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Abstract

We study monopolistic competition under indirect additivity of preferences. This is
dual to the Dixit-Stiglitz model, where direct additivity is assumed, with the CES case as
the only common ground. Other examples include (perceived) demand functions that are
exponential or linear. Our equilibrium results are generally in contrast with those received
by the literature. An increase of the number of consumers never affects prices and firms’
size, but increases proportionally the number of firms, creating pure gains from variety. An
increase in individual income increases prices (and more than proportionally the number of
varieties) and reduces firms’ size if and only if the price elasticity of demand is increasing.
We also study the endogenous market structure with Bertrand competition (in which a

pro-competitive effect of market size arises) and the case for inefficient entry.
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The Dixit and Stiglitz (D-S, 1977) model of monopolistic competition and endoge-
nous entry o la Chamberlin (1933) has been widely applied in the modern theories
of trade and in macroeconomics. Due to its analytical tractability, most applications
of the D-S setting rely on the particular case of CES preferences, which generates
equilibrium prices and output levels that are independent both from the number of
consumers (the market “size”) and from the level of individual income. However,
since Krugman (1979) the general model has been used to study the “competitive
effects” on firm behaviour created by changes in the number of consumers: for a
recent discussion see Zhelobodko et al. (2012) and Bertoletti and Epifani (2012).

The D-S setting assumes “direct additivity”, i.e., that consumers’ preferences can
be represented by an additively separable utility function. In this note, by assum-
ing “indirect additivity”, i.e., that consumers’ preferences can be represented by an
additively separable indirect utilitity function, we develop an alternative model of
monopolistic competition, and characterize its equilibrium and welfare properties.
Notice that indirect additivity amounts to assume that the relative demand of two
goods does not depend on the price of other goods. This is “dual” to, and at least
as reasonable as, the assumption of direct additivity made in the “primal” D-S ap-
proach, for which the marginal rate of substitution between any two goods does not
depend on the consumption of other goods. Most important, the case of CES pref-
erences is the only common ground of these two forms of separability. Therefore our
analysis applies to an (almost) entirely different class of preferences than D-S. It is
also worth noticing that preferences which satisfy indirect additivity generate ana-
lytically tractable direct demand functions: examples include isoelastic, exponential
and linear “perceived” demands.

Perhaps surprisingly, our results are rather different from those received by the



literature. In particular, indirect additivity implies that an increase in the number
of consumers never affects equilibrium prices and firm size, and just expands linearly
the number of goods produced, so as to generate pure welfare gains from variety.
Accordingly, these crucial properties of the CES case extend to a wide class of (non-
homothetic) preferences. This result is reassuring for the many trade models based
on CES preferences (e.g., Krugman, 1980 and Melitz, 2003), and in striking contrast
with the general D-S setting, whereby the competitive effects of market size, and
even welfare gains, depend ambiguously on the properties of what Zhelobodko et al.
(2012) call the “relative love for variety” embedded into preferences.

Moreover, in our setting preferences directly determine demand elasticity and
naturally allow income changes to affect it. If, for instance, demand elasticity is in-
creasing in the price (arguably the normal case), a rise of individual income makes
demand more rigid, inducing higher prices, a reduction of firm size and a more than
proportional increase in the free-entry equilibrium number of firms. This is again
in contrast with the result of the D-S setting, whereby equilibrium prices are in-
dependent from income, whose growth only expands proportionally the number of
varieties. Such a “neutrality” simplifies a lot the macroeconomic analysis of tech-
nological progress/shocks in applied work (for a recent application see Bilbiie et al.,
2012), but it should not be expected to hold unless preferences are homothetic. In ad-
dition, in our setting a productivity shock affecting marginal costs can be translated
to prices more or less than proportionally, and so it affects entry. That is, contrary
to what happens with CES preferences, supply shocks change the market structure
generating additional processes of business creation/destruction, which could alter
macroeconomic reactions.

We also briefly consider the welfare properties of free-entry equilibria in our set-



ting, emphasizing the conditions for inefficient entry and analyzing the impact of
growth on welfare. Finally, we generalize our analysis to endogenous market struc-
tures in which firms compete & la Bertrand, and thus a competitive effect of market
size is restored. We also discuss a number of implications due to the simple aggrega-
tive nature of this class of games.

The work is organized as follows. Section 1 presents our model of monopolistic
competition and characterizes its equilibrium. In Section 2 we consider the case for
inefficient entry in our setting. Finally, we study Bertrand competition in Section 3

and conclude in Section 4.

1 The Model

Consider L identical agents consuming n goods under the following, symmetric, in-

direct utility function:

V(p.E) =¥ (znjv (%)) , (1)

j=1
where E > 0 is the income of each agent to be spent in the differentiated goods,?
p > 0 is the price vector and ¥ is a monotonic increasing and differentiable transfor-
mation. The expression on the RHS of (1) exploits the homogeneity of degree zero of
the indirect utility, and crucially assumes additive separability (i.e., “indirect additiv-
ity”). To satisfy sufficient conditions for (1) being an indirect utility function while
allowing for a possibly finite choke-off price S, we assume that v (s) is at least thrice

differentiable, with v” (s) > 0 > ¢’ (s) for s < 3, and that lim,_zv(s),v'(s) = 0, with

2Using the wage as the numeraire, E can be interpreted as the labor endowment of each agent

(in efficiency units).



v(s) = 0 for s > 5 (these assumptions imply that demand and extra utility are zero
for a good that is not produced, i.e., that has a high enough price).
The Roy identity generates the following (Marshallian) direct demand function of

each consumer for good/variety i = 1, ..., n:

zi(p, E) = O (2)

which delivers the total market demand ¢; = x;(p, ) L. Notice that in the RHS of (2)
the expression at the denominator, say u(p, E) < 0, is (up to a monotonic tranfor-
mation) the negative of the marginal utility of income, times the income/expenditure
level E.

Examples of (1) include simple cases such as the isoelastic function v(s) = s!'~*
with § > 1, the case of “mixtures” as v(s) = s'™® + s'=% with a > 1, a # 0, the
negative exponential function case with v(s) = ¢™™ and 7 > 0, and the “addilog”
function v(s) = (a—s)'™ with a,y > 0.3 Note that only if v(-) is isoelastic preferences
are homothetic. Indeed, in such a case they are of the CES type, with indirect

1/(1-0)
utility V(p, F) = E (Z" p1_9> and 0 equal to the elasticity of substitution.

j=1P;
By an important duality result (see Hicks, 1969 and Samuelson, 1969), the case of
CES preferences is the only one in which the class of preferences (1) satisfies direct
addivitity. That is, it is the only case in which preferences can also be represented by
an additively separable direct utility function, U(x) = F (Z;;l u (:L‘j)>, as assumed
in the D-S model. Therefore, the indirect utility (1) encompasses a class of (non-
homothetic) preferences whose corresponding direct utility functions are non-additive.

To compare the assumptions of direct (primal) and indirect (dual) additivity, no-

tice that indirect additivity amounts to assume that the consumption ratio of any two

3Here the choke-off price 3 = a can be made arbitrary large.



goods i and j, x;(p, E)/x;(p, E), does not depend on the price of any other good, a
rather intuitive concept (and also a reasonable approximation for classes of goods that
are well differentiated). Under the primal approach, on the contrary, it is the marginal
rate of substitution between any two goods, M RS; ;(x) = (U (x)/dz;)/(0U (x)/0x;),
which is independent of the consumption of other goods, leading to the dual prop-
erty that their “inverse” price ratio, p;(x)/p;(x), is independent from the quantities
of the other goods. If both these properties are assumed to hold, then symmetric
preferences must be of the CES type (see e.g. Blackorby et al., 1978, Section 4.5.3).

Suppose now that each variety is sold by a (symmetric) firm producing with
constant marginal cost ¢ > 0 and fixed cost F' > 0.* Following D-S, we model mo-
nopolistic competition by assuming that there are so many varieties that the impact
of each individual price on the marginal utility of income is negligible.? Accordingly,
the direct demand function “perceived” by firm ¢ in monopolistic competition is given

by ¢; = V' (p;/E) L/, where 1 is taken as given, and its profit can be written as:

By = L BL_p 3)

The most relevant implication of this functional form is that the perceived demand
elasticity corresponds to the (absolute value of the) elasticity of v/(-), which we define
as 0(s) = —v"(s)s/v'(s) > 0. Notice that 6 can be interpreted as the elasticity of
substitution between any two varieties when their prices are both equal to s (see
the Appendix). Moreover, it depends on the price as a fraction of income, p;/E,

but is independent of ;1 and L. Instead, in the primal case analyzed by D-S, the

4As in Krugman (1980), where labor is used to produce goods and firms, by normalizing the

wage to unity, ¢ and F can be thought as expressed in term of labor units.
Formally, the elasticity of y with respect to p is of order 1/n if prices are not disproportionate:

see the Appendix.



perceived elasticity of inverse demand is uniquely determined by the consumption
level.5 This difference will be crucial for the analysis of the monopolistic competition
equilibrium because market adjustments (needed to restore the zero-profit condition
of endogenous entry) take place through shifts of perceived demands due to changes
in the number of firms which affect the marginal utility of income.

Firm ¢ maximizes (3) with respect to p;. Its optimal price must then satisfy the

FOC:

o <%> N (pi — )" (%) —0, (4)

with SOC 20"+ (p; —c)v" /E > 0. To satisty (4) we assume that (locally) v"s+v" > 0,
which implies # > 1 (this is equivalent to assume that goods are gross substitutes). If
demand is (locally) concave (v > 0) the SOC is satisfied and ¢’ > 0, that is, demand
is perceived as more elastic when the price goes up. On the contrary, if demand is
convex (v < 0, as in the CES case) we may have ' < 0, that is, demand is perceived
as less elastic when the price increases. Notice that an equivalent (local) condition
for the SOC to be satisfied is 20 > ( = —v"'s/v", where ( is a measure of curvature
of perceived demand.

The FOC (4) can be rewritten as follows for the optimal price p® (we omit in what
follows the suffix i to refer to a firm/variety):

€

—c 1
o 0(%)

where the profit maximizing value of the Lerner index, the RHS of (5), is given by

p

(5)

the reciprocal of the perceived demand elasticity. To guarantee the existence of a

In the D-S model the perceived (individual) inverse demand of variety i is given by p; (z;) =
u (xz;) /A, where X is the marginal utility of income (up to a monotonic transformation). Its elasticity
is provided by o(x;) = —u/(z;)/ (v’ (2;)2;), which can be interpreted as the elasticity of substitution

between varieties ¢ and j if x; = z;: see Bertoletti and Epifani (2012).
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solution to (5) we assume that SE > ¢ (so that consumer willingness to pay is large
enough) and that lim, 5 60(s) > SE/(SE — ¢).

The price rule (5) says that under indirect additivity the optimal price is always
independent from the number of varieties supplied, because this does not affect the
perceived demand elasticity. The comparative statics results with respect to £ and
¢, however, fully depend on the sign of #'. For instance, if #’ > 0, the optimal
price grows with income because firms face a more rigid demand (perhaps an entirely
natural result). Similarly, it is easy to verify that a change in the marginal cost ¢ is
transmitted (pass-through) to prices in a less than proportional way (undershifting)
if > 0, and in a more than proportional way (overshifting) if #” < 0. Notice that
in the D-S model the optimal price depends, on the contrary, on the consumption
level through an index of “relative love for variety” (Zhelobodko et al., 2012), and
therefore on the number of firms.”

Since by symmetry the equilibrium profit is the same for all firms, and it is decreas-
ing in their number, we can characterize the endogenous market structure thorugh
the following zero profit condition:®

(p—c)EL _

- F. (6)

This and the pricing rule (5) deliver the free-entry number of firms and firm size:

B o)
G "

n

Notice that the equlibrium number of firms n¢ is proportional to L/F, while ¢° is

proportional to F. These are well-known results of monopolistic competition with

"The price rule of the D-S model is (p — ¢)/p = 1/ (z), where 1/o(x) is the “relative love for

variety” and = E/pn by the budget constraint (therefore n affects the price).
8 As it is standard in the literature, in what follows we treat n as a real number.



CES preferences that generalize to the whole class of preferences described by (1). In

terms of elasticities, indirect additivity implies (with obvious notation):
e, =€ =0 and €, =1,

which is in striking contrast to what emerges in the D-S model, where the comparative
statics results of changes in L depend on the type of preferences.” Therefore, the
classic implications of trade models @ la Krugman (1980) with CES preferences are
valid for all preferences satisfying indirect additivity: opening up to trade creates
pure gains from variety without any competitive effect on prices and firm size.

We conclude the comparative statics analysis of our market structure deriving the

impact of changes in individual income and marginal cost:
e&r 20, S0, and e,p =1 iff §(p°/E) =0,

e S 1, €2 —1and e, s0iff §(p°/E) = 0.

Accordingly, increasing individual income has an ambiguous effect on prices and firm
size, depending on its impact on demand elasticity. The intuition is that when higher
income makes demand more rigid (6" > 0), firms increase their prices and restrict
production, which promotes business creation and increases the number of firms more
than proportionally. Incidentally, our model provides a simple rationale for pricing-

to-market: prices should be higher for richer markets. Once again these result are

9The free-entry equilibrium conditions of the D-S model can be summarized as follows:

G , nt= EL and qezFM.
pe o (x°) Fo (z¢)

Notice that o replaces 0 in the formulas, with dual consequences. One can verify that the impact
of L depends on the sign of o’ (see Zhelobodko et al., 2012). On the contrary, F is neutral on price

and firm size, and increases the number of varieties proportionally.

9



in contrasts with the D-S setting, where income growth is inconsequential on firm
behavior, and only increases proportionally the equilibrium number of firms.!°

Last, notice that since a change in ¢ may affect prices more or less than propor-
tionally, the marginal cost has an ambiguous impact on the number of firms which
depends on the pattern of demand elasticity. For example, when demand elasticity
is increasing (6" > 0), lower marginal costs are translated less than proportionally to
prices, which increases the markups and attracts entry of new firms. Accordingly,
and contrary to what happens with CES preferences, our general model suggests that
demand shocks (i.e., affecting expenditure) and supply shocks (i.e., affecting marginal
cost) generate additional processes of business creation/destruction. This should al-
ter the dynamics of macroeconomic models with endogenous entry and monopolistic
competition (Bilbiie et al., 2012) or oligopolistic competition (Etro and Colciago,
2010).

Our results can be illustrated in the following examples. The first is based on the

—TS8

(negative) exponential function v(s) = e~7%, which generate the perceived demand

¢ = 7e"™P/EL/(—u). The free-entry equilibrium implies:

E2L Fr
T (8)

e E e __ e __
P=ct o " =Feaxr 17

The second example refers to the addilog case v(s) = (a — )™, which delivers a
linear perceived demand ¢; = 2(a — p;/E)L/(—p) when v = 1. For the general case

we obtain the following equilibrium values:

. c all . (aE—c)EL . FOA+
po2e 9B . _E-9FL - . F+7) (9)
1+~ 147 F (aE + ~c) aF —c

10The reason of these different results is rooted in the market adjustment process. Since the profit
expression in the primal approach is m = (u' () /A — ¢) Lz — F, where A = 3 ' (x;) x;/E, there is
a unique (symmetric) equilibrium (zero-profit) value of A = (nu/(x)z) /E. On the contrary, under

indirect additivity, there is a unique equilibrium value of L/ = LE/ [nv' (p/E) p.

10



Notice that in both examples #' > 0: therefore, growth in income makes demand more
rigid, which leads firms to increase their prices and reduce their production, with a
more than proportional increase in the number of firms. In addition, a marginal cost
reduction is not fully translated to the prices, which attracts more business creation
and has a limited impact on firm size: notice that ¢¢ is unchanged in the exponential
case and decreases in the addilog case.

In conclusion, it may be useful to have an idea of the kind of direct utility functions
which satisfy indirect additivity. This can be done by using the Roy identity to
obtain the inverse demand p;(x) = Ev'~'(uz;) for each variety i. Employing the
budget constraint Z?:I pi(x)z; = E, we obtain that p is implicitly defined from
1=3"" v (uaj) xj. A close-form solution is available for our examples. With the

exponential demand we obtain:

>
T+ j=1 zj lnwj
0

[ln(_,u)_l - lnxz} , where nw=—e Zj:l zj ’

allis

pi(x) =

and in the addilog case we have:

Y

— 1/ A 1
a—;p;/V (1_'“) ] , where p=—(1+7) Zg—l—ﬂl_ﬂ
+7 Z?ﬂ o

Of course, our previous results could be re-derived by assuming that each firm 7 takes

pi(x)=FE

p as given and chooses its production level x; to maximize 7; = (p;(x) — ¢) Lz; — F.
Finally, we can solve for the direct utility functions by plugging the inverse demand
in the indirect utility (1). In the two examples we obtain respectively:

T4+ w;lng;
Do wiexp | — o
= Zj:l L

Ux)=F

11



and

n 1+
(a D i1 Ty~ 1>

I+ \ 7
n ol
Zj:l L

Notice in these expressions the role of two simple aggregators of the consumption

Ux)=F

levels: total consumption and an index of consumption dispersion.

2 Optimality and inefficient entry

As well known, endogenous entry and product differentiation tend to bias the allo-
cation of resources compared to what a social planner would choose. Firms do not
fully internalize the impact of their entry decisions on the profits of competitors (a
business stealing effect) and on the gains from variety (a non-appropriability effect),
which may lead to too many or too few firms. Let us consider the optimal allocation

of resources in our setting. This solves the following problem:

max nv <£>
n,p E
under the resource constraint EL > n(cq+ F') = n(cEL/np + F'), which is equiva-

lent to (6). The FOCs!!' can be rearranged as follows:

pt—c 1 EL

T N T 3 1)

where n(s) = —v'(s)s/v(s) > 0 is the absolute value of the elasticity of v(-). To guar-

antee the existence of a solution to the equations in (10) we assume that lim,_z 7 (s) >
¢/(SE — ¢). From the comparison of (5), (7) and (10) we see that an excess of entry
arises (i.e., n® > n*) if and only if p* < p® and 0 (p°/E) < n(p*/E) + 1. It is also

easily computed that:

' We assume that they characterize the optimal allocation.

12



()= B0 ) "

whose sign is ambiguous in general. However, in the CES case n =/ — 1 and thus the
free entry equilibrium is socially optimal, as known from D-S: the business stealing
and non-appropriability effects balance each other.

Consider now the general case: since it follows from (11) that 7' < 0 is equivalent
tol/(1+n(p/E)) = 1/0(p/E), (5) and (10) imply that (globally) 7" < 0 is equivalent
to n® < n*, a result which extends to our setting the possibility of inefficient entry
under monopolistic competition.'? Paralleling D-S (p. 303), an intuition for this
result can be obtained by noticing that 7 is approximately the ratio between the
revenue of each firm and the additional utility generated by its variety. If ' > (<)0
they diverge and at the margin each firm finds it more profitable to price higher
(lower), i.e, to produce less (more), than what would be socially desirable. This, in
turn, attracts too many (too few) firms.

It is also worth noticing that in our setting an increase of F always decreases p¢/E
(as it can be seen by differentiating (4)). If it also increases n®, as it is necessarily the
case if ' > 0, then welfare ¥ (n°v(p°/E)) improves. However, we cannot exclude the
case of immiserizing growth, for which it can be proved that a necessary condition is
n' < 0.1 That is, an income rise can be welfare deproving only if it causes a further

reduction in the number of varieties when there is already insufficient entry.

12Notice that 1’ > 0 for the negative exponential and addilog cases: accordingly, they both imply

an excess of free entry.
13 Computation shows that a rise of income decreases consumers welfare if and only if 20 — ( + 1+

ﬂ% < 0 (notice that the SOC for profit maximization implies that 20 > ().
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3 Endogenous market structures with Bertrand competition

When the number of firms is small, strategic interactions play a relevant role: here
we analyze this possibility focusing on Bertrand competition and endogenous en-
try.!* Considering the actual Marshallian demand, each firm i chooses its price p; to

maximize profit:
ﬂ-(pia E) = (pz - C)xi(p7 E) - F7 (128’)
where z;(p, F) is given by (2). In a symmetric Bertrand equilibrium demand elasticity

is easily computed (see the Appendix) as:

op z(p,E) n E

It follows that the Bertrand price p” is decreasing in the number of firms, and that

Ox(p,E) p 9(%)(n—1)+1<6(p>.

pP > p°. The endogenous entry equilibrium must satisfy (6); we thus obtain:
pP—c 1+[0(pP?/E)—1]F/EL s EL-F

B B ’ - B
’ (%) £ (%)

B > p¢ and thus that excess entry is more likely in Bertrand

n + 1. (13)

This implies that n
than in monopolistic competition, a sufficient condition being (globally) " > 0,
which includes the CES case. Notice that a competitive effect of L is restored in
Bertrand competition: larger markets attract more firms, which in turn strengthens
competition and reduces prices. Also note that the Bertrand equilibrium converges
to the monopolistic competition one for L/F — cc.

It is finally useful to notice that our Bertrand games belong to the class of ag-

gregative games with endogenous entry analyzed in Etro (2008). Within this class of

14 Cournot competition can be analysed by using the inverse demand systems derived above. Notice
that in our examples this leads to “aggregative games” with multiple aggregators: see Acemoglu

and Jensen (2011).
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games, the strategies of market leaders have no impact on the free-entry equilibrium
value of p (they only change the equilibrium number of followers). An implication
of this “neutrality” result is that any firm with a first mover advantage takes p as
given and behaves according to the pricing rule (5). Therefore, these leaders choose
p°, which is lower than the price of the followers, p?, thereby lowering the number of
entrants compared to the Bertrand equilibrium case. In the case of CES preferences
the welfare gains from such a lower price are exactly compensated by the losses due
to the reduction in the number of varieties (Etro, 2008). When this is not the case,

aggressive firms can make consumers either better off or worse off.!

4 Conclusions

We have studied monopolistic competition under indirect additivity, a dual assump-
tion with respect to D-S standard setting which also encompasses a number of new
analitycally tractable cases. The main properties of our market equilibrium are in
contrast with those received by the literature. They coincide with those emerging
under CES preferences for the impact of market size, but are entirely novel for the
impact of changes in income.

Extending the present analysis to study international trade and macroeconomic
fluctuations are the next natural steps. Preliminary investigations show that, in our
setting, heterogenous marginal costs (& la Melitz, 2003) would create a distribution
of mark up across firms wich naturally depend on the firms’ size through the (pass-
through) effect of a changing demand elasticity. Trade among countries of different

income level should also affect the mark up distribution, possibly producing “dump-

15Tn particular, it can be can shown that (globally) 7' > (<)0 implies that any price of the leaders

smaller than p? do increase (decrease) consumer welfare.
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ing” (or “anti-dumping”) effects. The investigation of these cases is left as a matter

of future work.
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Appendix: Interpreting ¢ as elasticity of substitution

In this Appendix we show that the demand elasticity 6 can be interpreted as the
elasticity of substitution between varieties ¢« and j, 0;;, when their prices are equal
(a result dual to the one which arises in the primal case: see Bertoletti and Epifani,
2012). The elasticity of substitution (see e.g. Blackorby and Russell, 1989) is given
by:

0ij = Eji — Eiiy (14)

where £; is the cross elasticity of the compensated (Hicksian) demand of good j with
respect to the price of good i. The relevant compensated demands can be easily

computed by using the Slutsky equation, for which:'6

16In this Appendix it proves convenient to define the Marshallian demand elasticity as e;; =

Olnx;/01np;, rather than —9Inx;/01np;, as in the main text.
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gji :Eji—i—EjEwi, (15)

where €;; = 0lnz;/0Inp; is the cross elasticity of the Marshallian demand, ¢;5 =
Olnx;/0In E is the income elasticity of good j and w; = (p,x;)/E is its expenditure

share. Since for (2) we can obtain:

I pi gii:_9<&) I ps giEZQ@) op E

_apz‘,u7 E _8192‘;7 E _8_E;’

5ji =

it follows that:

ou=0(2)+ (0(2) -0 () w

According to (16), 6 (p/E) is equal to the elasticity of substitution between goods i
and j if p; = p; = p (so that x; = x;). Notice that in the case of a fully symmetric
consumption (i.e., if p; =p,i=1,...,n) g}%% =(1-6(p/E))/n, g%% =(0(p/E) —

1)/n and

_0@/E)-1 _ (n-1)0(p/E) 1 (n=1)0(p/E) 1

Eji=—_» Eui=— - —, &E= —.
n n n n n

The latter expressions are an example of the general (i.e., which holds with symmetric
preferences even without additivity) relationship between the elasticity of Marshallian
demand, the elasticity of substitution and the number of varieties in the case of

symmetric consumption.
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