, given X and Y, that is also very convenient for

simulation purposes. See, e.g., Ishwaran and James (2004).

REMARK 1. It should be noted that a specification of the hazard rate similar to (4) is present also in
the non-Bayesian literature. For example, in Gjessing et al. (2003) and in Aalen et al. (2008) one can
find a detailed description on the use of Lévy processes to model time-dependent individual frailties.

Moreover, there is an apparent analogy with the well known class of frailty models where, unlike in



(4), the random effect is considered fixed in time and affects the hazard function multiplicatively (see,

e.g., Hougaard, 2000). O

As mentioned in the Introduction, exchangeability corresponds to assuming that the observations are
analogous or homogeneous. In situations where there are v > 2 different experimental conditions under
which data are generated, one cannot rely on such a dependence scheme. If X, = (X10,...,Xn,.0)
are, for £ =1,...,, the data originating from the /—th sample, a possible dependence structure that

takes into account the nature of the data is

D > iid ~
(le,].’"'aX )|(P17...,P,Y)NP1 X"'XP,Y

jwv'Y

()

(Pr,....P)) ~ Q
for any j, = 1,...,n. A collection of sequences {(Xy ¢)n>1: ¢ =1,...,7} for which (5) holds true
is said partially exchangeable. Here Q plays the role of a prior distribution on the space of all vectors
(P, ..., P,) whose components are probability measures on R*. When @ is degenerate on a single
coordinate, i.e. Q({P, = --- = P,}) = 1, condition (5) reduces to the more familiar conditional
independence and identity in distribution that characterizes exchangeability. In the next section a
new class of priors @ in (5) will be specified in terms of the hazard rate functions hy associated to the

coordinates P, as highlighted in (1).

3 A model for partially exchangeable survival data

We aim at defining a flexible and tractable prior @ for a vector of dependent random probability
measures (151, .. .,]57). To achieve this goal, we express each Py as a suitable transformation of a
CRM jig so that dependence among Py,..., ]57 is induced by dependence at the level of the CRMs
2 = (f1,...,by). More precisely, we shall resort to the specification (1). For example, if v = 2 one
can define each hazard function iLl and Bg as a mixture of a gamma CRM f[i; and fig, i.e. Bg(t) =
f(O,t] B(y) e(dy), for some positive and right—continuous function 3: this gives rise to a vector of
extended gamma processes. Dependence between i1 and fi5 is induced via the construction suggested
in Lijoi et al. (2013), which makes use of a specific vector of dependent Poisson random measures
(PRMs) discussed by Griffiths and Milne (1978). For easing the exposition, we shall henceforth

confine to the case where v = 2, even though the analysis carries over to any dimension -y, as apparent



from Proposition 3 below.

3.1 GM-dependent completely random measures

Let N be a Poisson random measure (PRM) on R™ x Y with intensity measure v, i.e. there exists
a sequence (J;,Y;);>1 of independent random elements with J; > 0 and ¥; € Y such that if A is a
measurable subset of Rt x Y such that v(A) < oo, the random variable N(A) = card(A N {(J;,Y;) :

i > 1}) has Poisson distribution with parameter v(A). It is, then, well-known that

pB) = [ sN@sd = Y (6)

i Y;EB

is a CRM on Y and the Laplace functional transform of p equals the right-hand-side of (A.1). It
is apparent from (6) that a pair of dependent CRMs (fiy, fi2) can be defined as linear functionals of
dependent PRMs (Ny, Np). This is the starting point of Lijoi et al. (2013): for their construction
they rely on a class of dependent PRMs investigated by Griffiths and Milne (1978) that feature
a nice probabilistic structure. Indeed, Griffiths and Milne (1978) provide an interesting and useful
characterization of a vector of (possibly dependent) PRMs (N, N5) on R x Y with the same marginal

intensity measure v that admit an additive representation
N¢ = N+ No (=1,2, (7)

where N1, No and Ny are independent Cox processes with respective random intensities 7, o and 7y
such that 7y < v (a.s.) and 7 = v — . In particular, the appeal of their result can be traced back
to a nice representation of the joint Laplace functional of (]\71, NQ) which is an important operational
tool for deriving analytical results useful for Bayesian inference. Moreover, (7) allows us to gain some
insight on the dependence between N and N» by stating that each may be decomposed in a common

(Np) and an idiosyncratic (IVy) component, for £ = 1,2. We can now provide the following

DEFINITION 1. Let fig(dy) = [+ s Ny(ds,dy), for £ = 1,2, where Ny and N, are defined as in (7)
with v(ds,dy) = cPy(dy) p(s)ds. Then (f1, fi2) is said to be vector of GM-dependent CRMs on Y

and the marginal intensity of iy is equal to v.

Henceforth we shall specifically deal with the case where Ny, Ny and Ny are three independent Cox



processes with respective intensities
v(ds,dy) = ¢ZPy(dy) p(s) ds, Do(ds,dz) = ¢(1 — Z)Py(dy) p(s)ds (8)

for some [0, 1]-valued random variable Z independent of N;, for i = 0,1,2. Moreover, in order to ease
the exposition we work conditioning on a fixed value Z = z. According to the definition above, the
marginals of a vector of GM—dependent CRMs are equally distributed and jiz(dz) = pe(dz) + po(dx).
Moreover pg, with £ = 1,2, and po are independent CRMs with E [exp(—ue(f))] = exp(—czy(f))

and I [exp(—po(f))] = exp(—c(1 = 2)¢(f)), where 9(f) = [y [l — exp(=sf(y))]»(ds,dy). One

can then easily recover the joint Laplace transform of (fi1, fi2). Indeed, for any pair of measurable

functions f: Y — R, for £ = 1,2, such that P[as(|f¢]) < oo] =1, one has

IE [exp(—fi1(f1) — fiz(f2))] = exp(—c=(f1, f2)), 9)

where ¥, (f1, f2) = z[¥(f1) + ¥ (f2)] + (1 — 2)¥(f1 + f2). As a simple example, consider a vector of
GM-dependent gamma CRMs, namely p(s) = e~*s~!. In this case ¢(fs) = [log(1 + f¢)dP, for
any measurable function f; such that [log(1+ |f,])dPy < oo, with £ = 1,2. The bivariate Laplace

functional transform exp(—ci.(f1, f2)) of the vector of dependent gamma CRMs, then, is
exp (—cz/log((l + f1)(1+ f2))dPy — ¢(1 — 2) /log(l + fi+ fg)dP()) . (10)

3.2 GM-dependent random hazard rates

Let (fi1, fiz) be a vector of GM-dependent CRMs and (hy, hy) be such that hy(t) = Jy k(t:y) fue(dy),
for £ = 1,2. If limy_, fot ﬁg(s) ds = oo, almost surely, then we say that (ﬁl,ﬁg) is a vector of

GM-dependent RHRs and define survival functions

S1(t) = exp (— /Ot i (s) ds), (1) = exp (- /Ot ﬁg(s)ds). (11)

If y = Ki(y) := fg k(s;y)ds, it can be easily seen that

E [S1 (1) Sa(ta)] = exp(—ev.(Ke,, K1), (12)



where 1, is the joint Laplace exponent defined in (9). Given the simple structure of he, for £ = 1,2,
it is possible to analyze the dependence between the survival functions S; (t1) and 5’2(1?2)7 for some

fixed t1,t2 > 0. This will be expressed through the correlation function as described in the following.

PROPOSITION 1. Let (S1,S2) be as in (11). Then the correlation between Si(t1) and Sa(t2) is given

by

€xp (C(l B Z)[w(l?h) + ’(/)(Ktz) - w([_(h -+ RtZ)]) -1 )

COI‘I‘(Sl (tl), S’Q(tg)) =
VL, [exp (c2u(K,,) — $(2K,)) — 1]

The proof is omitted since the result easily follows from (9). As expected, the correlation vanishes

when z = 1. A simplification occurs if t; = t5 = t, when

_exp (c(1 = 2)[20(Ky) — (2Ky)]) — 1
exp (0[21#(1_@) - ¢(2Kt)]) -1

Corr(Sy(t), Sa(t))

Under the additional conditions

(1) [y k(t1;y) k(t2;y) Po(dy) < oo for any positive ¢, and ts,

(ii) [y~ % p(s)ds < oo,
it is possible to find an explicit expression for the correlation of y(t1) and h(ts). Interestingly, when
t; =ty = t, we obtain Corr(hy(t), ha(t)) = (1 — z), that does not depend on ¢. Details are provided in

Proposition B.1 in Appendix B.

The probability distribution of the vector of survival functions in (11) defines a nonparametric prior

for Bayesian analysis of partially exchangeable survival data. More precisely, if X1 = (X1.1,...,Xn,.1),
and Xy = (X1,2,...,X,,,2) are a two—sample survival dataset, a model we shall use is
Xi)l,Xj72|iL17il2 ~ 51 XSQ Z,j:1,2,

(14)

]
[l

Ru(t) / K(ty) fie(dy) =12,

Given this specification, one can address the issue of determining the posterior distribution of the
pair of hazard rate functions (h1, ilg) or, equivalently, of (S, Sg), with the aim of evaluating Bayesian
estimates of the marginal hazard rates or of the marginal survival functions. This problem is tackled
in the next section.

Even if not directly discussed here, note that one can also consider distinct kernels k1 (-; -) and

ka(-; -) for defining RHRs: the results that will be presented in the next section still hold true with



some minor suitable adaptation.

REMARK 2. The definition of dependent nonparametric priors for hazard rate functions makes our
proposal suited for applications even beyond the setting described through (14). Indeed, a natural
problem where a prior for h = (i~z1, ceey fzv) is of interest is related to the analysis of competing risks
data with ~ distinct sources of failure. In this case, each h; would be the i—th cause specific random
hazard rate function. Techniques similar to those that are used to deduce a posterior characterization
of h here can be used to develop a full Bayesian analysis also in a competing risks framework. An-
other example of possible applications of the proposal concerns inverse problems when observations
are available on the hazard rate h, or on functionals of h, and one wishes to estimate the mixing

random measure p in (4). See, e.g., Wolpert et al. (2003). O

4 Characterization of the posterior distribution

For a full Bayesian analysis of survival data modeled as in (14), one needs to determine a posterior
characterization of the vector (ﬁl, ilg) For the sake of simplicity we suppose that the conditioning
n1 +ng data X7 and X5 are all exact: the extension to the case where censored data are also present
is straightforward and will be considered in the examples of Section 6. As in the univariate case,
we find a characterization of the posterior distribution of (izl,izg) by conditioning on some latent
(non observable) random variables. Even though one can formally establish a characterization of the
posterior distribution of (iLh iLQ) without resorting to the introduction of auxiliary random variables,
such an augmentation is very convenient since it avoids dealing with unfeasible computations that
involve sums over spaces of partitions.

Throughout we work with the multiplicative intensity likelihood

ne

£ X0, %) = [Tesw (= [ Kewpuotan)) TT [ 50800 ol (15)

(=1

where Ky(y) = S0, [

it1 Jo " k(s;y)ds for £ = 1,2 and we have used the fact that all data are exact. We

introduce here some latent random variables Yy = (Y14,...,Yn,¢), for £ = 1,2, such that the joint

10



law of (ﬁluﬂQ?XlaXQu)/lan) is given by

[Texp (-/Ke(y)ﬂé(dy)> [T (X6 Yie) (@Y, ) Q" (dpan, dpso), (16)
=1 Y i=1

where Q* is the joint distribution of the GM-dependent CRMs (fi1, fiz). We observe that, with
positive probability, the latent variables Y7 and Y5 can display ties. Indeed, for £ = 1,2 and for every

7 =1,...,np, we have that

P(¥y0 € dy, X, € da | fie ] o oxp ( [ [ #sanas m<dy'>) k(o y) de ie(dy)
Y JO

and P[Yj, € dy | fu ] o fu(dy) [ exp (= [y fy k(s;y')ds fie(dy')) k(x;y)dz. Thus, the almost sure
discreteness of fip implies that P [Y; , = Y; ] > 0 for j # i. Moreover, by definition of GM-dependence,
fi1 and fi2 share a common component and, therefore, we have that P [¥; 1 = Y; 2] > 0 for any ¢ and
7. On the basis of these considerations, the partition structure within Y; and Y5 can be described as

follows

Wi, Yo b =Y, YUY, Y

{YLQ? s 7}/7L2,2} = {Yl*:Qv cee Y]:;,Q} U {Yl*a ceey Yl:;}a

where {YfﬁZ7 e Y Y 7Yk*o} are the distinct values of Yy, for £ = 1,2, and {Y7",... ,Yk*l-,l} N
{Yi, ..o, Yk*2’2} = @. Moreover, 1 < k; + kg < ng for £ = 1,2. We introduce also the corresponding
frequencies n;, = Y i) Ly, =vy,}> Gme = Yot gy, =y=y, for any £ = 1,2, j = 1,...k; and
m=1,...,kg. One accordingly has the obvious constraint n, = Zf’;l nje+ ngzl Gm, 0, for £ =1,2,
if we agree that 2?21 = 0. Taking into account this specific partition of the latent variables, (16) can

be rewritten as follows

2 ko
[[exp (—/Ke(y)ue(dy)) [Te(@yi) ™ T *(Xj6Yi%)
=1 Y i=1 J€Cie
ko
x [T (me(avi)yime T *(XseYim) @ (dpr, dpa),  (17)
m=1 jeC;nJ

where we have set C; ¢ := {j : Y, =Y} and O}, , = {j: Y; ¢ =Y.} for £ = 1,2. The representation

in (17) is the starting point for establishing the main result. Before stating it, we set some notation.

11



First, let Vi = (V;,1)i>1 and V5 = (V}2);>1 be independent sequences of i.i.d. random variables with
PVie=0=1-P[V,p =1 =z fori =1,2,... and ¢ = 1,2. Moreover, introduce exponentially

tilted Lévy intensities

vo(ds,dy) = ¢ (1 — z) exp(—(K1(y) + K2(y)) t) p(s)ds Po(dy),

(18)
i (ds, dz) = ¢  exp(—Ku(y) ) p(s)ds Po(dy)
for £ = 1,2, and, for any x € IN and £ > 0, the density function
f(t]r, &) oct™ exp(—Et) p(t) Lr+(t). (19)

PROPOSITION 2. Let (hy, hs) be a vector of GM-dependent RHRs. Then, given X1, X3, Y1, Y3, Vi

and Va, the posterior distribution of (Bl, ilg) equals the distribution of

k1

kg kO
(AT, h3) + D (L, Via) k(- Vi) ia + D (Vi D k(- Yi) Jja + D (LD K, Y0) Ty (20)
i=1 j=1 m=1

where hij(t) = Jy kE(t;y)ig(dy), for each £ =1,2, and

(i) iy is CRM such that i} 4 wy + pss for € =1,2 and pg, pi and ps are independent CRMs with

Lévy intensities are equal to v, Vi and v in (18), respectively;

(ii) the jumps Ji1,...,Jk1, J1,2,- - Ik 2 and Ju,. .., Jy, are mutually independent and indepen-
dent from (h1,hg). Moreover, J;1 has density f(-|ni1, K1 (Y1) +K2(Y;)Vin), Jj2 has density
FCAng2, Ki(Y2)Vie+K2(Y]y)) and Jm has density f( - | gm,1+qm,2, K1(Y,,) +K2(Y,,)), where
f(-]-, ) is as in (19).

It is worth noting that item (i) in Proposition 2 implies that the dependence in (h%,h3) is not of
GM-type since i and fi5 are not generally equal in distribution. Furthermore, the structure of the
posterior distribution of (A1, hy) is somehow reminiscent of the one in James (2005). However, in
contrast to the univariate case, one now has three groups of fixed points of discontinuity and this
feature reflects the specific construction of (fi1, fiz). Indeed, in the first two groups the locations of
the jumps coincide, respectively, with the distinct values of the latent variables Y; and Y5 that appear
only in the first and in the second sample. The value of the auxiliary random variables V; ;, determines

whether the jumps of these two groups affect the posterior distribution of both hq and hs or of only

12



one of them. For instance, if V; > = 0 then the j-th distinct value Y}*, specific to the second group does
not affect posterior inference on hy or on functionals of ;. On the other hand, all the distinct values
Y/, specific to the first group impact the posterior distribution of hy through the jump components.
The third group includes jumps that occur at the distinct values of Y7 and Y5 shared by both samples:
such jumps affect the posterior distribution of both components in (le, }~L2) Similar remarks apply
also to the distributions of the random jumps: as a matter of fact only the density of J,, depends
on both samples, whereas the density of J; , may or may not depend on the data in X,,, with £ # &,
according to the value of the latent variable V; ;. In summary, each V; , identifies which component
of fig, 1.e. either py or po, the corresponding distinct value Y", is associated to: if ;% is generated by
the idiosyncratic component py, then it is not shared by the other sample, whereas, if it is generated
by the common component py, it affects the other sample as well. There is no need to specify the V'’s

for the distinct Y}, since these can only be generated by .

REMARK 3. The posterior representation in (20) can be extended to the case where (fi1,i2) are
non-homogeneous GM-dependent CRMs, namely the marginal Lévy intensity of fi,, for £ = 1,2, is
equal to v(ds,dy) = p,(s)ds cPy(dy) and the dependence of p, on y cannot be dropped. One can
proceed along the lines of the proof of Proposition 2 and the main decomposition displayed in the
main result (20) is unchanged. The only differences concern the tilted Lévy intensities in (18), where
p is replaced by p,, and the densities of the jumps J; ¢, with i = 1,...,k; and £ = 1,2, and J,, for

r=1,...,ko. As for the latter, the density function of J; ; becomes
Fir(tInin, K (V) + Ka(Y)Vin) o 7 exp (—K1 (Vi) + Ka(Y;)Vin)) Py (1)

for any ¢ > 0. Similarly, one deduces the densities of .J; 2 and J,. and the required modifications of the

MCMC sampler described in Appendix F. O

If interest lies in estimating the survival functions of both populations Sy and Sy, Proposition 2
provides all the necessary ingredients for evaluating an estimator of Sy (t), for any ¢ > 0, with a squared
loss function. The estimator provided in the next proposition depends on observations X; and X

and latent variables Y7, Y5, Vi and V5.

PRrROPOSITION 3. Conditionally on latent variables Y1, Y2, Vi, Vo and exact observations X1, Xo, the
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random survival function S (t) has expected value equal to

exp (—cz /IR+><Y [1—exp (—s Ki(y))] exp(—s K1(y))p(s)ds Po(dy)>

X exp (—6(1 - 2) / [1—exp (=5 Ki(y))] exp(—s (Ki(y) + K2(y))) p(s) ds Po(dy)>
R+xY

k1 ko ko

X HH H Ci1(t) Cja(t) Cn(t), (21)

i=1j=1m=1
where we recall that K (y fo s,y)ds. Moreover,

[ smit exp (— (Klm*l)ufzm*l)m+Kt<Y:1>) > pls)ds

Cia(t) = I smerexp (— (K1(Y1 D)+ Ko (Yi)Via) s) p(s)d )

B foos"ﬂ exp (— (Kl(}/j’fQ)V2+K2(3/]2)+Kt( Y/ )V,z) ) p(s)ds
Cja(t) =22 J5Z smaz exp (= (K1 (Y) Vi + Ka(Y})) ) p(s) 5 (22)
oy e (005 + )+ i) )

Jo© smatamz exp (— (K1(Y,5) + K2 (Y,5)) ) p(s)ds

Obvious changes lead to a closed form expression for an estimator of Sy as well. Note that once

a Lévy intensity v and a kernel k(-; -) are specified, the expression in (21) can be evaluated. At
this point, in order to obtain an estimator that does not depend on non—observable variables, one
needs to marginalize with respect to the conditional distribution of (Vi, Va,Y7,Ys), given the data
X, and X,. This task that cannot be completed analytically and we, then, resort to a Gibbs sampler
that is described in Appendix F. Before moving on to the specific case of the dependent extended
gamma process, it is worth noting that this construction can be generalized to include v > 2 GM-
dependent CRMs. Suppose (fi1, ..., fiy) is such that iy = pe+ po, for £ =1,...,7, and po, pi, - . ., by
are independent homogeneous CRMs. Accordingly, one can define dependent random hazard rates
fY (t,y) fie(dy) and a corresponding vector of v dependent survival functions related to v

partially exchangeable populations. If X, = (X1 ,..., Xy, ), the model can be described as

7 z 11d & . .
(hl,..., ) Slx XS’Y -717'"’]721

7 d ~

Xj1717 tee 7X~j’Y7’Y

(23)

where —log(S(-)) 4 Jo he(s)ds.  Analogously to the bivariate case, the latent variables Y, =
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(Y14,...,Y,0), for £ = 1,...,v, may exhibit ties both within and between samples. To describe
the resulting partition, we let C; be the set of all i—tuples of distinct indices (j1,...,7;) identifying
the samples that share the same latent value Y, for ¢ = 2,...,~. Moreover C'i([) ={(1,...,4i) €
Ci: e {j,...,jit} is, for any £ = 1,...,, the subset of C; which yields all possible i—tuples
that involve also the /—th group. According to this, the latent variables Y, can be partitioned as

(Yoo Yoo = {70 Y U 209, where

Y
0 _ (1) (kjy i)
% - U U {}/jl)‘-wji".'7)/}17'}~)j'i )

=2 (j17~~7ji)eci(£>

is the set of latent variable values shared by the /—th group with one or more other groups among the

7)

remaining v — 1. Note that YJ(1 j; is the rth value among the kj, ..., shared by the i groups indexed

by ji,-..,ji- Clearly, one may have CZ-(E) = o for some or all 7. In the latter case, %(e) = @ and the
{—th sample does not share any latent variable value with other samples. Given this notation, for each

{=1,...,7, the obvious constraints 1 < k; + ZZLQ Zci ) kj.,....j. < ng hold true and the frequencies

. . . l
Nnje = Z:Zl ]I{Y,yﬁg:ijg}a qfl,.“,ji,r = Z:f:l ]l{Ym,Z:Y-(T) Y for any j = 17' . '7k€7 (.717' e ujl) € C’L( )

I EEEERS Ji

and r € {1,...,kj, . j}, are such that

kji,...

ke g
Ne = an,e + Z Z qf17___,ji7,..
i=t (Gromdecy? =
In order to provide an explicit characterization of the posterior for the more general model displayed in
(23), let us introduce independent CRMs 1), i3, . . ., ju with respective intensity measures v (ds, dy) =
c(1—z)exp(—s >, Ki(y))p(s)ds Po(dy), and v;(ds,dy) = cz exp (—sKy(y)) p(s) ds Po(dy), for £ =
1,...,7. Moreover, sequences of independent and identically distributed latent variables Vi = (V; ¢);>1
are defined, for each £ € {1,...,~}, by P[V;, =0] =1 —P[V; ¢, = 1] = z. One can, then, replicate the

strategy used in the proof of Proposition 2 and show the validity of the following.

PROPOSITION 4. Let X1,..., X, be vectors of (exact) survival times for which model assumptions

summarized in (23) hold true. Then, given (Y1,...,Y,) and (V4,...,V,), the posterior distribution

of (izl, ... hy) equals the distribution of

v ke Y Kji,..d

(R I3+ D0 Wigk(5Yi) Jie+ > Y LRV ) I

=1 i=1 i=2 {(j1,....ji)€C:} r=1
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where both W; ¢ and 1., are in {0,1}7: the former has all components equal to V; ¢ but the {—th which

is 1 and the latter has entries all equal to 1. Moreover
() hy(t) = [y k()i (dy) and i = pj + 5, for each £=1,...,7;

(ii) the jumps J1g,...,Jk,0, for £ =1,...,7, and J;:) ;. for (J1,---+7i) €Ci, i € {2,...,7} and

,,,,,

re{l,....kj ) are mutually independent and independent from (b3, ..., ﬁ;)

(iii) The jumps J; ¢ and Jj(f) ;, have densities equal to f(-|nie, Ke(Y;) + Vi D00 K (Y,)) and

5J Z

fl Z@e{jl,...,ji} q§17~">ji;77 22:1 KZ(YJ(IT)JZ)), respectively, with f(-|-, -) as in (19).

The proof is omitted since it reproduces the one of Proposition 2, with obvious changes.

5 Dependent extended gamma processes

Even if the result stated in Proposition 2 is general, for illustration purposes we focus on a special case
where each fig, for £ = 1,2, is a gamma CRM. In this case, (h},h3) in (20) is a vector of dependent
RHRs obtained from dependent gamma CRMs, though not of GM—type. The conditional densities of
the jumps can also be easily determined and it turns out that J; 1 ~ Ga(1+K7(Y;5)+ Vi1 K2(Y;);n41)
for any i = 1,..., k1, Jj2 ~ Ga(l 4+ Vj» Kl(Yj’f2) + KQ(YJ-":Q); njeo) for any j = 1,..., kg and J,, ~
Ga(l+ K1(Y,;) + K2(Y5); Gma + dmy2) form=1,... ko.

We further suppose that Y = R* and set k(t;y) := 10,4 (y) 6(y) for some positive right-continuous
real-valued function g. With such a choice, each h; marginally is an extended gamma process with
parameters (cPp,8). In the case of exchangeable survival data, such a prior has been proposed in
Dykstra and Laud (1981) for modelling increasing hazard rates. In the following we set 5(t) = 8 for

a any t > 0 and we specify a prior for 8. One correspondingly has, for { =1,2 and t > 0,

Ko(y) =5 Z(Xi,e =) Ly 400y (Xie), Ki(y) = B(t —y) 1y 100 (). (24)

Estimators of S;(t) and Sy(t), under square loss functions, can be determined for any t > 0 by
specializing the result stated in Proposition 3. To this end, and with no loss of generality, we suppose
that, for £ = 1,2, the observations X, are ordered so that X; 1, < X;, for each i = 1,...,ny.
Moreover we denote with X = (Xi,..., X, 4n,) the vector including the components of both X;

and X5 in such a way that X,-_H < X;, fori = 1,...,n1 + ne. In order to simplify notation,
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we set L = (Y1,Y2, V1, V5) and © = (¢,2,83). As for the general case displayed in Proposition 3,
we first determine an explicit expression for E[S’g | X1, X5, L,®] and, then, establish an approximate
evaluation of a Bayesian estimator of Sy by means of a suitably devised Gibbs sampler. In order to ease
the illustration, we introduce some notation. Forevery £/ =1,2,j=1,...,npandxk =1,...,n1+ns, we
set & = 25:1 X ¢ and g} = Z':Zl XZ We suppose that Y; and Y; are partitioned as in Proposition 3

and we define

ni ng
Ga= Y (X = YD)y, o) (X50) + Vin D (X2 = Vi) Ljys, 00) (X;2)
j=1 j=1
for ¢ = 1,...,]{51,
ni na
Gio=Via ) (X1 = Vi) v, o) (X0) + D (Xj2 = Vi) vy, o) (X 2)
j=1 j=1

for i =1,..., ks, and finally, for any m =1, ..., kg,

ni+ng
Cn= Y (X =Y) Ly 00y (X)).
j=1
Moreover, we define the functions
Xi_1,0Nt B(t _ y)
Git:/ 10<1+ - )Pd 25
O feo BT TR — - y) W 25)

for{ =1,2and i =1,...,n,+ 1, provided Xy, = 400 and X,,,41¢ =0, and

PO Bt —y)

XNt

for j=1,...,n1 +ng + 1, where X'O = 400 and Xn1+n2+1 =0.

COROLLARY 1. Suppose that (711,712) is a vector of GM-dependent RHRs. Moreover, k(t,y) =
Bloy(y). Assuming a square loss function, the estimator of Sy(t), for any t > 0, conditional on

the latent variables L is

ni nitnz k1 B (t — Y’i*l)]l[y_x 400) (ﬁ) T
exp | —cz Y Gia(t)—c(l=2) 3 G0 ] [] (1 i T+ BCTJ/
i=1 j=1 i=1 o
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% ﬁ 1 + V 2ﬂ(t - Y?TQ)]l[Yy*27+OO) (t) e ﬁ (1 + B(t - Y;l)]l[yyf,v“roo) (t> ) _(qm‘l-‘rquZ) (27)
i 7 1+ B2 1+ B¢m

Note that (27) turns out to be very convenient from an operational point of view. Indeed, one can
integrate out the vector of latent variables L and obtain an estimate of 5'1(15) conditionally on the
observations (X1, X2). For computational purposes, in the sequel we will set Py(dx) = 1o 7)(x)/T,
for some T' > 0 large enough so that X; < T. One can think of T as, for example, a maximum
follow—up time in a survival analysis experiment. This is a specific choice we stick to since it simplifies
some of the computations we shall perform for the MCMC sampling scheme. Clearly, any Py on R™
would work.

The results in this section allow us to devise an MCMC algorithm that we will use to estimate
Sy, for ¢ = 1,2, when (ill,ilg) are dependent extended gamma processes. In order to marginalize
E[S;| X1, X5, L,®], for ¢ = 1,2, with respect to hyperparameters and the latent variables, we deter-
mine the full conditional distributions within a Gibbs sampler that allows to generate samples from
the posterior distribution of (L, ®) given the observations (X1, X3). The details are provided in Ap-
pendix F. Furthermore, though we confine ourselves to the specific extended gamma case, the general
distributional representations stated in Section 4 make it feasible to implement any GM-dependent

RHR model, for any choice of GM~-dependent CRMs (i1, fiz) and of the mixing kernel &(, -, -).

6 Illustrations

We provide two illustrative examples where we model two hazard rates using dependent extended
gamma processes and we apply the devised algorithm to estimate the corresponding dependent survival
functions, given two samples X; and X5 of possibly right-censored survival times. As a byproduct,
we provide estimates of functionals such as mean and median lifetimes for the two groups that we
obtain by numerically evaluating such functionals for the estimated survival functions.

The goal of our analysis is two—fold: on one side we aim at showing that, by dropping the pro-
portionality of hazards assumption, we obtain a model that allows for crossing survival functions;
on the other side we want to highlight the borrowing strength mechanism that under certain cir-
cumstances may lead the survival curves to shrink. In order to develop both examples we need to

introduce censored data and include them in the posterior representation that has been determined
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in Proposition 2. To this end, we set C; ; to be the censoring time corresponding to X; , and define
A= Lo,0,.4 (Xi,¢) so that A; ¢ is either 0 or 1 according as to whether X, is either censored or not,
respectively. Hence, the actual observation is T; , = min{X, ¢, C; ¢} and the data consist of the collec-
tions of pairs Dy = {(T}1,4,1)}7; and Dy = {(T}2,A;2)}72,. These information yield the number
of exact and censored observations in each group, namely nge) = Zyi 140 and néc) =ny — nge). We
shall, then, consider the data as ordered, namely T;,1 < T;, for any ¢ = 1,...,ny — 1 and for each
£ = 1,2 and identify the whole set of ordered data as Ty>Ty> -+ > Tnﬁm‘ The extension of the

distributional results in Section 4 to the case that includes right-censored data is quite straightforward

once the likelihood in (15) is rewritten as

£Gus o D10 = [Toww (- [ Kiomtan) T [ T tan),

l=1 {Z A,‘,y@:l} ¥

where

ne Ti,g
Ki) =Y / K(siy)ds, (=12 (28)
=1

and the censored survival times, i.e. those with A;, = 0, are involved in the likelihood function
only through K7 and K3. The results derived in the previous sections under the assumption that
only exact observations are detected, e.g. Propositions 2 and Corollary 1, carry over to the case with
right-censored observations: the only changes concern K, and the jump components which occur only
at the distinct values of the latent variables that correspond to exact observations. For example,
in (20) and (27) one has nj¢ = > 1 A, ,—1 Ly, =vy,y> and gme = D (i A =1} Ly =y}, for any
{=1,2,j=1,....kp and m = 1,...,ky. The non—negative integers ki, ko and ko are subject to
the constraints 0 < ky + kg < née)7 for £ = 1,2. The tilted Lévy intensities in (18) of the component

without fixed points of discontinuity in the posterior are

v (dt, dy) =c (1 = z) exp(= (K7 (y) + K5 (y)) t) p(t)dt Fo(dy),

vi (dt, dy) =c= exp(~K; () £) p(t)dt Po(dy)

for £ = 1,2. Moreover, the parameters of the densities of the jumps in Proposition 2(iii) are such
that K, is replaced by K; and the frequencies n;, and ¢, ¢ are defined as above. The adaptation
of the full conditionals distributions obtained in the previous section and in Appendix F is, then,

straightforward.
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We can now illustrate an application of our model to both simulated and real datasets. The
former experiment is devised in such a way that the two samples are generated from distributions
with intersecting hazard rates, a situation that cannot be fitted through a proportional hazards model
specification. The latter refers to remission times of two separate groups of leukemia patients receiving
different treatments. In both cases, in order to obtain a method that is stable under rescaling of the
data, we divide all lifetimes by Ty thus implying that all components in Ty = (T 4,...,Tp,¢) are,
for any ¢ = 1,2, in [0,1]. Finally, we set T = 1.5 as the maximum follow—up time. This leads to a
vector of scaled hazard functions (71, 7,) that are related to the unscaled hazards (hy,hs) by means
of (T'71(t1), T 75(t2)) = (h1(t1/T), ha(ta/T)). After computing the posterior of (1, 73), we recover the
posterior estimate of the vector (le, l~12) by transforming back. The described procedure is similar to
the one proposed in Ishwaran and James (2004). The framework is completed by specifying the prior
distribution for the hyperparameters that, in our examples, are set as z ~ U[0,1], ¢ ~ T'(1,10)
and 8 ~ TI'(1,10). The choice of a uniform distribution for the parameter z formalizes the idea
that, a priori, we do not have any reason to favor total exchangeability (z = 0), independence of
the two samples (z = 1) or any situation in between (z € (0,1)). The parameters of the prior
distributions of ¢ and 3 were chosen in order to obtain a large variance, namely o = 100. Finally, the
estimates in the examples that follow were obtained by running the MCMC algorithm for 1,000,000
iterations, after 50,000 of burn-in. After thinning, we have stored a sample of 2000 iterations, for
which the considered diagnostic tools suggest convergence of the chain and indicate excellent mixing.
In particular the chains corresponding to E[S’l (t)| X1, X2, L, O] and ]E[SQ (t)| X1, X2, L, ©], evaluated

on a grid of values ¢ € [0, 2 max{X;, X3}], have effective sample size, on average, equal to about 1900.

REMARK 4. Since the MCMC algorithm we propose is based on the marginalization with respect to
the underlying vector of CRMs @& = (fi1, fi2), the output of the Gibbs sampler does not take into
account the uncertainty associated to fi, given the data. Hence, Bayesian credible intervals based on
the MCMC output tend to be narrower than the actual ones: this is an important issue that typically
arises in Bayesian nonparametrics when so—called marginal methods are used. In order to clarify
this point, we consider, as a measure of dispersion of the posterior distribution of S'l(t), its variance
Var, (S1(t)| X1, X2), where the subscript p indicates the random variable that is integrated out. A
classic result about conditional variance allows us to decompose Var,, (S (t)] X1, X2) in the sum of two
components, namely Varg, g (E,[S1(t)| X1, Xa, L, ©)]), that takes into account the volatility (w.r.t. L

and @) of the posterior mean (w.r.t. p), and E, e[Var,(S:1(t)| X1, Xa, L, ®)] that is related to the
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expected (w.r.t. L and @) posterior volatility (w.r.t ). Analogously, the intervals obtained with
the MCMC output allow to quantify only the volatility that is related to the first component, that is
the uncertainty around the posterior mean. Nonetheless, we are able to control the loss in posterior

uncertainty quantification by studying the ratio

VarL,e(EH[Sl(t”Xla X2a Lv (-)D
Var“(Sl (t)|X17 XQ)

(29)

A numerical evaluation of (29), over a grid of values of ¢, suggests that, for the example considered in
this section, credible intervals obtained by means of the MCMC output, although smaller, provide, in
average, a reasonable approximation to the real ones. As an alternative measure of uncertainty one

can consider 02(t) = Var,(S:(t)| X1, X2) and use

(max (Sl(t) —35(t), 0) , min (Sl (t) + 36(t), 1)) : (30)

which, by Chebychev inequality, contain approximately 90% credible intervals. Details on the evalua-
tion of (29) and o2(t) = Var, (S, (t)| X1, X2) are provided in Appendix E. A similar line of reasoning

can be obviously replicated for So(t).

6.1 Simulation study

In survival analysis problems, it is often reasonable to drop the proportionality of hazards assumption
that is behind the widely used Cox proportional model. Several ways to extend Cox model have
appeared in literature. See, among others, Lee et al. (1993), Kalbfleish and Prentice (2002), Klein
and Moeschberger (1997), De Iorio et al. (2009), Hanson et al. (2012), Choi and Huang (2012) and
a nice recent overview based on the theory of counting processes in Zeng and Lin (2007). It is
worth mentioning that models such as the accelerated failure time, while dropping the proportionality
assumption, do not accommodate for crossing survival functions. One of the simplest extensions
that circumvents this problem, consists in stratifying on treatments. In the context of nonparametric
hazard functions defined through CRMs, this could be done by assuming as independent the CRMs
underlying the hazard functions of groups of patients under different treatments. It is apparent that
this approach has the drawback of not allowing borrowing information across groups. Through this
example we aim at showing that the model we propose, while inducing a borrowing of information

effect, well accommodates for non proportional hazards and can also lead to estimate crossing survival
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functions. In a similar fashion as it was done in De Iorio et al. (2009), we simulate two—sample datasets
of several sizes, from distributions that correspond to crossing survival functions. More specifically,
we consider two Weibull distributions f1 ~ Wbl(2,3/2) and fo ~ Wbl(2,3), where f ~ Wbl(a,b)
means that f is a density function on the positive real line such that f(z) = (b/a)(x/a)’~! exp(—xz/a)®.
Hence, two samples of exact observations of size ny = ny = n, with n that ranges in {25,50, 100} are

generated from f1 and fo. In Figure 1 we compare estimated and true survival functions. It is not

1 . 1 s . =

S()
S()
S(1)

% 35 7% 35 7 %

(a) n1 =n2 =25 (b) 1 =n2 =50

Figure 1: Comparison of true (solid lines) and estimated (dashed lines) survival functions, for different
sample sizes.

surprising that the estimates improve as the sample size n increases: while the survival curves shrink
significantly for n = 25, for larger sample size the fact that the two survival curves cross is better
detected. Such trend is confirmed by the numerical evaluation of the Kolmogorov distance d K(S'l, 5'2)
proposed in the second row of Table 1, where dx (S1,52) = sup;>q [S1(t) — S2(t)|. This seems like an
interesting feature of the algorithm since sharing information across studies is particularly convenient
when the samples have small size. A comparison of rows 3 and 4 with rows 5 and 6 of Table 1 shows
that, for every considered value of n, the estimates our model provides are closer to the true survival
curves than the corresponding Kaplan-Meier estimators. Finally, the crossing time (around ¢ = 2) is

well estimated for n = 100.

y [n=25]n=50]n=100
) || 0181 | 0.181 | 0.181
S1,S5) 0.051 | 0.118 | 0.232
S1,51) || 0.020 | 0.025 | 0.042
d(52,5;) || 0149 | 0.071 | 0.032
dx (KMy, S7) || 0.106 | 0.041 | 0.071
dx (KM,, S5) || 0.166 | 0.132 | 0.051

Table 1: Kolmogorov distances between true survival functions (row 1), survival functions estimated
via GM-dependent model (row 2), true and estimated survivals (row 3 and 4 for estimates obtained
via GM—-dependent model, rows 5 and 6 for Kaplan-Meier estimates).

22



We generate also two—sample datasets, of sizes n1 = no = 100, that involve right-censored obser-
vations. To this end, we first select uniformly a portion of the observations from each sample and
censor them by means of censoring times that, conditional on the exact observations X; ¢ (i.e., with

A,y = 1), are distributed uniformly on [0,T; ], for each ¢ = 1,2 and i = 1,... ,ngc)

. More specifi-
cally, we have considered three datasets with same portion of censored observations in both samples,

namely 10%, 20% and 30%. In Table 2 we report estimated mean and median lifetimes for all the

’ H true \ n=25 \ n =50 \ n =100 H 10% \ 20% \ 30% ‘
meanx, 1.81 1.81 1.84 1.83 1.90 1.96 2.04
95% c.i. (1.49,2.22) | (1.56,2.17) | (1.64,2.04) || (1.70,2.13) | (1.76,2.20) | (1.81,2.31)
meanx, 1.79 1.85 1.86 1.83 1.87 1.87 1.88
95% c.i. (1.55,2.26) (1.62,2.13) (1.71,1.96) (1.747 2.01) (1.74,2.00) (1.73,2.05)

medianx, || 1.57 1.60 1.61 1.59 1.65 1.67 1.77
95% c.i. (1.27,1.07) | (1.36,1.83) | (1.39,1.78) || (1.44,1.85) | (1.47,1.86) | (1.55,2.00)

medianx, || 1.77 1.69 1.84 1.81 1.85 1.82 1.80
95% c.i. (1.42,1.98) | (1.64,2.06) | (1.68,1.90) || (1.72,1.93) | (L71,1.91) | (1.66,1.91)

Table 2: Estimated mean and median expected lifetimes for the two samples and corresponding
95%—credible intervals. First column provides the true values for mean and median lifetime of the
two samples. Columns 2—4 refer to datasets of exact observations of size n equal to 25,50 and 100,
respectively. Last three columns refer to datasets of size n = 100 with, respectively, 10%,20% and
30% of right—censored observations.

5,0
s,
8,0

=

0 3i5 7 % 3i5 7 3i5 7

(a) ny = ng = 25 (b) ny = nNnNg = 50 (C) ny = ng = 100

Figure 2: Kaplan-Meier estimate (continuous line), estimated survival (dashed line) with 95%-credible
intervals for the mean (gray area), for first group only and for different sample sizes.

synthetic datasets we have considered, together with approximate 95%—credible intervals. As for the
two-sample datasets with only exact observations (columns 2-4), it is apparent that intervals for both
estimated mean and median lifetimes of the two samples tend to narrow around the true values as the
sample size increases. Similarly, Figure 2 shows that the estimated credible intervals, for the vector
of observations X, shrink around the true curve for large values of n. On the contrary, the more

right—censored observations are present the larger are the intervals for mean and median lifetimes (see

23



columns 5—7 of Table 2) and the less precise are the corresponding estimates.

6.2 Leukemia datasets

We consider two well known two—sample datasets involving leukemia remission times, in weeks, under
different treatments. The first was studied, e.g., in Cox (1972) and consists of treatment versus
placebo; the second was analyzed in Lawless (1982) and compares the effects of two different therapies.
Both datasets were studied more recently in Damien and Walker (2002) where the focus is on discerning

situations of full exchangeability from situations of partial exchangeability.

Dataset 1. The remission times, expressed in weeks, of patients under an active drug are

{6,6,6,6,7,9%,10,10%,11,13,16,17*,19*, 20", 22, 23, 25%, 32", 32",34*, 35" },

where a star denotes a censored observation. The remission times of patients under placebo are all

exact and coincide with

{1,1,2,2,3,4,4,5,5,8,8,8,11,11,12,12, 15,17, 22, 23}

Dataset 2. Two groups of patients subject to two different treatments, A and B, are considered. The

remission times of patients under treatment A are

{1,3,3,6,7,7,10,12, 14, 15, 18, 19, 22, 26, 28*, 29, 34, 40, 48*, 49*}

while those of patients under treatment B are

{1,1,2,2,3,4,5,8,8,9,11,12,14, 16, 18, 21, 27, 31, 38*, 44}.

For both datasets, our analysis proceeds in two directions. First, in Figures 3(a) and 3(c), we
report the estimated survival functions, with estimated 95% credible intervals, and compare them
with the Kaplan—Meier estimates. Second, we compare the estimates provided by our GM—dependent
model with those that are provided by the equivalent stratified model, that is a model where z = 1
and, therefore, hy and hs are independent (for a complete description of the stratified model we need

to mention that /; and hs do not share the same hyperparameters ¢ and ). By inspecting Figures
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(a) Dataset 1. Estimates and 95% credible intervals (b) Dataset 1. z =1 versus z random
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(c) Dataset 2. Estimates and 95% credible intervals (d) Dataset 2. z =1 versus z random

Figure 3: [Leukemia datasets.] In (a) and (c) survival functions estimated through a GM-dependent
extended gamma processes model, with 95% credible intervals, and Kaplan—Meier estimates. Circles
denote the presence of a censure. In (b) and (d) comparison of the survival functions estimated
through a GM-dependent extended gamma processes model with z random (solid lines) and the
estimates obtained with a stratified models, i.e. z = 1 (dashed lines).

3(b) and 3(d), it is evident that while, for the first dataset, the estimates obtained by the two models
do not differ significantly, for the second dataset, the model based on GM—dependent CRMs gives rise
to substantial shrinkage phenomenon that makes the two survival curves hardly distinguishable. This
indicates a heavier borrowing of information across the two studies. Such an intuition is straightened
by looking at the distances between estimated survivals under the two settings, reported in Table 3:
for each dataset, the ratio between the distance between survivals estimated via GM—dependent and

independent models is equal to 0.99 for the first dataset and 0.04 for the second. Our observation is

Dataset 1 Dataset 2
2z random \ z=1| z random \ z=1

[ 0498 [0.503] 0.005 [0.113]

Table 3: Kolmogorov distances dx (S’ 1 Sg) between estimated survival functions under GM—-dependent
model (columns 1,3) and independent models (columns 2,4).
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supported by Damien and Walker (2002) where similar conclusions on the two cases where derived
and, as for the second dataset, by Lawless (1982) that, by means of frequentist tests, concludes that

there is no evidence of difference in the two distributions.

7 Concluding remarks

The present paper has proposed a new dependent nonparametric prior process for hazard rate functions
associated to heterogeneous survival data. The nice structure featured by the underlying CRMs leads
us to obtain a posterior characterization, which is the key for a Bayesian analysis as the one we have
performed on both simulated and real datasets. Most of the technicalities related to our model are
postponed to the Appendix. Nonetheless we wish to point out that (20) has a simple structure that
naturally extends the known results for the posterior in the univariate exchangeable case. Given
its simplicity, one can actually use (20) or the representation displayed in Proposition 4 in order to
simulate the trajectories of the posterior process instead of performing a marginalization procedure
as the one discussed in the present paper. This will be the object of future research.

Two other relevant issues that deserve further investigation in future work concern the analysis
of asymptotic properties of the proposed model and an extension to more general covariate indexing.
As for the former, one can analyze frequentist asymptotics of GM—-dependent RHRs by relying on a
suitable adaptation of the approach set forth in Peccati and Priinster (2008) and in De Blasi et al.
(2009) for the exchangeable case. As for the latter, a possible variant of our proposal would be the
specification of a covariate-dependent proportional hazards model for the /-th group and baseline
hazard coinciding with GM-dependent RHRs hy as the ones we have analyzed in this paper. This
would allow to take into account both covariate effect and center heterogeneity in multicenter studies.
Possible elaborations in this direction will benefit from the theoretical findings displayed in the previous

sections.
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Appendix

A Some basics on completely random measures

Let My be the set of boundedly finite measures on a complete and separable metric space Y. This
means that for any bounded set A in the Borel o—algebra ) on Y and for any m € My, one has
m(A) < oco. Moreover, set .#y as the Borel o-algebras on My, respectively. See Daley and Vere-

Jones (2003) for technical details on the construction of the space (My, #y).

DEFINITION 2. A completely random measure (CRM) p on (Y, )) is a measurable function defined on
some probability space (2, .%#,P) and taking values in (My, .#y) such that, for any integer j > 1 and
for any collection Ay, ..., A; of pairwise disjoint sets in ), the random variables j(A1),. .., u(A;) are

mutually independent.

Any CRM p may be represented as

0o L
,LL:NC+,U0:ZJ2'5Y¢ +2Vi6yi

i=1 i=1

where (J;)i>1, (Vi)i>1 and (Y;);>1 are independent sequences of random variables and the jump
points {y1,...,yr} are fixed, with L € {0,1,...} U {oo}. See Kingman (1967). The Lévy—Khintchine
representation states that, for every CRM p. = Y, J; 0y, without fixed jumps, there exists a measure

von R* x Y such that [, min{s, 1}r(ds,dy) < oo and

Blow (- [ foputan)] =ew (- [ n-ewssmivasa) @

for any measurable function f : Y — R such that fY |f| due < oo almost surely. We refer to the

measure v as the Lévy intensity of u.. For our purposes, it will be useful to rewrite v as
v(ds, dy) = py(s)dsc Py(dy), (A.2)

where Py is a probability measure on (Y,Y) and (y, B) — [, py(s)ds is a transition kernel on Y x
BRT). If p, = pin (A.2), for any y in Y, the CRM g, is said homogeneous. In the paper, we suppose

that Py is non-atomic and L = 0. Hence, u = p. and there are no jumps at fixed discontinuities. A
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well-known example corresponds to p,(s) = p(s) = e~*/s, which identifies a so—called gamma CRM
. With such a choice of the Lévy intensity, from (A.1) it can be seen that for any measurable function

f:Y — R such that [log(1l+ |f|)dPy < co one has

E {eXp (/Yf(y)u(dy))] = exp (c /Ylog(Hf(y))Po(dy)>'

Hence, if f = 1 4 is the indicator function of a set A in ) such that Py(A) > 0, the random variable

u(A) has a Ga(1l,cPy(A)).

B Correlation between GM—-dependent RHRs

In the paper it has been mentioned that the determination of the correlation coefficient between the
point values Sy (t1) and Sy (t2) of the survival functions, at any positive ¢; and to, is straightforward
and does not require any extra integrability condition for the jump part of the Lévy intensity p. The
same cannot be said when it comes to evaluating the correlation coefficient between any two values of
the hazard function ﬁl(tl) and Bg(tg), at any t; and to. Indeed, in this case, one needs to introduce
additional integrability conditions one of which concerns p. From the Proposition below, it can be
further noted that the correlation between hy(t1) and hy(ts) displays a linear dependence on z and,

as expected, it is equal to 0 when z = 1.

ProrosiTION B.1. Let (i~11, ilQ) be GM-dependent RHRs. Suppose also that the following conditions

hold true:
i) [y k(t1;y) k(t2;y) Po(dy) < oo for any positive ¢, and ts,
(ii) fo s)ds < oo.

Then the correlation between hy (t1) and h(ts) is given by

Jrs sy 7kt 9)E(t2;y)p(s)ds Py (dy)
TT21 \/fis v 5%k (t3 )% p(s)ds Po(dy)

COI‘I‘(ﬁl(tl), ﬁg(tg)) = (1 — Z)

Proor. To simplify the notation, for ¢ = 0,1, 2, we set u;(k fY (t; y)pi(dy) and note that

the determination of the correlation between hy(t;) and hs(tz) boils down to computing moments of
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the functionals u;(k(t)). This can be accomplished by means of the following

B s (B1))] = — 2B [exp(—ss( A K1)

=z (1—2)" {(,;w(A k(t))} )

A=0 A=0

E [ui(k(t)?] = e L lexp(=pi(Ak(1))]

2

— e L 2w

A=0 A=0
2% 22 [ O ?
+cz?(1—2) {a)\z/)(/\k(t))})\o
and
2
Blpo(k(1)) po(k(12)] = 5o Blespl O h() + X ke))|
82
=—c(l1-2) {3/\15‘/\21“)\1 k(t1) 4+ A2 k’(ﬁz))})\l_h_o
=S
sea- 2 {gromen)
j=1 4 ;=0
One accordingly has
o —{ BT v k() + Aek(t2))}
Corr(h(t1) ha(t2)) = (1 — 2) e (B.1)
T/~ { % vkt }
i 2;=0
If [, k(t1;y) k(t2;y) Po(dy) < oo for any ¢1 and ¢ and [ s? p(s) ds < oo, one may write
{aQw(A E(t1) + A2k(t ))} = —/ s2 k(t1;y) k(ta; y)p(s)dsPo(dy) (B.2)
N ONs 1 k(11 2/ (2 )\1:/\2:0_ - 1LY 2;:Y)p olay :
and, similarly,
o Nk (t = 2k(t;y)?p(s)dsPy(d B.3
{Gvokan} == [ ereramisn), (B.3)
The proof is complete when (B.2) and (B.3) are plugged in (B.1). O

C Proof of Proposition 2

We shall resort to an approach set forth in Regazzini and Sazonov (2000) that makes use of a dis-

cretization process. First note that since Y is separable there exists a sequence (II,.),>1 of measurable
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partitions of Y, with I, = {4, : ¢ =1,...,K, + 1}, such that: (a) II,4; is a refinement of II,; (b)
if 4, = o(Il,), then Y = 0(U;>1%); (c) maxi<i<y,+1 diam(A4, ;) — 0 as r — co. Accordingly, define

sequences (Yﬁ))izl and (Yr(j))izl of Y-valued random elements with

Kr+1

[/ *
Y(z) = Z Yr.h,t 6A7',h. (Yriyé)
h=1

for £ =1,2, where y; , , are points in A, ;. It follows that

P[Y,') € By, Y, € By | (fun. fiz)] =

”il i T(y;paiia) fiz(Arg) T(yp 4 o5 i)

h.g=1 qul dy T(y; i) Jy fe(dy) T(y; fiz)

Oyz . (B1) dy; , ,(B2)

with T(y, ) = [~ exp (= [y [o k(s;9/) ds p(dy’)) k(z,y)dz for any y in Y and p in the space My
of boundedly finite measures on Y. If we introduce vectors YT(;L)I = (Yr(’ll), . ,YT(,}L)I) and YT(?LL =
(YT(?, cel, Yr(’i)Q), then, Proposition 2 in Regazzini and Sazonov (2000) implies

T (b1, ta; A1, Ag) i= Blexp(—Ahy(t1) — Aoha(t2)) | X, V, Y1) [ ¥V, 2) ]

r,ny1? T,n2

— E[exp(—)\lﬁl(tl) — )\2?12(752)) |)(7 ‘/v7 Y] =: 'TL(tl,tQ; /\1, )\2) (Cl)

almost surely, as r — oo, with X = (X1,X5), V = (V},V3) and Y = (Y1,Y2). Hence, relying
on this result, our main task is the determination of TL(T) (t1,t2; A1, A2), which is feasible, and of its
limit 77, (t1,%2; A1, A2) as r — oo. In (C.1) we shall also suppose one is also conditioning to ¢, z and
possibly other hyperparameters involved in the elicitation of the model. In view of the properties
of the sequence of nested partitions (Il.),>1, for r large enough the distinct values Y, and Y7, for
i =1,...,kg and m = 1,..., ko, belong to disjoint partition sets A, . Hence, we denote as Af,?
and A, ,, the sets containing Y.* " and Y3, respectively. Moreover, Y will denote Y after excluding

all those A, j sets including the distinct Yz*e and Y*. In order to evaluate TL(T) (t1,t2; A1, A2), define

Cig:=1{j: Y=Y}, Cpp={j: Yju=Y,} and
2 ko
Qz,y) =[] H II k@icyso p S TT TI F@icun)
/=1 i=135€C; ¢ m=1 jcC’

m, L
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It can, then, be easily seen that

B [exp(—Auha(t) — Aoha(ta) £ (i, fiz,,9)|

T (b1, 3 Ar, Ao) = i -
L ( 1,02 1 2) E [ET(Ml’NQ’w’y)] ( )
where
Ly (fir, fiz; ®, y) =
2 ko
Q N y Hexp ( / Ke PJE dy ) H eXp Kf(yr m),ué(Ar m)) (ﬂf(Ar,m))qm‘e
(=1 el
ke
x [T exp(—Ka (s )i (AL) = Kolyrs )iiz(ALD) (e(AL) ™
i=1

is the likelihood corresponding to the discretized observation procedure. Since for any AN B = & the

two vectors (fi1(A), fi2(A)) and (fi1(B), iz(B)) are independent, conditional on the hyperparameters,

exp ( Z Y) i dy))]

one has for r large enough

E [‘CT (/117 /12; x, y)] = Q(ﬂ.’?, y

2 ¢ 2
< ITTI® oo | = K0 A | Ge(azdye] (O3
(=1 i= j=1
ko
H Hexp i(Ym )i (Arm)) (ﬁi(Ar,m))q"L'i] :
m=1

As for the the terms in the right hand side of (C.3), note first that

exp ( Z dy))] = exp (701/12 (K1 Ty:, Ko ﬂy;)) , (C.4)

Moreover, for any ¢ = 1,.. ., kq,

2
E |exp Z (s DAY | (e(Al))mer

i, 1

= (_1)n71 i1
07, "

, (C.5)

exp (—cwz ('yl 1,0, Ka(yyi1) ]lA(l?))
. " ’Yl:Kl(y:,iJ)
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with a similar expression holding true for ¢ = 2, and

2
E |exp | — ZKJ' (Ym) i (Arim) | (1 (Arn))®™" (fi2(Arm)) 2
j=1
i a‘Z77L,1+QWL,2
= (—1)dma+ame W exp (—mbz (’yl La,..,7 ]lAr,m)) , (C.6)

vi=Ki(y},)

with ¢ = 1,2 and for each r € {1,...,ko}. The derivatives in (C.5)—(C.6) can be evaluated by resorting
to an extension of the Faa di Bruno’s formula as proposed, e.g., in Constantine and Savits (1996).
Such a formula is quite difficult to evaluate, but in our case it considerably simplifies due to diffuseness
of Py. Indeed, as 7 — oo one has Py(A, ) — 0, for any h, and one can rely on the firs term of the
formula in Constantine and Savits (1996), since the remaining terms converge to zero, as r — 0o, more
quickly than the first one and do not contribute to the evaluation of (C.2). In view of this helpful

remark, one may write for any i = 1,...,k;
2
* ~ 1 ~ 1 Uz
E |exp | = K(yrs )i (AL) | (i (4l))
j=1

= e Py(AL)) exp (—ev (Ka(wran) 1o Ka(ia)yo0) )
e " (C.7)
+oo
x [(1—z> [ e (- (Kal) + Kai) o) plo) ds

“+o0o
+ 2 / gt exp (7K1(y:,i71) 5) p(S) d5:| + o0 (PO(ASZ))) 5
0

where, as usual, for any sequence (b,),>1 such that b, — 0 as r — oo, then b = o(b,) defines a

sequence such that b/ /b, — 0 as  — co. A similar expression can be deduced for ¢ = 2. Moreover,

E |exp _ZKJ(?J:n)ﬂj(AT,m) (ﬂl(Anm))qm’l (/12(AT,M))qm’2

= cPy(dyy,) exp (—cv. (Ki(yp)la,.. , K2(yi)la,.,.))

“+oo
x (1-2) /O st 42 exp (= (Ki(yy,) + Ka(yy,)) s) p(s) ds + 0 (Po(Arm)) . (C.8)
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It is now useful to introduce the auxiliary variables (Vi,V2) which allow, starting from (C.7), to

deduce the following

E | exp j{jf< v )i (A | (Al | v, v

% * C.9
= e Ry(AD) exp (—ev. (K0 Ly« KoL) (9
+oo )
<[ e (= (K ) + Kalwti) Vaa) 5) p(s)ds+ o (Ru(al?))
0
and, analogously,
Ky (AP ) (2(AP))2 | Vi, V2
exp Z (V5 j.2) | (A2(A)0)) 1, Va
— ¢ Py(A?) exp (—cwz (Kl(yﬁ,m)]lAiz; : Kg(y;jg)n&)) (C.10)
+oo @)
<[ e (= (K070) Vi + Kalui 1) 5) p(5)ds+ 0 (Ra(AL2)
0
Using (C.4), (C.8), (C.9) and (C.10), and defining
k?l kg k)o
1 2
= TRl TT Ro(a?) T PocArm)
i=1 j=1 m=1
we can give a conditioned expression of the expected value in (C.3), that is
E (L (us, fio, 2, y) | Vi, Vo] = Q(x, ) B, M40 (1 — )M exp (—cy. (K1, Ka))
xH/ s exp (= (K (in) + Ka(yii) Vi) 5) pls) ds
ko 400 (Cll)
L[ s e (- (Kl Via + Kalor)) o) plo)ds
j=1"0
ko 400
< ]I / slm1 2 exp (— (K1(yp,) + Ka(yn,)) s) p(s) ds + o(B;)
m=1 0

Thus, we got an expression for the denominator of the ratio (C.2) and, as r — oo, we can ignore

the last summand on right hand side above since it will be negligible if compared to the other. The
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determination of the numerator of (C.2) proceeds along the same lines, the only difference being the
consideration of hi(t;) and hy(ty). To this end, we set Ly(-) = Agk(tg;-) for £ = 1,2, and using the

independence increments property that has been used for determining the denominator, one has

E [eXp (—)\1i11(t1) - )\2i12(t2)) L(fir, fiz, x,y) ‘ Vi, V2}

= Q(z,y) B, M F2tho (1 — )k exp (—e vy, (L1 + K1, Lo + K2))

k1 400
y H / st exp (— (Ll(y:,ul) + K1(yria) + [La(yr 1) + Ka(yr ;1)) Via) s) p(s)ds
0

i=1

ka  etoo
X ]:[1 /0 s"92 exp (* ([L1(y;2) + Kl(y;Q)] Vio+ LQ(y;‘_‘,Q) + KQ(y;’Q)) s) p(s)ds
ko oo
X H /0 sPm1tdm2 exp (— (L1 (yh,) + Ki(ys) + La(yi ) Ka(yh)) s) p(s)ds +o(B,). (C.12)

One can now deduce that, as r — oo, the ratio that defines the discretized Laplace transform in (C.2)

converges to

exp (—c, (L1 + K1, Ly + K3))
exp (—c¢. (K1, K3))

k1 +
<11
i=1

% gnit exp (f (Ll(y:,i,l) + K1(yy i) + [La(yr, 1) + Ka(yy 1)l Vi,l) 3) p(t)ds

Jo = smn exp (= (K1 (yh 1) + Ka(yha0) Vi) s) p(s) ds

s exp (= ([L1(y) 5,2) + Ki(yr;2)] Vie + La(y; j2) + Ka(yr;2)) s) p(t) ds

fOJrOO s"32 exp (— (Kl (3/:,]‘,2) Via + KQ(ZU:,]‘,Q)) 3) p(s)ds

ko +
i
j=1
Sy st exp (= (La(ym) + Ka (i) + La(i) Ka(y3)) ) pls) ds. (C.13)

0
Jo =% stmartamz exp (= (K1 () + Ka(yg)) ) p(s) ds

k
< 11
m=1

If ¢ is the Laplace exponent of a CRM with Lévy intensity v(ds,dy) = cp(s)ds Po(dy), then ¢, :=

P(- +7)—(7) is, for any non—negative and measurable function 7, the Laplace exponent of a CRM

with Lévy intensity cexp(—7(y) s) p(s)ds Py(dy). One thus realizes that

exp (—c, (L1 + K1, Ly + K3))
exp (—c, (K7, K3))
_exp(=c(l = 2)¢¥(Ly + Ky + Ly + Kp) — ez (¢(Ly + K1) + (L + K3)))
exp (—c(l = 2) (K1 + Ka) — ez (V(K1) + ¢ (K2)))
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= exp (=c(l = 2) s 1k, (L + L2) — ¢z (YK, (1) + Yk, (L2)))

is the Laplace transform of (h*, h}). We focus now on the first of the three products in (C.13). In every
factor we consider the integral that does not depend on L; and Lo, that is on A; and A2, as a normal-
izing constant and recognize the Laplace transform of a random vector (Zf;l Jl(i’l) , Zf;l Jéi’1)>,
where the random jumps

(I I0) S (V) b5 V) i

and J; 1 has density function given by f(-|ni1, K1(Y;")+K2(Y;Vi1)). Similarly, the second product
in (C.13) coincides with the Laplace transform of (Z?; Jl(j’2) ) Zfil Jéj’2)) , where the random
jumps

. . d *
(I T 2 (Via 1) k(5Y5) Tz

and J; 2 has density function given by f(-[n;2, K1(Y]%)Vj2+K2(Y]3)). And finally, the third product

in (C.13) corresponds to the Laplace transform of a random vector (an:l Jl(m), anzl JQ(m)), where
the random jumps

(T I £ 19 k(-5 Y,5) Ty

1, = (1,1) and J,, has density function given by f(-|gm.1 + @m,2, K1(Y,:) + K2(Y,")). This concludes
the proof. O

D Proof of Proposition 3

Let us use the simplified notation IE*[-] to denote an expectation conditional on the vector of observa-
tions and latent variables (X1, X2, Y1, Yo, Vi, Vo) and on other hyperparameters of the model. Under

square loss function, the estimator of the survival function S; evaluated at a point ¢ > 0 is equal to

B [$i)] = B [exp (— /0 t Bl(s)ds)]

t k1 t
— E* |exp (/ h’{(s)dsz/ k(s;Y;) Ji1ds
0 =1 Y0
ko t k t
_Z/ k(s Y])Vjadj2ds — Z/ k(s;Y5) mds
j=170 m=1"0
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k1
exp( /h* )ds — > Ky(Y;)Jia

:]E))k
i=1

ko k
=Y Ki(Y)Via Jio— Y Ka(Y,
j=1 m=1

By virtue of independence this may be written as

E [exp (— /Ot fﬁ(s)ds)} f[l]E [exp (— K (Y1) Ji1)]

ko k
< []E [exp (—Ki(Y;5)Via Jj2)] [ E [exp (~Ku(Y;;)Jm)] - (D.1)
m=1

J=1

We shall now consider separately the expected values that appear in (D.1). We have

i oo (= [ hias)| =B fown (= [ [ bsmitan as))
5o (- [ | k(si) asii(ay) )|
— 5" o (- [ Kt

where we have used the Fubini-Tonelli theorem. As stated in Proposition 3, fi] is equal in distribution

to the sum of p} and g, independent CRMs. Thus, the last expression may be written as

£ fexp (= [ et itan))| B e (- [ K mitan) |

=exp (— /]R+><Y (1 —exp(—s I_(t(y))) vi(ds,dy) — /]R+><Y (1 —exp(—s I_(t(y))) v§(ds, dy)) ,

where 1§ and v{ are the Lévy intensities in Proposition 3. Thus we may conclude that

E |:exp (— /Ot ni(s) ds)] -

= exp (—cz /]R+><Y (1 —exp(—s I_(t(y))) exp(—s K1(y))p(s)ds Po(dy)> (D.2)

X exp (—0(1 - 2) / (1 —exp (s Ki(y))) exp (—s (K1(y) + Ka(y))) p(s) ds Po(dy)) :
R+ xY
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We consider now E* [exp (—I_(t(Yifl)Ji,l)] and remind that the jumps J;; have conditional density

function f(-|n;1, Ki(Y;) +Via KQ(Y;*l)) Hence

. N exp (= (Ka(Y7) + Ko (Y7 Vi + Ki(Y77)) s) 5™ p(s)ds
E [exp (_Kt(Ym)Ji,lﬂ = fo og ( i I; v 2 Ié Yl* : Ak 71 1) 1
Jo exp (= (Ku( )+ Ko i,l)Vl,l) s) s™i1p(s)ds

One similarly finds out that

E* [oxp (K (Y)5)Vi2 Jj2)]
Joexp (= (Ki(Y2)Vjo + Ka(Y}5) + Ki(Y]5)Vi2) ) s™92 p(s)ds

= Jo exp (= (K1(Y}) Vi + Ka(Y},)) s) sma2p(s)ds
and E [exp (—K;(Y};)Jm)] is equal to

C’i / exp (— (K1 (Y) + Ka(Y,5) 4+ Ki(Y,)) s) s9m1F9m2 p(s)ds.
m Jo

Plugging expressions (D.2), (D.3), (D.4) and (D.5) into (D.1) completes the proof.

E Posterior variance of S(t)

(D.5)

A direct application of Proposition 2 allows to derive an explicit analytic form of the posterior variance

of Sy(t), given the latent variables L = (Y1, Ya, Vi, Va). Indeed, the evaluation of ES?(t) — (ES,(t))?

amounts to the computation of the marginal Laplace transform of the bivariate cumulative hazard

induced by (20). Though this can be carried out for any vector of GM—-dependent CRMs (i1, fi2) and

for any choice of the mixed kernel &(-; -), here we focus on the dependent extended gamma process.

More specifically, we set (fi1, fiz) as a GM-dependent gamma process and k(t,y) = 19,4 (y) for which

we obtain a result analogous to Corollary 1. That is, at every point ¢ > 0, the variance of the random

survival function S; (t), conditional on X7, Xo, latent variables L and hyperparameters @, equals

ny ni+n2
(exp {—cz Z G§21) (t) —c(1—2) Z ég.z)(t)}

n1 nitnz k1 t— Y Vyx 1o (t —2ni1
exp{2czZGi,1(t)2c(1z) Z Gj(t)}> H <1+6( {iﬁ[ziJr : )>
=1 i 2
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Y 72’"‘]" - 1 m,2
(12 P Yy, 4o (1) T (L B Y e (1)) O )
X H + V2 1+ G H + T

Jj=1 m=1

(E.1)

where G; ; and G (t) are defined as in (25) and (26), whereas GE?} and C?gz)(t) are defined as follows,

Xio1 oAt
@y [T 2B(t — y) )
Gret) = /Xi,z/\t tog (1 - 14 B&i—1,0— Bt —1)y Foldy)

for {=1,2and i =1,...,n,+ 1 provided Xy, = 400 and X,,,41¢ =0, and

Xi_ 1Nt
5@y [ 28(t —y) >
G / log<”1+ﬁ&_1—ﬂ<z’—1>y Foldy)

XNt

for j=1,...,n1 +ng + 1, where Xo = +o00 and Xn1+n2+1 =0. O]

Corollary 1 and (E.1) provide the tools to compute Var,, (S (t) | X1, Xz), by means of the MCMC
output. More specifically, we evaluated the ratio in (29) over a grid of equally distanced values in the

interval [0, max{X1, X2}| and, on average, we obtained about 0.95 for three datasets.

F The Gibbs sampler

In this section we describe a Gibbs type algorithm that we will use to estimate Sy, for £ = 1,2,
when (ﬁl, Bg) are dependent extended gamma processes as described in the previous section. It is
to be noted that, despite we specialize the sampler to the case where fi = (fi1,fi2) is a vector of
GM-dependent CRMs, the posterior characterization we provide in Section 4 of the paper allows one
to extend the description below to any vector of GM-dependent CRMs and any kernel k( -, - ).

In order to simplify notation, set L = (Y1,Ys, V1, V5) and ©® = (¢, 2, 3). The marginalization of
E[S’g | X1, X9, L,0], for £ = 1,2, with respect to the hyperparameters ® and the latent variables L

can be achieved through the following sampler
0. Start with admissible initial values (L), @),
1. At iteration j > 1, update (Yl(j_l)7 YQ(j_l)) by using its full conditional,

2. At iteration j > 1, update (Vl(j_l), VQ(j_l)) by using its full conditional,
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3. At iteration j > 1, update ¢V~ 201 and BU—Y by using their full conditional.

After an adequate number jy of burn—in iterations, we consider every realization of latent variables
and hyperparameters as a sample from the posterior distribution of (L, ®) and use them in order to
determine an approximate evaluation of the expected value of (27). Therefore, we add one step to

the algorithm.

4. At iteration j > jo, plug (L), ®1)) into (27) and obtain a realization of

IE[SH | X1, X5, L,0©] that we denote by Ex [Sl]m (analogously for Ex [SQ]U)).

Ergodic means of Ex[S1]%) and Ex[S5]), then, provide an approximate evaluation of posterior
estimates of S; and S, namely E[Sl | X1, X2] and E[S’g | X1, X5 ].
We only need to provide the details on the full conditionals we have used for implementing the

steps above and they can be found in the next two Subsections.

F.1 Full conditional distributions

Here we display the full conditionals of the components of Y; and V7 and those of the hyperparameters
entering the model specification. Such distributions can be obtained from the joint law of observations,
latent variables and hyperparameters, that is easily derived from (C.12). We confine ourselves to

considering the conditional distributions of latent variables that refer to the first group; deriving

analogous expressions for the second group is straightforward. With Yl(ﬂ') we denote the vector

obtained by deleting the i-th component of Y7 and with Vl(fi) we indicate the vector of latent variables

corresponding to the distinct values of Yl(_i). Similarly, k(()_i), kg_i), ké_i) denote the number of

distinct values, shared or featured only by first and second group respectively, that are left once Y ;

(=) (=), (=9 (=)

has been dismissed, whose frequencies are ¢~ = ¢, 1’ + Gy, o » ng_ll) and n;,’, withm =1,..., k(()_i),

ji=1,..., Icg_i) andl=1,..., ké_i). The full conditional of Y; ; may be written as

kﬁ—i) k;—i) k[()—z‘)
P[Yir € dy| Y, ] = woGoldy) + 3 windyyyay) + D wiabyyan) + D wmbys(ayy (1)
Jj=1 =1 m=1

where

c ‘ 1 §ia =3 (Xjr10) + 871
oo g (1= Vi) = - 5o Ry e )

Jj=1
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n

'lijl X

”z(,?) Ly <ainy Livia=vp,=1)

wp,2 X

G+ Bt ’
g Wy <oy Lvia=
Wy, X = =
Cm +B71
and
(1_‘/2'1) ]l{y<xv1) Vvil]]-{y<;c~1)
Go(dy) x = . = — + =" dy. (F.2)
Zjil(afj,l — Y ljy<a, ) + 671 Zj:; H(Z5 -y gy<z,) + 671

As suggested by Ishwaran and James (2004) we propose a rejection algorithm to sample from Gy: the
details are provided in Appendix F.2. In order to fasten up significantly the mixing of the algorithm we
add a further step. The idea, suggested e.g. in Ishwaran and James (2004), consists in re-sampling,
at the end of every iteration, the distinct values of the latent variables Y; and Y5 from their full
conditional distribution that, in the case of dependent extended gamma processes we are considering,

equals

L:(Yi:kl Hfl \Yiflv .- ) X ﬂ(o7minjeci,1(ijl)](}/ial) (5@1 + 1)71”’17 (F3)

for i =1,... k. Similar expressions hold for Y, with j = 1,... ko, and Y7, with m = 1,... ko.

m?
It is possible to sample from (F.3) by means of a rejection algorithm that essentially proceeds as the
one we used to sample a new value of Y; ;, for which we still refer to Appendix F.2.

As far as the label V; ; is concerned, we have

(1 —=2)v2z7"

IP[Vi.,l :U|V§_i)7"'] x ni1+1°
(<i71|vi,,1=v +5_1)

(F.4)

The full conditional distribution of z coincides with

zC

L(z]...) oc L(2)(1 — z)kthithe ghatha—ki—ks oo ( — (X1 AXLQ))
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where £(z) is the prior distribution of z and k, = EZ 1 Vi, for £ = 1,2. The full conditional

distribution of ¢ may be written as

zc c
£(e ) o £ exp (=T (X1 A X12) = (X1 V X))

&,0+87 "
(%*Xiﬁ—ll)

- (B x, ) (F.6)

X,

s (1 4 8 ZﬂXi) (B <£1+ﬁ ' )
7 (

5—1 - )
Eits —X1+1>

H\“

2

" H ﬁ (1+ B4 —iBXiv10)

EUEL (14 B — iBXi)

%\“

X

=l (1 + BE; — iﬁXi-H)

with £(c) prior distribution of ¢. Finally, if we denote with £(8) the prior distribution of 3, we have

H\“

€018 "
(%*le,e)

1
(51 etﬁ XM)

L(B]...)ox L(B) H H (14 B¢ —iBXHM)
R (1+ B — iBXM)

< [J(Ge+ 5707

i=1

H\“

_(z=1)e Ei+ﬁ 1_ .
ni+ng (1 + /851, _ ZﬁXZ) T ( B Xz)
)_(zTnc(E#fl_gm)

X

=t (1 + B& — iBXiy1
k
X C + ﬁ (qm,l"!‘Qm,,Q)

m=1
F.2 Sampling a new latent variable Y;

Equation (F.2) provides, up to a proportionality constant, the full conditional distribution of a latent
variable Y; 1 conditionally on the fact that Y;; does not coincide with any already observed value.

Here we show how to sample a new value for Y; ; conditionally on V;; = 0, the extension to the case
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where V; 1 = 1 being straightforward. According to (F.2), Y; 1 is, with probability 1, in the interval
(0, X;1]. For j =14,...,n1, we define
I = (Xj1,1, Xj]

and obtain a partition {I;,..., I, } of (0,X;1]. Moreover, for each j = i,...,nq, we define 7, as the

probability that a new value for Y; ; is in the interval I; and we obtain

1 i1 —JX; -1
mj = = log (&1 o +€1 ) '
i1 — X1+ B

Thus, if we define, for j =1,...,nq,
M
by Z:;Z T
we can rewrite
ni
Go(dy) = pifi(y)dy, (F.7)
j=i
where
1 1, (y)
i) = ————7+.
T & —Jy+ P
A trivial rejection algorithm allows to sample from each f;. Since, for every j =14,...,nq, the density

f; vanishes outside the interval I; and is bounded by

1
C (& —jria+ B

M; -

M1z, can be used as dominating curve. Thus, if we define a (n; — i + 1)-dimensional random vector
Q with multinomial distribution of parameters (1,p;, ..., pn,), we can sample a new value for Y; ; by

following the next steps.
1. Generate Q,
2. define jo as the only element of {i,...,n1) s.t. Q;, =1,

3. generate Y;; from f;, by means of the described rejection algorithm.
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