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<)'!+,' (&7 (%%"'9 <!"#"(% +-."# +&" !(% (00,4,-('". %+4"=  !" !)2!"# ')4" "&.+<4"&'

+/ 7+,&2 !+,%"!+-.% (--+<% '+ 0+4$"&%('" /+# A&(&0)(- )&":,(-)')"%= G+3 (' '!" %'"(.7>%'('"3

(-- !+,%"!+-.% %!(#" '!" %(4" -"*"- +/ '+'(- <"(-'! 5A&(&0)(- (&. !,4(&9 (&. '!" %(4" -"*"-

+/ 0+&%,4$')+&= @+# 0+&*"&)"&0"3 <" (%%,4" ( 2"+4"'#)0 $#+2#"%%)+& +/ ')4" "&.+<4"&'

5L̄j = γj(1−θγ)/(1−θ)L̄9 (&. '!" $(#(4"'"# γ <)-- 1" 0!+%"& )& +#."# '+ (*+). )&":,(-)')"% ('

'!" %'"(.7>%'('"=  !" %4(--"# γ3 '!" -(#2"# '!" !,4(& <"(-'! +/ 7+,&2 !+,%"!+-.% 0+4$(#)&2

'+ +-."# +&"%= H/ 0+,#%"3 <!"& 4(0#+"0+&+4)0 %!+0I% +00,#%3 '!" 0+4$+%)')+& +/ <"(-'!

54+%'-7 !,4(& +# 4+%'-7 A&(&0)(-9 <)-- 4(''"#=

 

 !" #$%& '()%% *% &!" +,$" -)&.$)( "/&"-%*,- ,0 1()-'!)$2 345678 9*&! "-2,:"-,.% ();,$ %.<<(= !)>"

)($")2= ;""- *-&"-%*>"(= .%"2 ;,&! *- ) ',-&*-.,.%?&*+" ,$ ) 2*%'$"&"?&*+" 0$)+"9,$@A B& )((,9% ) 2"'$")%*-:

();,$ "-2,9+"-& 9*&! ):" )-2 %, &!" *-&$,2.'&*,- ,0 ) <)=?)%?=,.?:, <"-%*,- %=%&"+A  !" %"',-2 '()%% !)>"

;""- *-&$,2.'"2 ;= C%')$* D E)-@*- 3FGGH8 )-2 )>,*2% &!" -":)&*>" ();,$ %.<<(= 0,$ >"$= ,(2 3)-2 $*'!8

!,.%"!,(2% &!)& )<<")$% *- &!" #$%& '()%% *0 &!" %&")2=?%&)&" -)&.$)( *-&"$"%& $)&" "/'""2% 1/βA

J



 !" #$%&"' ()*+',-.*' Ωa,t  !"#$!% $&! '"(")*(+ ,!(+$& ($ $&! -!.*""*". #/ $&! 0!1*# t

#/ $&! 1!01!%!"$($*2! &#3%!&#+ -#1" ($ 0!1*# a 4,! (%%35! Ωt,t = 067 8&! -3 .!$ )#"%$1(*"$

#/ (" &#3%!&#+ ,1*$!%

PtCa,t + Et(Pt+1F
t+1
t Ba,t+1) + Pt

∫

i∈I

EP t(i)Za,t(i)di = PtΩa,t + τWtLa,t − PtTa,t, 496

,&!1! Pt *% $&! )#"%350$*#" 01*)! +!2!+: Wt $&! +!2!+ #/ ,(.!: τ $&! +(-#1 %3-%* ;: (" Ta,t

$&! 1!(+ +350<%35 $(= #/ )#&#1$ a7 >% *" ?## /#1 49@@A6: $&! +(-#1 %3-%* ; )#50!"%($!%

/#1 $&! *"!B)*!"); )1!($! -; $&! 01*)! 5(1C<30 (" (++#,% $# 1!01# 3)! $&! #0$*5(+ +(-#1

%300+; ($ $&! %$!( ;<%$($!7 >..1!.($! $(=!% )#2!1 !()& 0!1*# $&! )#%$ #/ %3-%* *!% (" $&!

,(; $&! $(= -31 !" *% %&(1! ()1#%% )#&#1$% *%  *%)3%%! -!+#,7

D#3%!&#+ % &! .! (.(*"%$ +*/!  31($*#"E (+*2! &#3%!&#+ % 1!)!*2! ( 01!5*35 #" $&!*1 '"(")*(+

,!(+$& *" !=)&(".! #/ $&! )#11!%0#" *". (%%!$% *$ *" )(%! #/  !($&7 F#1 a < t: $&*% $1("%+($!%

*"$#

Ωa,t =
1

θ
Ba,t +

1

θ

∫

(EP t(i) +Dt(i))Za,t−1(i)di. 4A6

/.,+' ),%", ()*%.'.)*+ F*1%$ #1 !1 )#" *$*#" #" )+(*5% 4Ba,t+16: !G3*$*!% 4Za,t6 (" +(-#1

%300+; 4La,t6 (" $&!  !'"*$*#" #/ $&! 1*%C</1!! #"!<0!1*# "#5*"(+ *"$!1!%$ 1($! ,1*$!

F t+1
t = β

Ca,t

Ca,t+1
4H6

RtEt

{
Pt+1

Pt
F t+1
t

}

= 1 4I6

EP t(i) = Et

{
Pt+1

Pt
F t+1
t (EP t+1(i) +Dt+1(i))

}

4J6

La,t = L̄t−a −
κ

1− κ

PtCa,t

τWt
4K6

0)*+$12'.)* -' '!" ()!),' 3"4"3 8&!  !1*2($*#" #/ $&! )#"%350$*#" /3")$*#" *% -(%! 

#" $&! /#1,(1 *$!1($*#" #/ $&! -3 .!$ )#"%$1(*"$ 496 (" $&! $1("%2!1%(+*$; )#" *$*#"7 F*" *".

( )+#%! </#15 *%  *B)3+$: (% )311!"$ (" /3$31! +(-#1 *")#5!  !0!" % #" $&! +(-#1 %300+; #/

$&! &#3%!&#+ (" $&! +!2!+ #/ $(=!%: ,&*)& (+%# 5(; -! $*5! (" )#&#1$  !0!" !"$7 8&!

("(+;%*% #/ $&! !L!)$ #/ $(=!% (" %3-%* *!% *% '1%$ )#" 3)!% ,*$&#3$ ( )+#%! </#15 %#+3$*#"7

8&!": M!)$*#" 97A  !1*2!% $&! )+#%! </#15 %#+3$*#" *" $&! 0(1$*)3+(1 )(%! ,! )#"%* !17 ?*$&

)#50+!$! '"(")*(+ 5(1C!$%: /3$31! -3;% (" %!++% #/ !G3*$*!% (1! "#$ 1!+!2("$ $# )#503$! $&!

)#"%350$*#" #/ ( &#3%!&#+ E $&!; (1! /3++; &! .! -; )#"$*".!"$ )+(*5%7 8&! *$!1($*#" ,1*$!%

Et

∑

k≥0

θkF t+k
t Ca,t+k = Ωa,t + Et

∑

k≥0

θkF t+k
t

τWt+k

Pt+k

La,t+k

︸ ︷︷ ︸

HW a,t

−Et

∑

k≥0

θkF t+k
t Ta,t+k

︸ ︷︷ ︸

TBa,t

.

HW a,t  !"#$!% $&! &35(" ,!(+$& ($ t #/ $&! 1!01!%!"$($*2! &#3%!&#+ -#1" ($ a 4$&! !=0!)$! 

01!%!"$ 2(+3! #/ /3$31! +(-#1 *")#5!6 (" TBa,t $&! $(= -31 !" 4$&! !=0!)$! 01!%!"$ 2(+3!

#/ /3$31! $(=!%67 8&! '1%$ #1 !1 )#" *$*#" #" )+(*5% 4H6 (++#,% $# %*50+*/; $&! +!/$<&(" %* !

J



 ! "#$ $%&'"( )* +#$ , )-&./"( ) !&),"( ) 01("$-

Ca,t = (1− βθ) (Ωa,t + HW a,t − TBa,t) . 234

 !"! #$$%&$'()*+

,'-*% +#')5- " "#$ '6)$ 1$7'"( ) 284 9$"0$$) , )-&./"( ) '): 7'9 1 '" "#$ , # 1" 7$;$7<

"#$ '==1$='"$ 7'9 1 -&//7> (- -"1'(=#"! 10'1:*

Lt = L̄−
κ

1− κ

PtCt

τWt
2?4

.*+/012()*+ @" "#$ , # 1" 7$;$7< "#$ 1$7'"( ) 9$"0$$) , )-&./"( ) '): " "'7 0$'7"# (-

7()$'1 '): - "#$ '==1$='"( ) (- (..$:('"$* A) '==1$='"$< )$" -&//7>  ! , )"()=$)" ,7'(.- (-

B$1 '): '==1$='"$ C)'),('7 0$'7"# 1$:&,$- " "#$ ;'7&$  ! $%&("($- 2-$$ "#$ /1 =1'.  ! C1.-

'): "#$ :$C)("( )  ! :(;(:$):- 9$7 04* +#$ '==1$='"$ , )-&./"( ) !&),"( ) "#$) 01("$-

Ct = (1− βθ) [EWt + HW t − TB t] 2DE4

0#$1$ '==1$='"$ #&.') 0$'7"#< '==1$='"$ "'F 9&1:$) '): '==1$='"$ $%&("> 0$'7"# '1$ =(;$)

9>

HW t ≡ (1− θ)Et

∞∑

k=0

F t+k
t

∑

a≤t

θt+k−a τWt+k

Pt+k

La,t+k

TB t ≡ (1−θ)Et







∞∑

k=0

F t+k
t

∑

a≤t

θt+k−a
TBa,t+k







EWt ≡ Et

{
∞∑

k=0

F t+k
t Dt+k

}

2DD4

+#$ @==1$='"$ , )-&./"( ) !&),"( )< G%&'"( ) 2DE4 '): "#$ , )-&./"( )  ! "#$ > &)=<

G%&'"( ) 234 0("# a = t '77 0- " :$C)$ "#$ 1$7'"(;$ , )-&./"( )  ! "#$ > &)= 2 1 1$7'"(;$

, )-&./"( )4

χt ≡ Ct,t/Ct. 2DH4

 ! "#$%&'()*+')$ ,-)./*-0

 ! !" 34& 50+6'1&+('7 &80'()*+ *5 9,: 1*6&7/

+#$ /1(,()= 5$1)$7 F t+1
t $)"$1- () "#$ C1.-I  /"(.(B'"( ) /1 =1'.< '): ! 1.-< " =$"#$1 0("#

G%&'"( ) 2J4< "#$ '==1$='"$ KL $%&'"( )* + ,'7,&7'"$ "#$ /1(,()= 5$1)$7< '==1$='"$ , )-&./M

"( ) (- :$, ./ -$: () "0 "$1.-N "#$ , )-&./"( )  ! "#$ > &)= '): "#$ , )-&./"( )  !  7:$1

8



 !"#$ !%&#

Ct+1 = (1−θ)Ct+1,t+1 + (1− θ)
∑

a≤t

θt+1−aCa,t+1 '()*

+ $ &$,-./.!- !0 1223$21/$ 4!-#"56/.!- 1/ t %$1&# /!

Ct+1

Ct
= (1−θ)

Ct+1,t+1

Ct+1

Ct+1

Ct
+ θ

(1− θ)
∑

a≤t θ
t−aCa,t+1

(1− θ)
∑

a≤t θ
t−aCa,t

+ $ ,3#/ !3&$3 4!-&./.!- !- 4%1.5#7 89"1/.!- ':*7 1%%!;# /! #.56%.0< / $ 63$=.!"# $>63$##.!-

(1− (1−θ)χt+1)F
t+1
t = θβ

Ct

Ct+1
. '(:*

+ .# 0"-&15$-/1% $9"1/.!- !0 ?@A 5!&$%#7 ; .4 2.=$# / $ 3$%1/.!- B$/;$$- 1223$21/$ 4!-C

#"56/.!- B$ 1=.!3 1-& / $ 63.4.-2 D$3-$%7 .# / $ 2$-$31%.E1/.!- !0 / $ &$,-./.!- !0 / $ 63.4.-2

D$3-$% .- / $ 3$63$#$-/1/.=$C12$-/ 5!&$% 'F t+1
t = β Ct

Ct+1
*F

 

G/ $56 1#.E$# / $ 3!%$ !0 .-/$3C

2$-$31/.!-1% .-$9"1%./.$#7 5$1#"3$& B< / $ 3$%1/.=$ 4!-#"56/.!- !0 / $ <!"-27 !- / $ 5143!$C

4!-!5.4 &<-15.4F H223$21/$ 4!-#"56/.!- .- t+ 1 .# / $ #"5 !0 4!-#"56/.!- !0  !"#$ !%&#

1%3$1&< 1%.=$ .- t7 ; .4 &$/$35.-$# / $ 63.4.-2 D$3-$% B$/;$$- t 1-& t + 17 1-& -$;B!3-#

1/ t + 1F G0 !-$ $>6$4/ 1 ;$%%C$-&!;$& 4! !3/ /!5!33!; '/ $ 3$%1/.=$ 4!-#"56/.!- !0 / $

<!"-2 .# $>6$4/$&  .2 $3 / 1- (*7 / $ 4!-#"56/.!- 23!;/ 31/$ !0 1%3$1&< 1%.=$  !"#$ !%&#

.# #51%%$3 / 1/ / $ 1223$21/$ 4!-#"56/.!- 23!;/ 31/$ 1-& #! F t+1
t > β Ct

Ct+1
F G- / $ !6C

6!#./$ 41#$ 'χt+1 < 1*7 / $ 4!-#"56/.!- 23!;/ 31/$ !0 1%3$1&< 1%.=$  !"#$ !%&# .#  .2 $3

/ 1- / $ 1223$21/$ 4!-#"56/.!- 1-& F t+1
t < β Ct

Ct+1
F + $ 4!56!#./.!- $I$4/ '.F$F $-/3< 1-&

$>./ !0  !"#$ !%&#* !- / $ 1223$21/$ 8"%$3 $9"1/.!-  1# B$$- -!/.4$& .- H//1-1#.! J K$B$3

'(LL)7 (LLM*F + $ 1"/ !3# $56 1#.E$# / $ B.1# .- / $ $#/.51/.!- !0 .-/$3C/$56!31% $%1#/.4./<

!0 #"B#/./"/.!- ; $- %!!D.-2 1/ 1223$21/$ &1/1 1-& .2-!3.-2 4!56!#./.!- $I$4/#F

+ $ $=1%"1/.!- !0 / $ 3$%1/.=$ 4!-#"56/.!- !0 / $ <!"-2 3$9".3$# / $ 4!-#"56/.!- 0"-4/.!-

!0 / $ <!"-2 '#$$ 89"1/.!- 'N* ;./ a = t* 1-& / $ 1223$21/$ 4!-#"56/.!- 0"-4/.!- '#$$

89"1/.!- '(O**F P"/ ; 1/$=$3 / $ $>63$##.!- !0 / $#$ /;! 9"1-/./.$# ; .4 &$6$-&# !- / $

#6$4.,41/.!- !0 / $ 5!&$%7 / $ 3$%1/.!- &$,-$& B< 89"1/.!- '(:* #/.%% 3$51.-#F

 ! ! "#$ %$&'()*$ +,-./01(),- ,2 (#$ 3,/-4 '-5 (#$ ('6'(),- .+#$0$

+ $ <!"-2 &.I$3 03!5 / $ 1223$21/$ 1# / $<  1=$ 1 &.I$3$-/  "51- ;$1%/ 7 /1> B"3&$- 1-&

-! ,-1-4.1% ;$1%/ 1/ 1%%F + $ 3$%1/.=$ 4!-#"56/.!- !0 / $ <!"-2 ;3./$#

χt =
HW t,t − TB t,t

EWt + HW t − TB t
. '(M*

+ $ 1223$21/$ GQ $9"1/.!- '89"1/.!-# 'M*7 '(:* 1-& '(M** 1%%!;# /! 5$1#"3$ / $ $I$4/ !0 -!-C
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 !"#$%"!&' (")*+ ,$+!)- $. *//%'/*#' )$."01,#!$.2 3$% '4*1,+'5 #6' !.#%$ 0)#!$. $7 * ,'."!$.

"-"#'1 #6*# #*4'" -$0./ 6$0"'6$+ " *. %' !"#%!80#'" #$ '+ '% $.'" %*!"'" )$."01,#!$. !. #6'

"6$%# %0. *. !.)%'*"'" #6' .*#0%*+ !.#'%'"# %*#' !. #6' +$./ %0.2 9$%' /'.'%*++-5 *.- /!&'.

8$0. ' "':0'.)' $7 χ !" !1,+'1'.#*8+' #6%$0/6 * )$.&'.!'.# #*4 ")6'1'5 #6%$0/6 #6' +'&'+

$7 %' !"#%!80#!$. 8'#;''. #6' -$0./ <.';8$%."= *. $+ '% 6$0"'6$+ "2

 !"#"$%&%"' ()  !" # $%&'(!( )!*&!'+! %, #--.!-#"! "#/#"0%' (Tt)t≥0 #'( # $%&'(!( )!*&!'+!

%, "1! .!2#"03! +%')&45"0%' %, "1! 6%&'- (χt)t≥07 81!.! !/0)") # "#/#"0%' )+1!4! 9"1! $&.(!'

)1#.0'- %, "#/!) #4%'- +%1%."): )&+1 "1#" "1! 4#.;!" !*&020$.0&4 0452!4!'") (Tt)t≥0 #'(

(χt)t≥07

>6' ,%$$7 !" /!&'. !. ?,,'. !4 ?2 >6!" ,%$,$"!#!$. !1,+!'" #6*# *. $1.!")!'.# /$&'%.1'.#

!" *8+' #$ %',%$ 0)' *.- ,$""!8+'  -.*1!) $7 *//%'/*#' )$."01,#!$. 7$% * /!&'. 1$.'#*%-

,$+!)-2 @. $% '% #$ "6!7# #6' @A )0%&' *#  *#' t5 #6' /$&'%.1'.# 6*" #$ )$11!# #$ !.)%'*"'5 *#

 *#' t+15 #%*."7'%" #$ 6$0"'6$+ " #6*# *%' *+%'* - 8$%. *#  *#' t <!2'2 #$  ')%'*"' χt+1=2 >6'

&'%- "*1' *%/01'.# !"  '&'+$,' !. BC.*""- <DEEF=5 G6*,#'% H5 !. *. IJK 1$ '+ ;!#6 #;$

/'.'%*#!$."2 >6' *0#6$% '1,6*"!L'" #6*#5 *8"'.# !.7$%1*#!$. * &*.#*/' $7 #6' /$&'%.1'.#5

;'+7*%' !1,%$&!./ *)#!&!"# ,$+!)!'" )*. 8' !1,+'1'.#' 2 M',*%#!./ 7%$1 #6!" ,'%",')#!&'5

;' ;!++ *""01' 6'%' #6*# <)+#2 ,$+!)- !" .'0#%*+ <;!++ .$# 1$ !7- #6' *//%'/*#' @A ':0*#!$.

#6%$0/6 %' !"#%!80#!&' #*4*#!$.= *. 7$)0" $. #6' *8!+!#- $7 4%'!"#.6 ,$+!)- #$ ,*%#!*++- $N"'#

!.'O)!'.# &*%!*#!$." $7 !.#'%/'.'%*#!$.*+ !.':0*+!#!'"2

*+,'%&%"' () = "#/#"0%' )+1!4! 0) '!&".#2 0,> ,%. #22 5!.0%() #'( )"#"!) %, '#"&.!> "1! 2&45?

)&4 "#/ !/#+"26 +%45!')#"! ,%. "1! #((0"0%'#2 0'+%4! -03!' $6 "1! 2#$%. )&$)0(6

Ta,t = (τ − 1)WtLa,t

@7 #6' #*4 !" "'# *))$% !./ #$ #6' *&'%*/' +*8$% "0,,+- $7 #6' )$6$%# <!."#'* #6' 6$0%" "0,,+-

$7 * ,*%#!)0+*% 6$0"'6$+ =5 #6' #*4  $'" .$# 1$ !7- #6' 6$0%" "0,,+!' 8- 6$0"'6$+ "2

 !" # $%&'()*+&,- $&.'/-012&. +/.$12&.

P'  '%!&' *. '4*)# 7$%1 7$% #6' *//%'/*#' )$."01,#!$. 70.)#!$. *. #6' %'+*#!&' )$."01,Q

#!$. $7 #6' -$0./ ;6'. #6' #*4*#!$. ")6'1' !" .'0#%*+2

-.+ /"."!& 0+1+0 >6' #*4*#!$. ")6'1' !" *""01' #$ 8' .'0#%*+ "0)6 #6*# τtWtLa,t −

PtTa,t = WtLa,t2 >6!" %'+*#!$.5 #$/'#6'% ;!#6 R:0*#!$. <F=5 *++$;" #$ "!1,+!7- #6' 80 /'#

)$."#%*!.# *# #6' )$6$%# +'&'+ <D= 8- '+!1!.*#!./ #6' '. $/'.$0" +*8$% "0,,+-2 >6!" ;%!#'"

(

1 +
κ

1−κ

1

1+µ

)

PtCa,t + Et(Pt+1F
t+1
t Ba,t+1) + Pt

∫

i∈I

EP t(i)Za,t(i)di = WtL̄t−a + PtΩa,t.

S



 !" wt = Wt/Pt "#! $!%& '%(!) "#! *+$'%$, -"!$%"-+. +* "#! /0,(!" 1+.2"$%-." '$-"!2

(

1 +
κ

1−κ

1

1+µ

)

Et







∑

k≥0

θkF t+k
t Ca,t+k






= Ωa,t + Et







∑

k≥0

θkF t+k
t wt+kL̄t+k−a






.

3! $!4,!5.! "#! #06%. '!%&"# %" t +* "#! $!7$!2!."%"-8! #+02!#+&, /+$. %" a /9 "#! 7$!2!."

8%&0! +* *0"0$! &%/+$ -.1+6!) %2 -* %&& -"2 ,-27+2%/&! "-6! '!$! '+$:!,) -;!;

HW a,t ≡ wtL̄t−a + θEt

{
F t+1
t HW

s
a,t+1

}
. <=>?

3! "#!. -."$+,01! σ) "#! 7$+7!.2-"9 "+ 1+.206! '!%&"#) '#-1# -2 -.,!7!.,!." +* "#! 1+#+$"@

σ ≡ (1 − βθ)/
(

1 + κ
1−κ

1
1+µ

)

; σ -2 26%&&!$ "#%. 1 − βθ) %2 '!%&"# %&&+'2 "+ -.1$!%2! /+"#

1+.2067"-+. %., &!-20$!; A#! 1+.2067"-+. *0.1"-+. '$-"!2

Ca,t = σ (Ωa,t + HW a,t) . <=B?

 !!"#!$%&'( A#! +.&9 "!$6 +. '#-1# +.! #%2 "+ 7%9 %""!."-+. -2 %(($!(%"! #06%. '!%&"#;

C" $!206!2 "+ "#! %1"0%& 8%&0! +* .!" +* "%D *0"0$! &%/+$ -.1+6! +* #+02!#+&,2 &-8-.( "+,%9;

A#-2 &!%,2 "+ 02! θγF t+1
t -.2"!%, +* F t+1

t -. "#! %1"0%&-E%"-+.;

HW t ≡ Et

{
∞∑

k=0

(θγ)kF t+k
t wt+k

}

L̄ <=F?

"#! %(($!(%"! 1+.2067"-+. '$-"!2

Ct = σ [EWt + HW t] <=G?

'-"# %(($!(%"! #06%. '!%&"# (-8!. /9

HW t ≡ Et

{
∞∑

k=0

(θγ)kF t+k
t wt+k

}

L̄ <HI?

A#! 1&+2!,4*+$6 2+&0"-+. *+$ "#! 1+.2067"-+. +* "#! 9+0.( %., %(($!(%"! 1+.2067"-+. %&&+'2

"+ !8%&0%"! $!&%"-8! 1+.2067"-+. +* "#! 9+0.(

χt =
HW t,t

EWt + HW t
=

1− θγ

1− θ

HW t

EWt + HW t
.

A#! 2%6! 8%$-%/&! -2 !8%&0%"!, %2 % *0.1"-+. +* "#! 8%&0! +* !J0-"-!2 %2 % 2#%$! +* KLM)

Qt ≡
EWt

Ct
) % 6!%20$! +* "#! '!%&"# (%7 /!"'!!. "#! 9+0.( %., "#! %8!$%(! 1+.206!$;

χt =
1− θγ

1− θ
(1− σQt) . <H=?

=I



 !" #$"%&'() "*#$"))&'+ ,'-",!"$ .&,! ,!" /(+012"+,13 "4(1,&'+ '/ '%"$31##&+-5-"+"$1,&'+

2'0"3 6789 3"10) ,' ,!" "*#$"))&'+ '/ ,!" $"13 ),':!1),&: 0&):'(+, /1:,'$

F t+1
t =

θβ

θγ + (1−θγ)σQt+1

Ct

Ct+1
. 6;;9

 !" 0"<+&,&'+ '/ <+1+:&13 ."13,!= >4(1,&'+ 6779= 1+0 ,!" %13(" '/ ,!" ),':!1),&: 0&):'(+,

/1:,'$ 133'.) ,' :13:(31," ,!" 0?+12&: '/ Qt

Qt =
Dt

Ct
+ Et

{
θβ

θγ + (1−θγ)σQt+1
Qt+1

}

. 6;@9

 !" #$"%&'() "4(1,&'+ 2"1+) ,!1, ,!" 0?+12&:) '/ Qt '+3? 0"#"+0) '+ ,!" )!1$" '/ 0&%&0"+0)

&+ ,!" ABC 6.!&:! !"$" $"0(:") ,' :'+)(2#,&'+9D  !&) $")(3,) :'2") /$'2 ,!" (+&, &+,"$5

,"2#'$13 "31),&:&,? '/ )(E),&,(,&'+D

 !" #$%&'($

 !"!# $%&'()% (* *+% ,-+-)* &%.%&

 !" ."3/1$" '/ 1+ !'()"!'30 E'$+ 1, 01," a 1+0 ),&33 13&%" 1, 01," t &) -&%"+ E? >4(1,&'+ 679D

F" "3&2&+1," 31E'$ )(##3? .&,! >4(1,&'+ 6G9D H# ,' 1 :'+),1+,= ,!" ."3/1$" &) -&%"+ E?

∀a ≤ t, Wa,t = Et

∞∑

k=0

(βθ)k
[

log(Ca,t+k)− κ log

(
τWt+k

Pt+k

)]

. 6;89

 ' ,1I" &+,' 1::'(+, /(,($" -"+"$1,&'+) &+ ,!" )':&13 ."3/1$"= '+" !1) ,' 0"<+" ,!" #$")"+,

%13(" '/ ,!"&$ ."3/1$"D F" ,!"+ -"+"$13&J" >4(1,&'+ 6;89 /'$ a > t 6)"" E"3'. /'$ 1 0&):())&'+

'/ ,!" ."3/1$" '/ /(,($" -"+"$1,&'+)9

∀a > t, Wa,t = βa−t
Et

∞∑

k=0

(βθ)k
[

log(Ca,a+k)− κ log

(
τWa+k

Pa+k

)]

. 6;K9

 !"! /00)%0(*% 1%&'()%

 !"$" 1$" !","$'-"+"'() 1-"+,) &+ ,!" 2'0"3D  !" .1? ,!"? 1$" ."&-!"0 &+ ,!" )':&13 ."3/1$"

/(+:,&'+ &) 1+ &2#'$,1+, &))("D  !" <$), /'$2(31,&'+ '/ )':&13 ."3/1$" 6'$ )':&13 #31++"$L)

'EM":,&%"9 &+ 1 #"$#",(135?'(,! NOA 2'0"3 &) -&%"+ E? P13%' Q NE),/"30 67RSS9D  $1+)31,"0

&+ '($ /$12".'$I= ,!" ,.' 1(,!'$) 1))(2" ,!1, ."3/1$" 1, t '/ 1+ !'()"!'30 ,!1, .&33 E'$+ 1,

a > t &) -&%"+ E?

Et

∞∑

k=a−t

(βθ)t+k−a

[

log(Ca,t+k)− κ log

(
τWt+k

Pt+k

)]

,

77



 !"#$%& '( ')* +,)%# '! -./01 2' 3*$"$*4$ #5$ # 6$78'!" "#$!89 '( #5$ "'8 %: 3:%!!$*;" '<=$8# 4$

-#5$ %*< #*%>$ <$#?$$! #5$ ?$:(%*$ '( #?' & @$*$!# 8'5'*#"  " !'# 3)#  !#' ,)$"# '! #5$ !$A#

3$* '&0B #5$9 %*$ :'> 8%::9 ('*8$& #' %"")6$ #5%# )# : #9 '( %: 4$ 5')"$5':&"  " & "8')!#$& C !"#

$% $&'()  ()$&*!$'+D %!& "' ?* #$"

Wa,t = Et

∞∑

k=0

βt+k−aθk
[

log(Ca,t+k)− κ log

(
τWt+k

Pt+k

)]

,

 !"#$%& '( ')* +,)%# '! -.E0B ?5 85 C,!- +'', .//!$.)!0 D -"$$ F%:4' G H<"#($:& -IJKK0B

31 EIE01

L'* 8'"6$# 8 3)*3'"$B ?$ ('*6):%#$ & @$*$!#:9 #5$ 3*'<:$61 M$# %"")6$ #5%#B  ! #5$ "'8 %:

?$:(%*$B #5$  !"#%!#%!$')" )# : #9 '( ()#)*$ >$!$*%# '!"  " & "8')!#$& (*'6 #5$ 8)**$!# &%#$ t

 !"#$%& #5$ * < *#5&%#$1 N! #5 " 8%"$B #5$ )# : #9 '( %: 4$ 5')"$5':&  " %:"' & "8')!#$& (*'6 #5$

8)**$!# &%#$ t ?5 85 "$$6" !%#)*%:1

M O$ F%:4' %!& H<"#($:&B ?$ %:"' %"")6$ % # 6$7 !&$3$!&$!# "'8 %: ?$:(%*$B  1$1  63:9 !>

#5%# #5$ %*< #*%>$ <$#?$$! 8'5'*# <'*! %# a %!& <'*! %# a+s &'$" !'# &$3$!&" '! a1 P!&$*

# 6$78'!" "#$!89 %!& # 6$7 !&$3$!&$!89B #5$*$ $A "# β < ζ < 1/θ ")85 #5%# #5$ "'8 %: ?$:(%*$

 " > 4$! <9

Wt ≡ (1−θ)
∑

a≤t

(ζθ)t−aWa,t + (1−θ)
∑

a>t

(ζ)t−aWa,t -.Q0

M$# g(χ) = (1−θ) log (χ) + θζ log
(

χ+ 1−χ
θ

)

B '!$ 5%"

 !"#"$%&%"' ()

Wt = (1−κ) log(Ct) + κ log(L̄− Lt) +
g(χt)

1− βθ
+ (β/ζ)Et {Wt+1} -.R0

S$$ T33$!& A U ('* #5$ 3*''(1 25$ "'8 %: 3:%!!$*;" '<=$8# 4$  " #5$ ")6 '( #?' #$*6"1 25$

V*"# '!$ 8'::$8#" %>>*$>%#$ 8'!")63# '! %!& %>>*$>%#$ :%<'* ")33:9 %!&  " 8'66'! ? #5 #5$

*$3*$"$!#%# 4$  !V! #$:97: 4$& 5')"$5':& 6'&$:1 25$ "$8'!& '!$  " *$:%#$& #' #5$ & "#* <)# '!

'( 8'!")63# '! %8*'"" 8'5'*#"1 N! #5$ *$"# '( #5$ 3%3$*B ζ = 1B  1$1 %:: >$!$*%# '!" %*$ #*$%#$&

$,)%::9  ! #5$ "'8 %: ?$:(%*$1

+W8 $!89 -#5%# *$&)8$" #' #5$ $,)%: X%# '! '( #5$ 6%*> !%: *%#$ '( ")<"# #)# '! %!& #5$

#$85! 8%: *%#$ '( #*%!"('*6%# '!0 &'$" !'#  63:9 #5%# "'8 %: ?$:(%*$  " 6%A 6)61 25$ "'8 %:

?$:(%*$ > 4$! <9 +,)%# '! -.Q0  63: $" #5%#B %# #5$ '3# 6)6B 5')"$5':&" "5%*$ #5$ "%6$ :$4$:

'( 8'!")63# '!1 S)<"$,)$!#:9B 8'!")63# '!  " 8'!"#%!# &)* !> #5$ : ($7898:$ %# #5$ "#$%&97

"#%#$B (1'1 #5$ !%#)*%:  !#$*$"# *%#$  " $,)%: #' 1/β1 N! #5$ <%" 8 6'!'3': "# 878'63$# # '!

YSZ+ 6'&$:B #5$ V*"#7<$"#  " *$%: X$& #5*')>5 % 8'63$!"%#'*9 #%A%# '![")<" &9 "85$6$ -%

")<" &9 '! :%<'* ('*  !"#%!8$0 #' $,)%: X$ 6%*> !%: *%#$ '( ")<"# #)# '! %!& 6%*> !%: *%#$ '(

#*%!"('*6%# '!1 N! #5$ '4$*:%33 !>7>$!$*%# '! 6'&$:B #5$ V*"# <$"#  " %85 $4$& #5*')>5 %!

I.



 !"#$"%"&$"&' ( )*+ ,-),.$/ 0*+1 "2-.3 ("&'(/1  ( )*+ ,-),.$/  &$  % /# ,#/*-#!* +"'.+"4"&'

,/,'"45 '* "2- (.6" 7*&,-4%'.*&  4*&! 8*-,"8*($,9

:8"& '8" & '-+ ( "2-.(.)+.-4  &$ '8" ;+,'#)",' $* &*' 7*.&7.$"1  '+ $"*<  %%" +, =*+ 4*&#

"' +/ %*(.7/1 (" $.&! '* .&> '.*&#). , -&$"+ $.,7+"'.*&9 ?8" 3"+/ , 4"  %%" +, .& '8" @AB

=+ 4"C*+DE C8"& 7*&,-4%'.*& .&7+" ,", C.'8  !" 0'8" +" ( .&'"+",' + '" ., 8.!8"+ '8 & 1/β5

4*&"' +/ %*(.7/ C.(( '+/ '* = 3*+ '8" /*-&!  ! .&,' '8" *($"+9

 !" #$%&' ()* +%$,- '-..$)/

?8" %+*$-7'.*& =-&7'.*& ., 7*44*&  7+*,, ;+4,  &$ (.&" + .& ( )*+ .&%-' 0Yt(i) = AtLt(i)5

'8-,1 ;+4, ,8 +" '8" , 4" 4 +!.& ( 7*,'9 F.3.$"&$, 07 %.' ( .&7*4"5 7*&,.,', .& '8" %+.7"

4 +D#-% *3"+ '8" 4 +!.& ( %+*$-7'.*& 7*,' 0Dt(i) = (Pt(i) −Wt/At)Yt(i)59 ?* !"&"+ '" +"#

$.,'+.)-'.3" ,8*7D, =+*4 ( )*+ '* 7 %.' (1 C" C.((  ,,-4" '8 ' '8" $",.+"$ 4 +D#-% µt 3 +.",

 +*-&$ .' ,'" $/#,' '" 3 (-" µ9 ?8" 7*&,-4%'.*& )-&$(" C+.'",

Ct =

(∫ 1

i=0
ci,j(t)

1

1+µt di

)1+µt

G+.7",  +" ,'.7D/  !" H (3*  &$ ;+4, '8 ' 8 3" '8"  ).(.'/ '* ,"' =+""(/ '8".+ %+.7"  ' t C.((

 (( 78**," '8" , 4" *%'.4 ( %+.7" P opt
t 1 $-" '* '8".+ 8*4*!"&".'/9 ?8"/ 4 I.4.6" '8".+ %+*;'

"I%"7' &7/ -&'.( &"I' =+"" %+.7" ,"''.&!9 A"' pt =
P

opt
t

Pt
1 '8" %+*!+ 4 C+.'",

max
pt

Et

∞∑

s=0

F t+s
t νs

(

pt −
MC t+s

Pt

)(

pt
Pt

Pt+s

)−
1+µt+s

µt+s Pt

Pt+s
Ct+s 0JK5

?8" (*!#(.&" +.6 '.*& *= '8" %+.7"#,"''.&! $"7.,.*& *= ;+4, (" $, '* '8" =*((*C.&! L"C#M"/&",. &

G8.((.%, 7-+3" 0,"" B (N 0JOOK51 H8 %9 P5

πt =
(1−νF)(1−ν)

ν
(µµ̂t + m̂c) + F Et {πt+1}

 !"# $%#&'()$%&%# &*' +,-)+.*#&/.0&%.,*

?8., ,"7'.*& $"+.3", '8" ,'" $/#,' '" *= '8" 4*$"(1 '8" & '-+ ( "2-.(.)+.-4  &$ '8" (*!#

(.&" +.6 '.*& *= '8" >"I.)(" C !" 4*$"(9 ?8., (*!#(.&" +.6 '.*& C.((  ((*C '* ;&$ '8" %*,,.)("

3 (-", *= % + 4"'"+, *=  ,.4%(" +-(" "&,-+.&! $"'"+4.& 7/9

QP



 !"#$% &' ())%* +%,-.+/ -))%* )#0012 -.+ *3% )*%-+24)*-*%

0.5 1 1.5 2 2.5 3 3.5 4
1

1.02

1.04

1.06

1.08

1.1

Q (years of GDP)

R

Asset supply

Asset demand

γ ↑

κ ↑

 !" #$% &'%()*+&'('%

 !"#$%"&''( !)"%!$* +*!&,(-+*&*!. 567!%.72 !,01!%) *3-* .8 !.9-*!8. -* *3% )*%-+24)*-*%

:π = 1;< =3% >$%% 0-$-,%*%$) -$% β/ θ/ γ/ κ/ L̄/ µ -.+ A< =3% "8?%$.,%.* +%7!+%) *3% $-*% 8>

1-@8$ )#@)!+!%) *3-* -73!%?%) 80*!,-1 1-@8$ )#0012/ -))#,!." - .%#*$-1 *-A-*!8. )73%,% -7$8))

7838$*)< B%* F *3% )*%-+24)*-*% ?-1#% 8> *3% $%-1 )*873-)*!7 +!)78#.* >-7*8$ :)%% @%18C;/ *3%

)*%-+24)*-*% !) "!?%. @2

C = (1−κ)AL̄ mrs = A MC =
1

1 + µ
R =

1

F
Q =

µ

1 + µ

1

1−F

=3% )*%-+24?-1#% 8> F !) +%*%$,!.%+ @2 -))%* )#0012 -.+ -))%* +%,-.+ 7#$?%) !. *3% 18." $#.<

())%* )#0012 !) "!?%. @2 Q = µ
1+µ

1
1−F < ())%* +%,-.+ !) "!?%. @2 *3% ?-1#% 8> *3% $%1-*!?%

78.)#,0*!8. 8> *3% 28#."/ 5D#-*!8. :E&;/ *8"%*3%$ C!*3 *3% >#.+-,%.*-1 %D#-*!8. 8> FBG

,8+%1)/ 5D#-*!8. :&H;< =3% *C8 7#$?%) -00%-$) !.  !"#$% &< (. !.7$%-)% 8> 1-@8$ %.+8C,%.*

:γ ↑; 8> *3% 81+ $%+#7%) )-?!.")/ -) >-11!." 1-@8$ !.78,% C3%. 38#)%381+) "%* 81+%$ +8 .8*

.%%+ *8 @% 78,0%.)-*% *3$8#"3 3!"3%$ I.-.7!-1 !.78,%<

(* *3% )*%-+24)*-*%/ F !) - $88* 8> *3% >8118C!." 0812.8,!-1

P (F) = θγF2 − [θ(γ + β) + (1− θβ)(1− θγ)ϕ]F + θβ.

C!*3 ϕ = µ(1−κ)
1+µ(1−κ) < J* 7-. @% )38C. *3-* *3!) +%"$%% E 0812.8,!-1 %D#-*!8. 3-) E $%-1 -.+

)*$!7*12 08)!*!?% $88*)< F.% %A-7*12 !) )*$!7*12 ),-11%$ *3-. & -.+ 3-) -. %78.8,!7 !.*%$0$%*-4

*!8./ !* -1)8 ?%$!I%) θβ < F < β/γ !"# $%"#& $'# () )%&(*%+, +-&.#& %"-' $'# -'/ () #0*+1/#/ 

 

 

 ! "# #$%&"'(! !) &*'&+ !*,! P (θβ) > 0- P (1) < 0 ,(. P (β/γ) < 0/

23



 !"#$ %& '!(!)$*$(+ ,- *.$ ),/$#

0$+1(23*2,4 5!)$ 6!#7$

'+81.,#,921 /2+1,74* -!1*,( β :;<<

'(,"!"2#2*8 *, +*!8 !#2=$ θ :;<>

?,4+7)3*2,4@#$2+7($ 3($-$($41$ 3!(!)$*$( κ :;%

5!*7(!# 3(21$ )!(A@73 µ :;%B

'(,3$4+2*8 *, 1,4+7)$ C$!#*. σ (1− βθ)/
(

1 + κ
1−κ

1
1+µ

)

D(,C*. (!*$ ,- #!",( $4/,C)$4* γ EF GH:I

J*,1.!+*21 /2+1,74* -!1*,( !* *.$ +*$!/8@+*!*$ F EF GK<I

5,4@L21!(/2!4 ($/71$/ 3!(!)$*$( G Fγ/β

 .$ $1,4,)21 (,,* 2+ 92=$4 "8

F =
[θ(γ + β) + (1 + θβ)(1 + θγ)ϕ]−

√

[θ(γ + β) + (1− θβ)(1− θγ)ϕ]2 − 4θ2γβ

2θγ
GK<I

 !"#$%%& '("#')* +*'$,&-+*$*'. M$ ($+*(21* *.$ !4!#8+2+ ,4 *.$ 1!+$ C.$($ F = βN  !"!

C.$($ *.$ +*$!/8@+*!*$ !#+, )!O2)2P$+ *.$ +,12!# C$#-!($ C2*. $F7!# C$29.*249; M$ *.$($-,($

($+*(21* *.$ =!#7$ ,- γ +71. *.!* *.$ .7)!4 C$!#*. ,- ! 4$C ",(4 2+ $F7!# *, *.$ !=$(!9$ *,*!#

C$!#*. 24 *.$ $1,4,)8;  .2+ 2)3#2$+

γ =
θ − 1−θβ

1−β ϕ

1− 1−θβ
1−β ϕ

GH:I

 !" #$% &'()*'+ %,)-+-.*-)/

M$ !++7)$ *C, +.,1A+ 24 *.$ $1,4,)8;  .$ )!(A@73 +.,1A 2+ !//2*2=$ !4/ 4,()!#2P$/ +71.

*.!* ! % 3$(1$4* +.,1A ),=$+ *.$ +.!($ ,- /2=2/$4/+ 24 =!#7$ !//$/ "8 ,4$ 3$(1$4*;  .$

*$1.4,#,98 +.,1A 2+ )7#*23#21!*2=$;

µt = µ+ ǫµt /(1 + µ) GH%I At = A(1 + ǫAt ) GHKI

 .$ +.!($ ,- /2=2/$4/+ 24 =!#7$ !//$/ 2+ 92=$4 "8 1−MC !4/ )!(924!# 1,+*+ /$3$4/+ ,4

*$1.4,#,98 !4/ *.$ #!",( +733#8;  .2+ *(!4+#!*$+ 24*,

1 = RtEt

{
θβ

θγ + (1−θγ)σQt+1

Ct

Ct+1

1

πt+1

}

, GHHI

Qt =

(

1−
κ

1− κ

Ct

AtL̄− Ct

1

1 + µ

)

+ Et

{
θβ

θγ + (1−θγ)σQt+1
Qt+1

}

. GH>I

Q$* G = Fγ/β < 1N *.$ R$O2"#$ 3(21$ G4!*7(!#I /84!)21+ !4/ 2*+ #,9@#24$!(2P!*2,4 !(,74/ *.$

%B



 !"#$%& !#!" ' (')"* +%

 

Cn
t =

AtL̄

1 + 1+µt

1+µ
κ

1−κ

Qn
t =

µt

1 + µt
+ Et

{
θβ

θγ + σ(1−θγ)Qn
t+1

Qn
t+1

}

1 = Rn
t Et

{
Cn
t

Cn
t+1

θβ

θγ + σ(1−θγ)Qn
t+1

}

ĉnt = ât − κµµ̂t ,-./

q̂nt = (1−F)µ̂t + FGEt{q̂
n
t+1} ,-0/

r̂nt = ĉnt+1−ĉnt + (1−G)Et

{
q̂nt+1

}
,-1/

2* '3456!#*! 6" 78! ' !9" $"4"*$"*:% 5; !9" *#!76#8 6"#8 '*!"6" ! 6#!" 5* !9" 6#!'5 5; "<7'!%

46':" !5 =>? ,Qt/ @9':9 ' !9"  '(*#!76" 5; *5*&A':#6$'#* 35$"8 B C; !9' 6#!'5 ' "D4":!"$

!5 +" 9'(9"6 !9#* !9"  !"#$%& !#!"E !9" *#!76#8 6"#8 '*!"6" ! 6#!" '*:6"# " B F9" 6"# 5* ' 

!9" ;5885@'*(B C; "<7'!% 46':" #6" 9'(9"6 !535665@E !9" 6"8#!')" :5* 734!'5* 5; !9" %57*( ' 

"D4":!"$ !5 +" 85@"6 56E "<7')#8"*!8%E !9" 6"8#!')" :5* 734!'5* 5; #8')" 957 "958$ ' "D4":!"$

!5 +" 9'(9"6B F9' '348'" !9#! !9" ")587!'5* 5; #8')" 957 "958$ :5* 734!'5* ' 9'(9"6 !9#*

!9" ")587!'5* 5; #((6"(#!" :5* 734!'5*E #*$  5 !9" *#!76#8 6"#8 '*!"6" ! 6#!"B

F9" 3#6G&74  95:G 35$'H" !9"  9#6" 5; !5!#8 :534"* #!'5* '* =>? #*$  5 !9" 6#!'5 "<7'!%

46':" !5 =>?E @9"6"# !9" 465$7:!')'!%  95:G #I":! '* !9"  #3" 465456!'5* =>? #*$ "<7'!%

46':" B F9" 35*"!#6% @'88 ;#:" *5 !6#$"&5I '* :# " 5; 465$7:!')'!%  95:G , !#+'8'J'*( '*K#!'5*

#8 5  !#+'8'J" !9" '*!"6("*"6#!'5*#8 '*"<7#8'!'" / +7! !9" !6#$"&5I '*K#!'5*&'*"<7#8'!'" 3#%

#44"#6 '* :# " 5; 3#6G&74  95:G B

 ! "#$ %#&''&() *+,-$ ./0 0$-&.1&2/) 3,24 1#$ /.1+,.' $5+&'&6,&+4

F9" $")'#!'5* 5; "#:9 )#6'#+8" ;653 !9" *#!76#8 "<7'8'+6'73 ,$"*5!" @'!9 # !'8$"/ #885@ !5

")#87#!" !9" $%*#3': 4654"6!% 5; !9" 35$"8B L*" 9# 

q̃t =−
1−F

µκ
c̃t + FGEt {q̃t+1} ,2?/

c̃t =Et {c̃t+1} − (it − Et {πt+1} − r̂nt ) + (1−G)Et {q̃t+1} ,CM/
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(
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B/--/C!5" , )/.!*!:% +,$01#) .2/30 C2%5 *2% .2/30 !. ,#*/3/$$%-,*%@' ǫµt = ρµǫµt−1 + νµt ? C!*2

ρµ = 0.8 !5 JE#,*!/5 D&KF>  /#$ @!6%$%5* 3,.%. ,$% 3/5.!@%$%@'

K> ()*!+,- +/5%*,$A )/-!3A C!*2 *2% 9!3,$@!,5 C%-B,$% 3$!*%$!/5> 8 +,$01#) .2/30 !51

@#3%. , *$,@%1/6 =%*C%%5 !5<,*!/5 ,5@ *2% /#*)#*1",) D3/5.#+)*!/5 !5 *2!. 3/5*%L*F>

M/5%*,$A )/-!3A ,:/!@ , .#$"% !5 !5<,*!/5 !5 *2% .2/$* $#5 *2$/#"2 ,5 !53$%,.% !5 *2%

5/+!5,- $%,- $,*%? *$!""%$!5" , 3/5.#+)*!/5 @$/) D=-,30? )-,!5 -!5%.F> G2% %E#!*A )$!3%

*/ NOP $,*!/ !53$%,.%. @%5/*!5" , $%@!.*$!=#*!/5 /B C%,-*2 B$/+ C/$0%$. */ /C5%$.>

Q> ()*!+,- +/5%*,$A )/-!3A C!*2 *2% 5/519!3,$@!,5 C%-B,$% 3$!*%$!/5> G2% .,+% +,$01#)

.2/30 !. ,33/++/@,*%@ @!6%$%5*-A C2%5 +/5%*,$A )/-!3A *,0%. !5*/ ,33/#5* !5%E#,-!*!%.

!5*/ ,33/#5*> 85A !53$%,.% !5 *2% !5*%$%.* $,*% -/C%$. *2% $%,- C,"% ,5@ =%5%R* *2%

/C5%$.> G2% !5*%$%.* $,*% !53$%,.% C!-- =% -/C%$ *2,5 !5 *2% )$%:!/#. 3,.%? !5<,*!/5

!53$%,.%. =A +/$% D"$%A? )-,!5 -!5%.F>

&> ()*!+,- .!+)-% $#-% C!*2 *2% 9!3,$@!,5 C%-B,$%> S% ,..#+% *2,* *2% %3/5/+A !. 2!*

=A +,$01#) .2/30. /5-A> G2% /)*!+,- .!+)-% $#-% !. "!:%5 =A φπ = 21.5? φc = φq = 0>

;5<,*!/5 !. 0%)* -/C? 3/5.#+)*!/5 @%3%,.%. =A -,$"% ,5@ %E#!*A )$!3% =%5%R*. B$/+

+/5%*,$A )/-!3A !5 *2% .2/$* $#5 D=-,30? @/*%@ -!5%.F>
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&> :0*!-,6 1!-06% $#6% ;!*2 *2% 4+4/)!3,$<!,4 ;%6=,$%> ?2% +0*!-,6 1!-06% $#6% !1 "!@%4 A9

φπ = 4.2 φc = φq = 0> (45,*!+4 !1 B *!-%1 *2% 6%@%6 += *2% 0$%@!+#1 $#6%C ;2%$%,1 A+*2

3+41#-0*!+4 ,4< *2% %8#!*9 0$!3% *+ DEF $,*!+ <%@!,*!+41 ,$% 6!-!*%< G"$%9C <+**%<

6!4%1H>

I2%4 -+4%*,$9 0+6!39 =#669 3+41!<%$ !*1 !-0,3* +4 !4*%$"%4%$,*!+4,6 $%<!1*$!A#*!+4C *2%

!45,*!+4/+#*0#* ",0 *$,<%/+J !1 12!=* !4 *2% =,@+$ += *2% 6,**%$> K -+4%*,$9 %L0,41!+4 A+*2
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3%2%$)"% -. +$84 !1*$%)4%4; <=% 4,-*> 8)$>%, "-%4 #5? $%/!4,$!@#,!1" 6%)3,= .$-8 ,=% A-#1"

,- ,=% -3/; (#*= ) 4=-*> /%*$%)4%4 ,=% $%3),!2% *-14#85,!-1 ), ,=% 1),#$)3 %B#!3!@$!#8; C1 ,=%

4)8% 2%!1? ,=% =-#4!1" @#@@3% -. ,=% DEEEF4 G$%3),%/ ,- ,=% )@!3!,A -. =-#4%=-3/4 ,- @-$$-6H

=)4 $%/!4,$!@#,%/ 6%)3,= .$-8 =-#4%=-3/4 ,=), -61%/ 4-8% $%)3 %4,),% @%.-$% ,=% @#@@3% ,-

=-#4%=-3/4 ,=), @-$$-6%/ ,- @#A ) =-#4% /#$!1" ,=% @#@@3% -$ =-#4%=-3/4 ,=), 8!44%/ ,=%

$)33A; I!2%1 ,=% *$%/!, *-14,$)!1,4 ,=), =-#4%=-3/ )34- .)*%4? ,=% =-#4!1" @#@@3% 4=-*> 8)A

=)2% !1/#*%/ @-,= )1 )""$%"),% *-14#85,!-1 !1*$%)4% )1/ ) $%3),!2% *-14#85,!-1 /%*$%)4%

G,=% ,6- 2)$!)@3%4 "-%4 !1 -55-4!,% /!$%*,!-1H;

<=% 6)A 8-1%,)$A 5-3!*A 4=-#3/ )**-88-/),% ,=%4% 4=-*>4 /%5%1/4 -1 ,=% %0%*, -. 8-1%,)$A

5-3!*A -1 ,=% $%3),!2% *-14#85,!-1 -. ,=% A-#1"; 7@4%1, 6)"% $!"!/!,!%4? )1 %J5)14!-1)$A

8-1%,)$AK5-3!*A $%)33-*),%4 !1*-8% .$-8 ,=% -3/ ,- ,=% A-#1" G,=% $%3),!2% *-14#85,!-1

!1*$%)4%4H )1/ $)!4%4 )""$%"),% *-14#85,!-1;  -$ 4!L)@3% 6)"% $!"!/!,!%4? )1 %J5)14!-1)$A

8-1%,)$AK5-3!*A $%)33-*),%4 !1*-8% .$-8 ,=% A-#1" ,- ,=% -3/ G,=% $%3),!2% *-14#85,!-1

/$-54H 6=%$%)4 )""$%"),% *-14#85,!-1 4#$"%4; M%5%1/!1" -1 ,=% $%3),!2% 4!L% -. 5$!*% )1/

6)"% $!"!/!,!%4? 8-1%,)$A 5-3!*A $%)33-*),%4 6%)3,= !1 -1% 6)A -$ ,=% -,=%$;  !"#$% & 53-,4

,=% ,6- *-85-1%1,4 -. ,=% 4)*$!+*% $),!- .-$ /!0%$%1, 2)3#%4 -. 5$!*% $!"!/!,!%4 )1/ 6)"%

$!"!/!,!%4? )1/ .-$ κ = 0.1; <=% 4)*$!+*% $),!- .-$ )""$%"),% *-14#85,!-1 !4 )36)A4 5-4!,!2%

)1/ !1*$%)4%4 @-,= 6!,= 6)"% )1/ 5$!*% $!"!/!,!%4; <=% 4)*$!+*% $),!- .-$ $%3),!2% *-14#85,!-1

!4 %!,=%$ 5-4!,!2% -$ 1%"),!2%? /%5%1/!1" -1 6)"% )1/ 5$!*% $!"!/!,!%4? )1/ ,#$14 1%"),!2% 6=%1

6)"% $!"!/!,!%4 !1*$%)4%;

<=% 6)A 8-1%,)$A 5-3!*A 4=-#3/ $%)*, ,- /!0%$%1, 4=-*>4 /%5%1/!1" -1 ,=% $%3),!2% 4!L% -.

6)"% )1/ 5$!*% $!"!/!,!%4 !4 4#8 #5 !1 <)@3% D; 7@4%1, %N*!%1, )1/ $%)*,!2% $%K/!4,$!@#,!2%

DO
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N"*$/0 )!8$ 1484-404$*F ! .(/$0!12 3(#452 $P3!/*4(/ 1$-4*014",0$* )$!#0+ H1(. 0+$ (#- 0( 0+$

2(,/8& !881$8!0$ 5(/*,.304(/ !/- 0+$ 1$#!04:$ 5(/*,.304(/ (H 0+$ 2(,/8 *+4H0 4/ 0+$ *!.$

-41$504(/L N 3(*404:$ .!1;C,3 *+(5; 1$-,5$* "(0+ 5(/*,.304(/ !/- 0+$ 1$#!04:$ 5(/*,.304(/
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63782$R 7*!3#(-) '(%)%*#(  !"#!$& KC+,/& ,.AD,.E(

 23"#"H2&  ( Q(& J231523& G(& I J758;37$1& Q( +CKKK/( F;2 S"#"87#5 #882523#1=3 7" # T4#")

171#17<2 N4$7"2$$ 8%852 >3#:2?=3H( 0" '(  ( F#%5=3 I G( U==9>=39 +V9$(/& 8-)49%%: %&

/-(3%!(%)%*#(. +66( CAPCDKA/( V5$2<723 Q872"82& W=31;)X=55#"9(

 5#"8;#39& Y( '( +CK@./( Z2N1& 92S871$& #"9 S"712 ;=37[="$( ;%<3)-6 %& 5%6#2#(-6 '(%)%*,&

KA+,/& ,,ADPE(

 =3M%& \( I X#73#451& '()Y( +,--C/( W=")!T47<#52"82 378#3972""2& 8;=8$ S$8#4] 21 O4814#17="$

9#"$ 4"2 621712 !8="=:72 =4<2312(  !(=!3(=!. >(%)%*#?<!. 4! @%<"-#) A @%<"-#) '(%)%*#(

 !"#!$& BE+A/& 66( ,@KDACA(

^#N#5523=& _( '(& #̀3;7& V(& I J=437"8;#$& *()Y( +,--@/( L" 2T4757N374: :=925 => aM5=N#5

7:N#5#"82$a #"9 5=? 7"1232$1 3#12$( 7*!3#(-) '(%)%*#(  !"#!$& K@+C/& A.@DKA(

^#5<=& J( L( I YN$1>259& G( +CK@@/( Y617:#5 17:2)8="$7$12"1 S$8#5 6=578% ?71; S"712 57>217:2$(

'(%)%*!23#(-& .B+,/& PCCDPA,(

^#397#& V( +CKKC/( F;2 9%"#:78$ => # $:#55 =62" 28="=:% 7" 32$6="$2 1= :="21#3%& S$8#5&

#"9 63=94817<71% $;=8H$( ;%<3)-6 %& /%)!2-3, '(%)%*#(.& ,@+A/& PCC D PAP(

^#33=55& ^( Z( I '2#""2& Y( +,--K/( 7 B3-(2-96! /%4!6 %& 53!(-<2#%)-3,  !.!3"!.0 C!2 D%3!#E)

7..!2.0 %3 F%"!3!#E) G!-62= D<)4.( W V_ U=3H7"M *#623$ C.,,@& W#17="#5  432#4 =>

V8="=:78 _2$2#38;& 0"8(
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:=925 >=3 1;2 4($( ;%<3)-6 %& '(%)%*#( +,)-*#(. -)4 H%)23%6& AP+K/& CE--DCEAC(

3̀229:#"& ^(& c4:;=>& G(& d#]1="& Z(& I G473& Z( +,-C-#/( *=57872$ 1= 32N#5#"82 1;2 M5=N#5

28="=:% #>123 1;2 S"#"87#5 837$7$( 1)2!3)-2#%)-6 ;%<3)-6 %& H!)23-6 I-):#)E& B+C/& ,C.D,.,(

3̀229:#"& ^(& c4:;=>& G(& d#]1="& Z(& G473& Z(& I G43$45#& Q( +,-C-N/( J5=N#5 2e281$ =>

S$8#5 $17:454$ 9437"M 1;2 837$7$( ;%<3)-6 %& /%)!2-3, '(%)%*#(.& .E+./& .-BD.,B(
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Z+K647% 23+6I'

X,4"5+66,$,% C' -<??E1' I0%& K%&%$+0 ,@0+1.L D010#-*$%+8 %$2 ?31*-%& 4!$01%#8 (!&*+8'
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 !"##$ #$ !"#%#&'('#) *

 ! "##$%! " &"'"&()* #+,!%! )- &,! -).% Tt,t = T
y
t "*/ Ta,t = T

o
t -). a < t 0#1!+(2+ &"'"&()*

-). &,! 3)$*456 7,! 8"9$! )- &,! .!9"&(8! +)*#$%1&()* )- &,! 3)$*4 :.(&!#

χt =
HW t,t − Et

{∑∞
s=1 θ

sF t+s
t T o

t+s

}
− T y

t

EWt + HW t − Et

{∑∞
s=1 θ

sF t+s
t T o

t+s

}
− Tt

.

;!& (χ̃t)t≥0 &,! /!#(.!/ #!<$!*+! )- &,! .!9"&(8! +)*#$%1&()* )- &,! 3)$*4 0"##$%(*4 0 < χ <

χ̃t < χ <∞5= (& (# #$>+(!*& &) #!&

T y
t = Tt + HW t,t − χ̃t(EWt + HW t) + (χ̃t − 1)Et

{
∞∑

s=1

θsF t+s
t T o

t+s

}

.

7,! /3*"%(+ 1.)1!.&(!# )- &,(# ?(*/ )- &"'"&()* #+,!%! 0@9"*+,"./AB",* +)*/(&()*#5 ,"# &)

C! "*"93D!/ E)(*&93 :(&, %)*!&".3 1)9(+3 .$9!#6

+ ,-"'./('#) #$ /00"-0/(- 1-2$/"-

F44.!4"&! :!9-".!= G<$"&()* 0HI5= +"* C! .!:.(&!

Wt = Et







∑

s≥0

βs

[

log(Ct+s)− κ log

(
τWt+s

Pt+s

)]

+
∑

s≥0

βs



(1−θ)
∑

a≤t+s

θt+s−a log

(
Ca,t+s

Ct+s

)









.

0JH5

7,! 2.#& #$% !',(C(& )*93 "44.!4"&! 8".("C9!# "*/ (# !<$"9 &,! !'1.!##()* )- :!9-".! (* &,!

(*2*(&!93A9(8!/ ,)$#!,)9/# %)/!96 7,! #!+)*/ #$% !',(C(&# &,! &!.% It = (1−θ)
∑

a≤t θ
t−a log (Ca,t/Ct)

:,(+, (# #1!+(2+ &) )94 %)/!9#6 7,(# 9"#& &!.% (# "9:"3# *)* 1)#(&(8! "*/ (# *$99 (- "*/ )*93 (-

+),).&# #,".! &,! #"%! 9!8!9 )- +)*#$%1&()*K (& "++)$*&# -). (*!<$"9(&(!# "%)*4 ,)$#!,)9/#6

7) +)%1$&! (&= :! (#)9"&! &,! 2.#& &!.% 0.!9"&(8! +)*#$%1&()* )- &,! 3)$*45 "*/ :! $#! &,!

1!.-!+& .(#?A#,".(*4 "%)*4 "9(8! ,)$#!,)9/# ,31)&,!#(#= G<$"&()* 0J56

HL



It = (1−θ)
∑

a≤t

θt−a log

(
Ca,t

Ct

)

= (1−θ) log

(
Ct,t

Ct

)

+ (1−θ)
∑

a≤t−1

θt−a log

(
Ca,t

Ct

)

= (1−θ) log (χt) + (1−θ)
∑

a≤t−1

θt−a log

(
β

F t
t−1

Ct−1

Ct

Ca,t−1

Ct−1

)

= (1−θ) log (χt) + θ log

(

χt +
1− χt

θ

)

+ θIt−1

=
∑

t′≤t

θt−t
′

[

(1−θ) log (χt′) + θ log

(

χt′ +
1− χt′

θ

)]

 !"#

 !"#"$%&'()*

 !"  #$%&'(#)*$&#+, )+-&,

 ! "##$%! " &'()*+ ,$(! '- ./! -',% it = φππt + φcĉt + φq q̂t0 1/! ,!*$,#)2! 3+4"%)* '- ./!

#.)*5+ &,)*! %'3!( ,!3$*!# .' 67! #5)& "4+ 4".$,"( 2",)"8(! ./". 3' 4'. )4.!,"*. 7)./ 9:

*'43).)'4#;






1 + φc φπ φq

− (1−νF)(1−ν)
κν

1 0
1−F
κµ

0 1











c̃t

πt

q̃t




 =






1 1 1−G

0 F 0

0 0 FG




Et






c̃t+1

πt+1

q̃t+1




 ,

',< !=$)2"(!4.(+< AXt = BXt+10

 !" #!$%$#&"%'(&'# )*+,-*.'$+  ! (''5 -', ./! #!. '- &","%!.!,# (φπ, φc, φq) #$*/ ./".

./! %'3!( %!!.# ./! 9("4*/",3>:"/4 *'43).)'4#0  )./ ./,!! -',7",3 2",)"8(!#< !2!,+ ,''. '-

./! */","*.!,)#.)* &'(+4'%)"( P (λ) = det(A− λB) /"# .' ()! '$. ./! $4). *),*(!0 1' #)%&()-+

./! !?&'#).)'4< 7! "3'&. #'%! 4!7 4'.".)'4#@

ǫ =
(1−νF)(1−ν)

κν
, x =

1

κµ
.

1/! 3!.!,%)4"4. 7,).!#

P (λ) =

∣
∣
∣
∣
∣
∣
∣

φc + (1−λ) φπ − λ φq − (1−G)λ

−ǫ 1−Fλ 0

(1−F)x 0 1−FGλ

∣
∣
∣
∣
∣
∣
∣

.

AB



 !"#$ %&'( %)$*+,$-. )/ 0)#1-)2,!# P

ǫφπ ǫ φc 1 (1−F)xφq (1−F)x(1−G)
a0 = 1 0 1 1 −1 0
a1 = −FG −1 −F(1+G) −(1+F+FG) F 1
a2 = 0 FG F2G F(1+G+FG) 0 −F
a3 = 0 0 0 −F2G 0 0

 !"#$ %&3( %)$*+,$-. )/ 0)#1-)2,!# Q

ǫφπ ǫ φc 1 (1−F)xφq (1−F)x(1−G)
b0 = 1−FG −(1−FG) (1−F)(1−FG) 0 −(1−F) 1−F
b1 = 3−FG −(1+FG) 4−(1+F)(1+FG) 2(1−F)(1−FG) −(3−F) 1+F
b2 = 3+FG 1−FG 4−(1−F)(1−FG) 4(1−F2G) −(3+F) −(1−F)
b3 = 1+FG 1+FG (1+F)(1+FG) 2(1+F)(1+FG) −(1+F) −(1+F)

 4$ 567. #,-$ )/ .4$ 8$.$62,-!-. ,7 8$9$#)0$8

P (λ) = [φc+(1−λ)]

∣
∣
∣
∣
∣

1−Fλ 0

0 1−FGλ

∣
∣
∣
∣
∣
−[φπ−λ]

∣
∣
∣
∣
∣

−ǫ 0

(1−F)x 1−FGλ

∣
∣
∣
∣
∣
+[φq−(1−G)λ]

∣
∣
∣
∣
∣

−ǫ 1−Fλ

(1−F)x 0

∣
∣
∣
∣
∣
.

 4$ 0)#1-)2,!# :6,.$7 P (λ) = a0+a1λ+a2λ
2+a3λ

3
:,.4 .4$ +)$*+,$-.7 ;,9$- ,-  !"#$ %&'&

 !"  #$%&'&#$( )#* ('+,&-&'.

 4$ +)-8,.,)-7 /)6 .4$ 6)).7 )/ ! ;,9$- 0)#1-)2,!# .) #,$ )<. .4$ <-,. +,6+#$ !6$ <-$!71 .) :6,.$&

=$ .4$- <7$ .4$ .6!-7/)62!.,)- )/ .4$ +)20#$> 0#!-$ .4!. 2!07 .4$ <-,. +,6+#$ :,.4 +)20#$>

-<2"$67 :,.4 ! 0)7,.,9$ 6$!# 0!6. ?z → 1−z
1+z

@& A) :$ 8$5-$ Q(X) = P
(
1−X
1+X

)

(1 +X)3&  4$

6)).7 )/ P !6$ )<. .4$ <-,. +,6+#$ ,/ !-8 )-#1 ,/ .4$ 6)).7 )/ Q 4!9$ ! -$;!.,9$ 6$!# 0!6.& B/

P (λ) =
∑3

i=0 aiλ
i
!-8 Q(λ) =

∑3
i=0 biλ

i
C .4$-

b0 = a0 + a1 + a2 + a3

b1 = 3[a0 − a3] + [a1 − a2]

b2 = 3[a3 + a0]− [a2 + a1]

b3 = a0 − a1 + a2 − a3

 4$ +)$*+,$-. )/ 0)#1-)2,!# Q ,7 ;,9$- ,-  !"#$ %&3&

 4$ +)-8,.,)- .4!. D!## .4$ 6)).7 )/Q 4!9$ ! -$;!.,9$ 6$!# 0!6.D +!- "$ $>06$77$8 !7 +)-8,.,)-7

)- ,.7 +)$*+,$-.7 ?E<6:,.FC GHI3@&
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 !"#"$%&%"' (  !"#$%&'#()*$+ ,(*$-(*"./)  !"#$ #%%& %' (%)$*%+,-) Q .-/ - /&#,0&)$ *"1-&,!"

#"-) (-#& ,' -*2 %*)$ ,' %*" %' &." &3% '%))%3,*1 0%*2,&,%*/ ,/ /-&,/4"2 5,6 b0, b1, b2, b3 > 0 -*2

b2b1 > b0b37 %# 5,,6 b0, b1, b2, b3 < 0 -*2 b2b1 > b0b38

0. "#( 12($*,#32( ,24-5 $%- !"#$%&'#()*$+ ,(*$-(*". ,2. 6- 4*713*8-9 *.

 !"#"$%&%"' *) 9%# 1,!"* φc -*2 φq: &." 2$*-+,0 /$/&"+ +""&/ &." ;)-*0.-#2<=-.* 0%*<

2,&,%* ,/ -*2 %*)$ ,' %*" %' &." &3% 0%*2,&,%*/ .%)2/ 5,6 b0, b3 > 0 -*2 φπ ,/ )-#1"# &.-* &."

)-#1"/& #"-) #%%& %' b1b2 − b0b3 = 0: %# 5,,6 b0, b3 < 0 -*2 φπ ,/ /+-))"# &.-* &." /+-))"/& #"-)

#%%& %' b1b2 − b0b3 = 08

:%- 9-7".4$(2$*". "; $%*4 1("1"4*$*". *4 1#(- <-"7-$(= 2.9 (-3*-4 ". ,".*, 1("1-($*-4> :%-

1("1"4*$*". 4-$$3-4 $%2$ ".- ,2. ;"(<-$ ,".9*$*".4 b1 = 0 2.9 b2 = 0 $" 9(2) $%- 6"#.92(= ";

$%- 9-$-(7*.2,= 2(-2>

+,- ."'/%&%"' b0 > 0 "! b0 < 0

b0 = (1−FG)ǫ[φπ − 1] + (1−FG)(1−F)φc − (1−F)2x[φq − (1−G)].  ??/

:%*4 -@#2$*". ;"( b0 > 0 *4 $%- <-.-(23*+2$*". "; $%- :2=3"( 1(*.,*13- *. "A-(3211*.<&<-.-(2$*".

7"9-3>

+,- ."'/%&%"' b3 > 0 "! b3 < 0

b3 = (1+FG)ǫ[φπ + 1] + (1+FG)(1+F)[φc + 2]− (1−F2)x[φq + (1−G)].  ?B/

C*<#(- D>E 13"$4 $%- 9-$-(7*.2,= 2(-2>

 !"#$%&'#()$ *#("(#+ ,*&-#(.&

F*-(<233*.*  GHH?/ 9-A-3"14 $%- IJK 7"9-3 )*$% 2. 23$-(.2$*A- #$*3*$= ;#.,$*". <*A-. 6=

U (Ca,t, La,t) = log (Ca,t − V (La,t)) ,  ?E/

)%-(- V ′ > 0 2.9 V ′′ > 0> :%*4 #$*3*$= ;#.,$*". %2A- 6--. 1("1"4-9 6= L4,2(* M !2.N*.

 GHHO/ *. "(9-( $" (#3- "#$ .-<2$*A- 326"( 4#113= )%*,% 72= 2(*4- ;"( "39-( %"#4-%"394>

0)1 233!-34&- ."'$56#&%"' 4'/ 748"! $5##79

K*A-. $%- 6#9<-$ ,".4$(2*.$  G/5 $%*4 ;#.,$*".23 ;"(7 7"9*8-4 $%- CID ;"( ,".$*.<-.$ ,32*74

%"39*.< 2.9 326"( 4#113=

PQ
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F t+1
t = β

C̃a,t

C̃a,t+1

,  !"#

V ′(La,t) = mrst,  !$#

%&'( C̃a,t = Ca,t − V (La,t)) *(+ ,-./0 1233,4 &1 &56+3+56+5' /7 '(+ 8/(/0'  La,t = Lt#) *(+

7/0%-06 &'+0-'&/5 /7 '(+ .269+' 8/51'0-&5' %0&'+1

Et







∑

s≥0

θsF t+s
t C̃a,t+s






= Ωa,t + Et







∑

s≥0

θsF t+s
t

(
Wt+s

Pt+s
Lt+s − V (Lt+s)

)





.

*(+ :01' /06+0 8/56&'&/5 /5 8/5'&59+5' 8,-&;1 &;3,&+1

C̃a,t = (1−βθ) [Ωa,t + HW t] , %&'( HW t = Et







∑

s≥0

θsF t+s
t

(
Wt+s

Pt+s
Lt+s − V (Lt+s)

)





.
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